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Preface to the Fifth Edition

Historically the PLL has been a linear circuit. While the first PLLs were real-
ized with discrete components, they became available as ICs in about 1965. The
first of these were linear devices (LPLLs), built in semiconducror technologies
similar to the operational amplifiers of that era. A few years later (about 1970)
the first “digital” PLLs (DPLLs) became available, but when looking at their
schematics, we recognize that only the phase detector was built from logic cir-
cuits, while the remaining parts (voltage-controlled oscillator (VCO), loop filter)
stayed analog; hence these PLLs must be considered hybrid systems. In this
new edition of the book we combined the two categories LPLL and DPLL into
one single class named “mixed-signal PLL.” Doing so greatly simplifies the
analysis, because both classes now can be treated by a unified theory.

Chapter 1 is a short introduction into the PLL domain, and Chap. 2 deals
with theory, design, and applications of mixed-signal PLLs. The discussion
includes different types of phase detectors (linear and digital), phase-frequency
detectors with charge-pump outputs, loop filters (active and passive), and VCOs.
Typical mixed-signal PLL applications are given, such as circuits for retiming
and clock recovery, motor speed control, and the like.

Because frequency synthesis is one of the most important applications of
DPLLs, a separate chapter (3) is devoted to digital PLL frequency synthesiz-
ers. Because phase jitter and spurious sidebands are the most disturbing
phenomena with frequency synthesizers, different methods are presented to
overcome those problems, e.g., antibacklash circuits and higher-order loop
filters. Moreover, the analysis covers both integer-N and fractional-N synthe-
sizers and demonstrates that the latter can acquire “lock” much faster, a feature
that is used with great benefit in frequency-hopping (spread-spectrum) appli-
cations. Spread-spectrum techniques will become increasingly important in the
newest generations of mobile phones. It is demonstrated furthermore that
simple synthesizers can be realized as single loops, but that multiloop configu-
rations become mandatory in high-performance systems.

Because higher-order systems (filters) are a must in many synthesizer appli-
cations, Chap. 4 deals with the design of such systems, i.e., of PLLs up to fifth

vii
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order. In designing higher-order loops, the placement of poles and zeros can be
a difficult task. The design is greatly facilitated by a novel method developed
by the author, based on simple Bode diagrams. To ease system realization even
further, a program developed by the author is included on a CD-ROM, which
automatically designs and analyses PLLs up to fifth order; this topic is discussed
in Chap. 5, which also includes many design examples. Having synthesized a
PLL circuit, the program can be used to simulate dynamic performance of the
system, e.g., lock-in and lock-out processes. To investigate PLL performance in
the presence of noise—which is the normal scenario in practice—the user can
superimpose narrowband or broadband noise of any desired level. Finally, the
program displays Bode diagrams of the synthesized PLL and locp filter schemat-
ics, including the component values.

Chapter 6 treats theory, design and applications of the “all-digital” PLL
(ADPLL), a PLL category introduced later than the preceding ones. In contrast
to LPLLs and DPLLs, which are continuous-time systems, the ADPLL is a dis-
crete-time device and therefore exhibits relatively large ripple (phase jitter).
The applications of the ADPLL are therefore restricted to those cases where
ripple can be tolerated, e.g., frequency-shift keying (FSK) decoders and the like.
Chapter 7 describes computer-aided design and simulation of ADPLLs, using
the already mentioned computer program.

Because the speed of microcontrollers and digital signal processors increased
dramatically in recent years, many PLL applications can now be implemented
by software. Chapter 8 discusses the hardware/software tradeoff in the domain
of the PLL and describes a number of software algorithms that can be used to
implement software PLLs (SPLLs).

In Chap. 9 a review of PLL applications in the field of communications is
given. It includes the most important digital modulation schemes such as BSK,
QPSK, FSK, and QAM and describes a number of special PLL circuits used for
carrier and symbol synchronization (e.g., Costas loop, early-late gate, integrate-
and-dump circuit) and measures to prevent intersymbol interference (ISI), e.g.,
root-raised-cosine filters. Among other topics, this chapter also explains how to
increase the symbol rate of digital communications without increasing system
bandwidth.

Chapter 10 contains a list of PLL ICs currently available from American,
European, and Japanese manufacturers, including short descriptions of the cir-
cuits. The list includes full PLL systems on a chip, parts of PLLs such as phase
detectors and VCOs, and complex systems based on PLL-like frequency
synthesizers or radio/TV chips. It also includes many single- and dual-modulus
prescalers.

Finally, Chap. 11 demonstrates how the parameters of PLLs can be measured
with conventional lab instruments such as oscilloscopes and signal generators.

Three appendixes provide additional information on selected topics. In App.
A the analysis of the acquisition process is developed for the mathematically
interested reader. Appendix B is a primer on the Laplace transform, which is



Preface to the Fifth Edition ix

frequently used in this book, and App. C is an overview on digital filtering,
which has become an increasingly important issue in the design of high-
complexity PLL systems.

Roland Best



Chapter

Introduction to PLLs

Operating Principles of the PLL

The phase-locked loop (PLL) helps keep parts of our world orderly. If we turn
on a television set, a PLL will keep heads at the top of the screen and feet at
the bottom. In color television, another PLL makes sure that green remains
green and red remains red (even if the politicians claim that the reverse is true).

A PLL is a circuit that causes a particular system to track with another one.
More precisely, a PLL is a circuit synchronizing an output signal (generated by
an oscillator) with a reference or input signal in frequency as well as in phase.
In the synchronized—often called locked—state the phase error between the
oscillator’s output signal and the reference signal is zero, or remains constant.

If a phase error builds up, a control mechanism acts on the oscillator in such
a way that the phase error is again reduced to a minimum. In such a control
system the phase of the output signal is actually locked to the phase of the ref-
erence signal. This is why it is referred to as a phase-locked loop.

The operating principle of the PLL is explained by the example of the linear
PLL (LPLL). As will be pointed out in Sec. 1.2, there exist other types of PLLs,
e.g., digital PLLs (DPLLs), all-digital PLLs (ADPLLs), and software PLLs
(SPLLs). Its block diagram is shown in Fig. 1.1a. The PLL consists of three
basic functional blocks:

1. A voltage-controlled oscillator (VCO)

2. A phase detector (PD)

3. A loop filter (LF)

In this simple example, there is no down-scaler between output of VCO [u,()]
and lower input of the phase detector [®,]. Systems using down-scalers are dis-
cussed in the following chapters.

In some PLL circuits a current-controlled oscillator (CCO) is used instead of
the VCO. In this case the output signal of the phase detector is a controlled

1
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Figure 1.1 (a) Block diagram of the PLL. () Transfer function of the VCO. (i, = control
voltage; w, = angular frequency of the output signal.) (¢) Transfer function of the PD.
(i, = average value of the phase-detector output signal; 8, = phase error.)

current source rather than a voltage source. However, the operating principle
remains the same. The signals of interest within the PLL circuit are defined as

follows:

® The reference (or input) signal u,(t)

® The angular frequency w; of the reference signal
® The output signal u,() of the VCO
m The angular frequency w, of the output signal

® The output signal u,(?) of the phase detector

® The output signal u,(¢) of the loop filter

® The phase error 6,, defined as the phase difference between signals u,(¢) and

uz(t)

Let us now look at the operation of the three functional blocks in Fig. 1.1a.
The VCO oscillates at an angular frequency w,, which is determined by the
output signal u, of the loop filter. The angular frequency w, is given by



Introduction to PLLs 3

(Dg(t)Z(DO +K0u/r(t) (1.1)

where @, is the center (angular) frequency of the VCO and K, is the VCO gain
inrad - st -V

Equation (1.1) is plotted in Fig. 1.16. Because the rad (radian) is a dimen-
sionless quantity, we will drop it mostly in this text. (Note, however, that any
phase variables used in this book will have to be measured in radians and not
in degrees!) Therefore, in the equations a phase shift of 180° must always be
specified as a value of =.

The PD—also referred to as phase comparator—compares the phase of the
output signal with the phase of the reference signal and develops an output
signal uy(z) that is approximately proportional to the phase error 6,, at least
within a limited range of the latter:

uy(t) = K40, (1.2)

Here K, represents the gain of the PD. The physical unit of K, is volts per
radian. Figure 1.1c is a graphical representation of Eq. (1.2).

The output signal u,(¢) of the PD consists of a dc component and a super-
imposed ac component. The latter is undesired; hence it is canceled by the loop
filter. In most cases a first-order, low-pass filter is used. Let us now see how the
three building blocks work together. First we assume that the angular frequency
of the input signal u,(¢) is equal to the center frequency w,. The VCO then oper-
ates at its center frequency w,. As we see, the phase error 6, is zero. If 8, is zero,
the output signal u, of the PD must also be zero. Consequently the output signal
of the loop filter u, will also be zero. This is the condition that permits the VCO
to operate at its center frequency.

If the phase error 6, were not zero initially, the PD would develop a nonzero
output signal uy. After some delay the loop filter would also produce a finite
signal u, This would cause the VCO to change its operating frequency in such
a way that the phase error finally vanishes.

Assume now that the frequency of the input signal is changed suddenly at
time ¢, by the amount Aw. As shown in Fig. 1.2, the phase of the input signal
then starts leading the phase of the output signal. A phase error is built up and
increases with time. The PD develops a signal u,(¢), which also increases with
time. With a delay given by the loop filter, u () will also rise. This causes the
VCO to increase its frequency. The phase error becomes smaller now, and after
some settling time the VCO will oscillate at a frequency that is exactly the fre-
quency of the input signal. Depending on the type of loop filter used, the final
phase error will have been reduced to zero or to a finite value.

The VCO now operates at a frequency that is greater than its center fre-
quency ®, by an amount Aw. This will force the signal uft) to settle at a final
value of u; = Aw/K,. If the center frequency of the input signal is frequency
modulated by an arbitrary low-frequency signal, then the output signal of the
loop filter is the demodulated signal. The PLL can consequently be used as an
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Figure 1.2 Transient response of a PLL onto a step variation of the reference frequency.
(a) Reference signal u,(t). (6) Output signal u,(¢) of the VCO. (¢) Signals i, (?) and 6,(?)
as a function of time. (d) Angular frequency m, of the VCO as a function of time. (e)
Angular frequency o, of the reference signal u,(¢).

FM detector. As we shall see later, it can be further applied as an AM or PM
detector.

One of the most intriguing capabilities of the PLL is its ability to suppress
noise superimposed on its input signal. Let us suppose that the input signal of
the PLL is buried in noise. The PD tries to measure the phase error between
input and output signals. The noise at the input causes the zero crossings of
the input signal u,(¢) to be advanced or delayed in a stochastic manner. This
causes the PD output signal u4(¢) to jitter around an average value. If the corner
frequency of the loop filter is low enough, almost no noise will be noticeable in
the signal u,(¢), and the VCO will operate in such a way that the phase of the
signal uy(t) is equal to the average phase of the input signal u,(z). Therefore, we
can state that the PLL is able to detect a signal that is buried in noise. These
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simplified considerations have shown that the PLL is nothing but a servo
system that controls the phase of the output signal ().

As shown in Fig. 1.2, the PLL was always able to track the phase of the output
signal to the phase of the reference signal; this system was locked at all times.
This is not necessarily the case, however, because a larger frequency step
applied to the input signal could cause the system to “‘unlock.”” The control
mechanism inherent in the PLL will then try to become locked again, but will
the system indeed lock again? We shall deal with this problem in the following
chapters. Basically two kinds of problems have to be considered:

m The PLL is initially locked. Under what conditions will the PLL remain
locked?

® The PLL is initially unlocked. Under what conditions will the PLL become
locked?

If we try to answer these questions, we notice that different PLLs behave quite
differently in this regard. We find that there are some fundamentally different
types of PLLs. Therefore, we first identify these various types.

1.2 Classification of PLL Types

The very first phase-locked loops (PLLs) were implemented as early as 1932 by
de Bellescize®; this French engineer is considered the inventor of “coherent
communication.” The PLL found broader industrial applications only when it
became available as an integrated circuit. The first PLL ICs appeared around
1965 and were purely analog devices. An analog multiplier (four-quadrant mul-
tiplier) was used as the phase detector, the loop filter was built from a passive
or active RC filter, and the well-known voltage-controlled oscillator (VCO) was
used to generate the output signal of the PLL. This type of PLL is referred to
as the “linear PLL’ (LPLL) today. In the following years the PLL drifted slowly
but steadily into digital territory. The very first digital PLL (DPLL), which
appeared around 1970, was in effect a hybrid device: only the phase detector
was built from a digital circuit, e.g., from an EXOR gate or a JK-flipflop, but
the remaining blocks were still analog. A few years later, the “all-digital” PLL
(ADPLL) was invented. The ADPLL is exclusively built from digital funec-
tion blocks and hence doesn’t contain any passive components like resistors and
capacitors. ‘

Analogous to filters, PLLs can also be implemented by software. In this case,
the function of the PLL is no longer performed by a piece of specialized hard-
ware, but rather by a computer program. This last type of PLL is referred to
as SPLL. .

Different types of PLLs behave differently, so there is no common theory that
covers all kinds of PLLs. The performance of LPLLs and DPLLs is similar,
however; hence we can develop a theory that is valid for both categories. We
will deal with LPLLs and DPLLs in Chap. 2, “Mixed-Signal PLLs.” The term
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“mixed” indicates that these PLLs are mostly hybrids built from linear and
digital circuits. Strictly speaking, only the DPLL is a mixed-signal circuit; the
LPLL 1s purely analog. The ADPLL behaves very differently from mixed-signal
PLLs and hence 1s treated in a separate chapter (Chap. 6).

The software PLL is normally implemented by a hardware platform such as
a microcontroller or a digital signal processor (DSP). The PLL function is real-
ized by software. This offers the greatest flexibility, because a vast number of
different algorithms can be developed. For example, an SPLL can be pro-
grammed to behave like an LPLL, a DPLL, or an ADPLL. We will deal with
SPLLs in Chap. 8.



Chapter

Mixed-Signal PLLs

2.1 Block Diagram of the Mixed-Signal PLL

As mentioned in Sec. 1.2, the mixed-signal PLL includes circuits that are
hybrids of both linear and digital circuits. To see which parts of the system are
linear and which are digital, we consider the general block diagram in Fig. 2.1.
As shown in Sec. 1.1 every PLL consists of the three blocks: phase detector, loop
filter, and voltage-controlled oscillator (VCO). When the PLL is used as a fre-
quency synthesizer, another block is added: a divide-by-N counter. Assuming
that the counter divides by a factor N, the frequency of the VCO output signal
is forced then to be N times the reference frequency (the frequency of the input
signal u,). In most cases the divider ratio NV is made programmable. We will deal
extensively with frequency synthesizers in Chap. 3.

When a down-scaler is inserted, the term center frequency becomes ambigu-
ous: the center (radian) frequency ®, can be related to the output of the VCO
(as done in Sec. 1.1), but it could also be related to the output of the down-
scaler, or in other words, to the input of the PLL. To remove this dilemma, we
introduce two different terms for center (radian) frequency: we will use the
symbol w, to denote the center frequency at the output of the VCO, and the
symbol m," to denote the center radian frequency at the input of the PLL. Obvi-
ously, @, and w," are related by ®," = ©,/N. As seen from Fig. 2.1, the quantities
related to the output signal of the down-scaler are characterized by a prime
(" symbol), e.g., uy’, ®,’. When the VCO does not operate at its center frequency
(ur # 0), its output radian frequency is denoted w,. For the down-scaled fre-
quency, the symbol w,” is used, as shown in Fig. 2.1. Again, we have ®,” = w./N.

As will be demonstrated later in this chapter, the order (number of poles of
the transfer function) of a PLL is equal to the order of the loop filter + 1. In
most practical PLLs, first-order loop filters are applied. These PLLs are there-
fore second-order systems. In a few cases the filter may be omitted; such a PLL
is a first-order loop. In this chapter we will deal exclusively with first- and
second-order PLLs. Higher-order loops come into play when suppression of

7
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ul, (1)1 u
> d ug Uy, (g
;o Phase [——pol Loop fippl
Uz, @ Detector Filter veo
:N L
Counter

Figure 2.1 Block diagram of the mixed-signal PLL. The symbols
defined here are used throughout this chapter. The divide-by-N
counter is optional.

2.2 A Note

spurious sidebands (also called “spurs”) becomes an issue. The designer of the
PLL then has to provide higher-order loop filters,' i.e., loop filters of order 2,
3, or even 4. Increasing the order also increases the phase shift of such filters;
thus higher-order PLLs are prone to become unstable. We will deal with higher
order (>2) PLLs in a separate chapter (Chap. 4) where we will show how to
specify the poles and zeros of higher-order loop filters in order to maintain
stable operation.

As was explained in Sec. 1.1, the PLL is nothing more than a control system
that acts on the VCO in such a way that the frequency of the signal «,’ is iden-
tical to the frequency of signal u,. Moreover, the phase of signal u, is nearly
identical with the phase of signal u, or is offset by a nearly constant value from
the latter. The PLL can therefore be considered as a control system for phase
sitgnals. Because phase signals are less frequently found in control theory than,
for example, voltage or current signals, we will consider the nature of phase
signals in more detail in Sec. 2.2. The properties of the PLL’s building blocks
will be discussed in Sec. 2.3.

on Phase Signals

Dynamic analysis of a control system is normally performed by means of its
transfer function H(s). H(s) relates the input and output signals of the system,;
in conventional electrical networks the input and the output are represented
by voltage signals u,(t) and u,(?), respectively, so H(s) is giver by

U,(s)

H(s) =
¢ U,(s)

(2.1)

where U;(s) and U,(s) are the Laplace transforms of «,(f) and 1,(¢), respectively,
and s is the Laplace operator. In the case of the PLL, the input and output
signals are phase signals, however, which are less familiar to many electronic
engineers.

To see what phase signals really are, we assume for the moment that both
input and output signals of the PLL (Fig. 2.1) are sine waves:
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Uy (t) = U10 Sin[(l)lt + 61 (t)]

. (2.2)
uy'(t) = Ugp sin[my 't + 6, 7(2)]

The information carried by these signals is neither the amplitude (Uy, or Uy,
respectively) nor the frequency (w,; or ®,’, respectively) but the phases 6,(¢) and
0,'(t). (Note: because we used the symbol w,” for the radian frequency at the
output of the down-scaler (Fig. 2.1), we use the symbol 6, for the phase of signal
uy” and not 8,; the latter is used to specify the phase of the VCO output signal
Us.)

Let us consider now some simple phase signals; Fig. 2.2 lists a number of
phase signals 6,(¢) that are frequently used to excite a PLL. Figure 2.2a shows
the simplest case: the phase 6,(t) performs a step change at time ¢t = 0, hence is
given by

6:(8) = AD - u(?) (2.3)

where u(¢) 1s the unit step function. This case is an example of phase modula-
tion. Let us consider next an example of frequency modulation (Fig. 2.2b).
Assume the angular frequency of the reference signal is " for t < 0. At ¢ =0
the angular frequency is abruptly changed by the increment Aw. For ¢ > 0 the
reference signal 1s consequently given by

1y () = U, sin(w,y 't + Awt) = U, sin(mg 't + 6,) (2.4)
In this case the phase 9,(¢) can be written as
0. H=Aw-t (2.5)

Consequently the phase 6,(¢) is a ramp signal.

As a last example, consider a reference signal whose angular frequency is w,’
for t < 0 and increases linearly with time for ¢ > 0 (Fig. 2.2¢). For ¢ = 0 its angular
frequency is therefore

M) =Wy +Aw - ¢ (2.6)

where A® the rate of change of angular frequency. Remember that the angular
frequency of a signal is defined as the first derivative of its phase with respect
to time:

d6,
dt

() = (2.7)
Hence the phase of a signal at time ¢ is the integral of its angular frequency

over the time interval 0 < 1 < ¢, where 1T denotes elapsed time. The reference
signal can be written as

’ : 12
Uy (t) = UlO SinJ‘((DO’ + AW - T)dT = U10 Sin((ﬂo’t + A(D—z"j (28)

0
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Figure 2.2 Some typical exciting
functions as applied to the refer-
ence input of a PLL. (@) Phase
step applied at ¢t = 0; 6,(t) =
AD-u(t). (b) Frequency step Aw
applied at ¢ = 0; 6,(t) = Awt. (¢)
Frequency ramp starting at ¢ = 0;
0,(t) = AwtY/2.
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Consequently the corresponding phase signal 0,(¢) is given by
2

0,(t) = A(b% (2.9)

i.e., it is a quadratic function of time.

2.3 Building Blocks of Mixed-Signal PLLs

2.3.1

Phase

The building blocks of a PLL have been defined in Fig. 2.1. In the following sec-
tions we are going to discuss the properties of various phase detectors, loop
filters, controlled oscillators, and down-scalers.

detectors

A phase detector is a circuit capable of delivering an output signal that is pro-
portional to the phase difference between its two input signals u;, and wy’
(Fig. 2.1). Many circuits could be applied. In mixed-signal PLLs, mainly four
types of phase detectors are used. The first phase detector in the history of the
PLL was the linear multiplier (also referred to.as four-quadrant multiplier).
When the PLL moved into digital territory, digital phase detectors become
popular, such as the EXOR gate, the edge-triggered JK-flipflop, and the so-called
phase-frequency detector (PFD). Let us start with the discussion of the multi-
plier phase detector.

Type 1: Multiplier phase detector. The multiplier phase detector is used exclu-
sively in linear PLLs (LPLLs). In an LPLL, the input signal «, is mostly a sine
wave, given by

122 (t) = U10 Sin((})lt +81) (2100)

where U, is the amplitude of the signal, ®, is its radian frequency, and 6, its
phase. The second input signal uw,” (Fig. 2.1) is usually a symmetrical square
wave signal (sometimes also called Walsh function) #! and is given by

Uy ’(lf) = UQ[) rect ((Dz,t + 62 ,) (210b)

where rect stands for rectangular (square wave) and Uy, is the amplitude, w,
the radian frequency, and 6," the phase. These signals are shown in Fig. 2.3.
The dashed curve in Fig. 2.3a is a sine wave having a phase of 6, = 0; the solid
line has a nonzero phase 6;. For simplicity we assume here that the phase is
constant over time. The dashed curve in Fig. 2.36 shows a symmetrical square
wave having a phase 6," = 0; the solid line has a nonzero phase. The output
signal of the four-quadrant multiplier is obtained by multiplying the signals «;,
and u;’". To simplify the analysis the square wave signal is replaced by its Fourier
series. For u,'(¢) we then get
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Figure 2.3 Input signals of the multiplier phase detector. (a) Signal u,(¢)
is a sine wave. Dashed line: phase 8, = 0; solid line: phase 8, > 0. (b) Signal
uy'(t) is a symmetrical square wave signal. Dashed line: 6," = 0; solid line:

8, > 0.

4
lLQ’(t) = Uzoii%COS((Dgl+92’)+§COS(3(,02%+02’) co } (211)

The first term in square brackets is the fundamental component; the remain-
ing terms are odd harmonics. For the output signal u,(z), therefore, we get

ug(t) =u(8) - uy" (@)

. 4 4 |
= U10U20 sm((x)]t + 9] )[E COS(Q)Z t+ 92 ’) + %COS(:‘B({)Q t+ E)g’) + - J (212)

When the PLL is locked, the frequencie's o, and ®," are identical, and wu4(t)
becomes

ud(t) = UloUzo(%Sin Be s ) (213)
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where 6, = 6; — 6, is the phase error. The first term of this series is the wanted
“de” term, whereas the higher-frequency terms will be eliminated by the loop
filter. Setting Ky = 2U,,U,y/m and neglecting higher-frequency terms we get

ud(t) :Kd Sin(ee) (214)

where K, is called detector gain. When the phase error is small, the sine func-
tion can be replaced by its argument, and we have

uq(t) = K9, (2.15)

This equation represents the linearized model of the phase detector.

The dimension of K; is radians per volt (rad/V). As shown above, K, is
proportional to both amplitudes Ujq and Us,. Normally, U, is constant, so K
becomes a linear function of the input signal level Uy, This is plotted in Fig.
2.4. Because the multiplier saturates when its output signal comes close to the
power supply rails, this function flattens out at large signal levels, and K,
approaches a limiting value. To conclude the analysis of the four-quadrant
multiplier we state that—in the locked state of the PLL—the phase detector
represents a zero-order block having a gain of K.

To complete the discussion of the multiplier-type phase detector we look at
its behavior in the unlocked state of the PLL. When the PLL is out of lock, the
radian frequencies ®, and w,” are different. The output signal of the multiplier
then can be written as

ug(t) = K gsin(m,f —m,t +96; —0,") + higher harmonics (2.16)

The higher harmonics are almost entirely suppresed by the loop filter; hence
there remains one ac term whose frequency equals the difference o, - .

J, Uso

Figure 2.4 Phase-detector gain Ky as a function of the amplitude U,
of the reference signal.
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Because the output is an ac signal, we are tempted to conclude that its average
is zero. This would imply that the average output signal of the loop filter would
also be zero (cf. Fig. 2.1). This would make it impossible for the loop to acquire
lock because the frequency of the VCO output signal would permanently stay
hung up at its center frequency w,, with a superimposed frequency modulation.
As we will see in “Pull-out Range Awpy” in Sec. 2.6.2, however, the ac signal
uy(t) is an asymmetric “sine wave”; i.e., the durations of the positive and nega-
tive half waves are different. Consequently there will be a nonzero dc compo-
nent that will pull the average output frequency of the VCO up or down until
lock is acquired, provided the initial difference of radian frequencies m, — ®," is
less than a limiting value called pull-in range Awp. Nevertheless, let us note
that this pull-in process is quite slow. It will be demonstrated later in this
section that another type of phase detector—the so called phase-frequency
detector—enables much faster acquisition, because its output signal is not only
phase sensitive, but also frequency sensitive (in the unlocked state).

We continue the discussion of phase detectors with the EXOR (exclusive-OR)
gate.

Type 2: EXOR phase detector. The operation of the EXOR phase detector (Fig.
2.5) is similar to that of the linear multiplier. The signals in DPLLs are always
binary signals, i.e., square waves. We assume for the moment that both signals
u; and uy” are symmetrical square waves. Figure 2.6 depicts the waveforms of
the EXOR phase detector for different phase errors 6,. At zero phase error the
signals u; and u,” are out of phase by exactly 90°, as shown in Fig. 2.6a. Then
the output signal u, is a square wave whose frequency is twice the reference
frequency; the duty cycle of the u, signal is exactly 50 percent. Because the
high-frequency component of this signal will be filtered out by the loop filter,
we consider only the average value of vy, as shown by the dashed line in Fig.
2.6a. The average value (denoted z;) is the arithmetic mean of the two logical
levels; if the EXOR is powered from an asymmetrical 5-V power supply, u, will
be approximately 2.5V. This voltage level is considered the quiescent point of
the EXOR and will be denoted as u; = 0 from now on. When the output signal
uy lags the reference signal u,, the phase error 6, becomes positive by defini-
tion; this case is shown in Fig. 2.6b.

Now the duty cycle of uy becomes larger than 50 percent; i.e., the average
value of u, is considered positive, as shown by the dashed line in the u,; wave-
form. Clearly, the mean of u, reaches its maximum value for a phase error of

Ug

Figure 2.5 EXOR phase detector.
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Figure 2,6 Waveforms of the signals for the EXOR phase detector. (a¢) Waveforms
at zero phase error (8, = 0). (6) Waveforms at positive phase error (8, > 0).

8, = 90° and its minimum value for 8, = ~90°. If we plot the mean of u, versus
phase error 6,, we get the characteristic shown in Fig. 2.7a. Whereas the output
signal of the four-quadrant multiplier varied with the sine of phase error, the
average output of the EXOR is a triangular function of phase error. Within a
phase error range of —90° < 6, < 90°, u, is exactly proportional to 6, and can be
written as

;= K0, (2.17)

In case of the EXOR phase detector, the phase detector gain X, is constant.
When the supply voltages of the EXOR are Uy and 0, respectively, and when we
assume that the logic levels are Uy and 0, K is given by

When the output signal of the EXOR does not reach the supply rails but rather
saturates at some higher level U,,. (in the high state) and some lower level U,
(in the low state), K; must be calculated from
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sat+ Usa - N
K, = Ysatr =V (2.19
T

Like the four-quadrant multiplier, the EXOR phase detector can maintain phase
tracking when the phase error is confined to the range

—E<69<E
2 2

The performance of the EXOR phase detector becomes severely impaired if
the signals u; and u,” become asymmetrical. If this happens, the output signal
gets clipped at some intermediate level, as shown by Fig. 2.7b. This reduces the
loop gain of the PLL and results in smaller lock range, pull-out range, etc.

It is important to look also at the performance of the EXOR phase detector
in the unlocked state of the PLL, as we did in the case of the multiplier phase
detector. When the PLL is out of lock, the radian frequencies w; and w,” are
different. The output signal of the EXOR then contains an ac term whose fun-
damental radian frequency is the difference ®, — ®;"; the higher harmonics will
be filtered out by the loop filter. The EXOR therefore performs very much like
the multiplier phase detector; i.e., the pull-in process becomes slow, and acqui-

Uy 4;
K, T
S
~N
AN
~
N, -+ — N >
~180 -90 0 90 180 0, (deg)
\\
K&
Ky
(a)
Uy
N -90
~180 0 90 180N — _ 0, (deg)
(b)

Figure 2.7 Plot of averaged phase detector output signal u; versus phase
error 6,. (¢) Normal case: waveforms u; and u,’ in Fig. 2.6 are symmetri-
cal square waves. (b) Waveforms u,; and u," are asymmetrical. The char-
acteristic of the phase detector is clipped.
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sition is realized only when the difference ®, and w,’ is less than the pull-in fre-
quency Awp. This will be discussed in more detail in “Pull-in Range Awy and
Pull-in Time T5” in Sec. 2.6.2.

Type 3: JK-flipflop phase detector. The JK-flipflop phase detector is shown in
Fig. 2.8. This type of JK-flipflop differs from conventional JK-flipflops, because
it is edge triggered. A positive edge appearing at the J input triggers the flipflop
into its “high” state (@ = 1), a positive edge at the K input into its “low” state
(@ = 0). Figure 2.9a shows the waveforms of the JK-flipflop phase detector for
the case 6, = 0. With no phase error, u; and u;” have opposite phase. The output

up o——>g Qp——o
FF

U o> K Q

Figure 2.8 JK-flipflop phase detector.

8, =0
u
uj —] .
I ﬁd=0
Uq +——tr—+—t+—tr—t——t—F— ___4__./
{ (a)
u;
ug l l i
] |
dLeso :
g >0
U4 J-—-—1>——L—-——-1-—-———-1L———-4--———J———- [ S
(b)

Figure 2.9 Waveforms of the signals for the JK-flipflop phase detector. (@) Wave-
forms at zero phase error. (b) Waveforms at positive phase error.
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signal u, then represents a symmetrical square wave whose frequency is iden-
tical with the reference frequency (and not twice the reference frequency). This
condition is considered as 1, being zero. If the phase error becomes positive
(Fig. 2.9b), the duty cycle of the u, signal becomes greater than 50 percent; i.e.,
uy; becomes positive. Clearly, u; becomes maximum when the phase error
reaches 180° and minimum when the phase error is —~180°. If the mean value of
uq is plotted versus phase error 6,, the sawtooth characteristic of Fig. 2.10 is
obtained.

Within a phase error range of -1 < 6, <  the average signal 1, is proportional
to 6, and is given by

ug =Ky, (2.20)

Obviously the JK-flipflop phase detector is able to maintain phase tracking for
phase errors within the range —n < 6, < n. By an analogous consideration, the
phase detector gain of the JK-flipflop phase detector is given by

_Us

K
d2n

(2.21)

when the logic levels are Uy or 0, respectively. If, however, these levels are
limited by saturation, phase detector gain must be computed from

Usat+ - Usat~

K, =
q 27

(2.22)

In contrast to that for the EXOR gate, the symmetry of the u; and u,’ signals
is irrelevant, because the state of the JK-flipflop is altered only by the positive
transitions of these signals.

Uq ﬂu

~180 0 180 9, (deg)

_Kdn

Figure 210 Plot of averaged phase detector output signal u;
versus phase error 8,. In contrast to the EXOR, 7, does not
depend on the duty cycle of the signals.



Mixed-Signal PLLs 19

In the unlocked state the JK-flipflop phase detector behaves very much the
same as the EXOR and the multiplier phase detectors. When radian frequen-
cies @; and o, are different, the output signal w4 of the JK-flipflop phase
detector contains a term whose fundamental radian frequency is ®;, — .
Higher harmonics are removed by the loop filter. The pull-in process of the PLL
containing a JK-flipflop phase detector will be discussed in more detail in “Pull-
in Range Awp and Pull-in Time T,” in Sec. 2.6.2.

Type 4: Phase-frequency detector (PFD). The schematic diagram of the PFD is
shown in Fig. 2.11. The PFD differs greatly from the phase detector types dis-
cussed hitherto. As its name implies, its output signal depends not only on phase
error B, but also on frequency error Aw = », — ®,’, when the PLL has not yet
acquired lock. The PFD is built from two D-flipflops, whose outputs are denoted
UP and DN (down), respectively. The PFD can be in one of four states:

= UP=0,DN=0
= UP=1,DN=0
» UP=0,DN =1
= UP=1,DN=1

e ————
| UB—]|
’ |
! |
i UP
I e e
i |
U] Ommmeme——{ P FF | |
| |
Cp : }
| J
i I
C | |
, | |
u; O=———r— CP | |
FF ox { N | )
R O S e SU
| ] |
. 4
L J

Figure 211  Schematic diagram of the PFD.
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The fourth state is inhibited, however, by an additional AND gate. Whenever
both flipflops are in the 1 state, a logic high level appears at their CD (clear
direct) inputs, which resets both flipflops. Consequently the device acts as a
tristable device (“triflop”). We assign the symbols -1, 0, and 1 to these three
states:

m DN=1,UP =0 — state = -1
m UP=0,DN=0 — state=0
" UP=1,DN=0 - state=1

The actual state of the PFD is determined by the positive-going transients of
the signals u; and u,’, as explained by the state diagram, Fig. 2.12. (In this
example we assumed that the PFD acts on the positive edges of these signals
exclusively; we could have reversed the definition by saying that the PFD acts
on the negative transitions only.) As Fig. 2.12 shows, a positive transition of u,
forces the PFD to go into its next higher state, unless it is already in the 1 state.
In analogy, a positive edge of u,” forces the PFD into its next lower state, unless
it is already in the -1 state. The output signal u, is a logical function of the
PFD state. When the PFD is in the 1 state, u; must be positive; when it is in
the —1 state, uy, must be negative; and when it is in the 0 state, uy; must be zero.
Theoretically, u, is a ternary signal. Most logic circuits used today generate
binary signals, however, but the third state (z, = 0) can be substituted by a
“high-impedance” state.

The circuitry within the dashed box of Fig. 2.11 shows how the u, signal is
generated. When the UP signal is high, the P-channel MOS transistor conducts,
so ug equals the positive supply voltage Up. When the DN signal is high, the N-
channel MOS transistor conducts, so u, is on ground potential. If neither signal
is high, both MOS transistors are off, and the output signal floats, i.e., is in the

-

u; I /\ _\ !
0 O»Ed
NN

£ 2
ug uy

Figure 2.12 State diagram for the phase-frequency detector (PFD). This drawing
shows the events causing the PFD to change its current state.
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high-impedance state. Consequently, the output signal u, represents a tristate
signal.

To see how the PFD works in a real PLL system, we consider the waveforms
in Fig. 2.13. Figure 2.13a shows the (rather theoretical) case where the phase
error is zero. It is assumed that the PFD has been in the 0 state initially. The
signals u, and w,;” are “exactly” in phase here; both positive edges of u, and u,’
occur “at the same time”; hence their effects will cancel. The PFD then will
stay in the 0 state forever.

Figure 2.13b shows the case where u, leads. The PFD now toggles between
the states 0 and 1. If u, lags as shown in Fig. 2.13¢, the PFD toggles between
states —1 and 0. It is easily seen from the waveforms in Fig. 2.13b and ¢ that «,
becomes largest when the phase error is positive and approaches 360° (Fig.
2.13b) and smallest when the phase error is negative and approaches —-360° (Fig.
2.13c¢). If we plot the average signal ©, versus phase error 6,, we get a sawtooth
function as shown in Fig. 2.14. Figure 2.14 also shows the average detector
output signal for phase errors greater than 2n or smaller than —2n. When the
phase error 8, exceeds 2m, the PFD behaves as if the phase error recycled at
zero; hence the characteristic curve of the PFD becomes periodic with period
2n. An analogous consideration can be made for phase errors smaller than -2r.
When the phase error is restricted to the range —2n < 8, < 2, the average signal
uy becomes

ug = K46, (2.23)
In analogy to the JK-flipflop, phase detector gain is computed by

_Us
4rn

K, (2.24)

when the logic levels are Uz or 0, respectively. If, however, these levels are
limited by saturation, phase detector gain must be computed from

K, = yj‘f*_ty_ﬁ‘_ (2.95)
4n

A comparison of the PFD characteristic (Fig. 2.14) with the characteristic of
the JK-flipflop (Fig. 2.10) does not yet reveal exciting properties. To recognize
the bonus offered by the PFD, we must assume that the PLL is unlocked ini-
tially. Furthermore, we make the assumption that the reference frequency o,
is higher that the output frequency .. The u, signal then generates more
positive transitions per unit of time than the-signal u,’. Looking at Fig. 2.12,
we see that the PFD can toggle only between the states 0 and 1 under this con-
dition but will never go into the -1 state. If ®, is much higher than w,’, fur-
thermore, the PFD will be in the 1 state most of the time. When , is smaller
than w,’, however, the PFD will toggle between the states —1 and 0. When w, is
much lower than w,’, the PFD will be in the -1 state most of the time. We con-
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Figure 2.13 Waveforms of the signals for the PFD. (@) Waveforms for zero phase
error. The output signal of the PFD is permanently in the 0 state (high imped-
ance). (b) Waveforms for positive phase error. The PFD output signal is pulsed to
the 1 state. (c) Waveforms for negative phase error. The PFD output signal is
pulsed to the -1 state. .
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Figure 2.14 Plot of the averaged PFD output signal u; versus phase error 8,. u; does
not depend on the duty cycle of u; and u,.

clude, therefore, that the average output signal u, of the PFD varies monoton-
ically with the frequency error Aw = ®; — ;" when the PLL is out of lock. This
leads to the term phase-frequency detector. It is possible to calculate the duty
cycle of the u, signal as a function of the frequency ratio w,/w,” **; the result of
this analysis is shown in Fig. 2.15. For the case », > ®,” the duty cycle & is defined
as the average fraction of time the PFD is in the 1 state; for w; < ®,, o is by
definition minus the average fraction of time the PFD is in the —1 state. As
expected, & approaches 1 when ®; >> ;" and -1 when ®; << w,". Furthermore,
o is nearly 0.5 when o, is greater than ®,” but both frequencies are close
together, and & is nearly —0.5 when , is lower than w,” but both frequencies
are close together. This property will greatly simplify the determination of the
pull-in range (see “Pull-in Range Awp and Pull-in Time 7" in Sec. 2.6.2).

It must be emphasized that no such characteristic (Fig. 2.15) can be defined
for the EXOR and for the JK-flipflop. Because the output signal u; of the PFD
depends on phase error in the locked state of the PLL and on the frequency
error in the unlocked state, a PLL that uses the PFD will lock under any con-
dition, irrespective of the type of loop filter used. For this reason the PFD is the
preferred phase detector in PLLs.

2.3.2 Loop filters (first order)

As we have seen in Sec. 2.3.1, the output signal u,(¢) of the phase detector con-
sists of a number of terms; in the locked state of the PLL the first of these is a
“dc” component and is roughly proportional to the phase error 6,; the remain-
ing terms are “ac” components having frequencies of 2 w;, 4 @y, . . ..

Because these higher frequencies are unwanted signals, they are filtered out
by the loop filter. Because the loop filter must pass the lower frequencies and
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Figure 2.15 Plot of the averaged duty cycle of the PFD
output signal i, versus frequency ratio m,/w,’. This curve
depicts the behavior of the PFD in the unlocked state of

the DPLL.

suppress the higher, it must be a low-pass filter. In most PLL designs a
first-order low-pass filter is used. Figure 2.16 lists the versions which are most
frequently encountered.

Type 1: Passive lead-lag filter. Figure 2.16a is a passive lead-lag filter having
one pole and one zero. Its transfer function F(s) is given by

1 .
Fs)= —— %2 (2.26)
1+s(t; +19)

where 1, = R,C and 1, = R,C. [A note on terminology: a lead-lag (also called
lag-lead) filter combines a phase-leading with a phase-lagging network. The
phase-leading action comes from the numerator (i.e., from the zero) in the
transfer function in Eq. (2.26), whereas the denominator (i.e., the pole) pro-
duces the phase lag. All filters that will be used as loop filters are lead-lag
filters.] The amplitude response of this filter is shown in Fig. 2.17a. As we
will see in Sec. 2.4.2, the zero of this filter is crucial because it has a strong
influence on the damping factor { of the PLL system.

Type 2: Active lead-lag filter. Figure 2.165 shows an active lead-lag filter. Its
transfer function is very similar to the passive but has an additional gain term
K., which can be chosen greater than 1. Its transfer function F(s) is given by

1+sT,

F(s)=K, (2.27)

1+sT1,;
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Figure 2.16 Schematic diagram of loop filters used Figure 2.17 Bode diagram of the three filter types
in linear PLLs. (a) Passive lead-lag filter. () Active shown in Fig. 2.16. (a) Passive lead-lag filter. (b)
lead-lag filter. (¢) Active P1I filter. Active lead-lag filter. (¢) Active PI filter.

where 1, = R,C, 1, = R,C, and K, = C,/C,. The amplitude response of the active
lag filter is given in Fig. 2.17b.

Type 3: Active PI filter. Finally, Fig. 2.16c shows another active low-pass filter,
which is commonly referred to as a PI filter. It is a lead-lag filter as well. The
term PI is taken from control theory, where it stands for “proportional -+
integral” action. The transfer function of the PI filter is given by

F(s)= 1750 (2.28)
8T,
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where again 1, = R;C and 1, = R;C. The PI filter has a pole at s = 0 and there-
fore behaves like an integrator. It has—at least theoretically—infinite gain at
zero frequency. Its amplitude response is depicted in Fig. 2.17c.

2.3.2 Controlled oscillators

Input

There are two types of controlled oscillators in use: voltage-controlled oscilla-
tors (VCOs) and current-controlled oscillators. They differ only in the fact that
for the first the input (control) signal is a voltage signal, whereas for the second
it is a current signal. Fig. 2.18 shows a simplified schematic of a VCO that is
found in the popular digital PLL IC 74HC/HCT4046.

The operation of this circuit is as follows. First the control signal (input) is
converted into a current signal. The cross-coupled NOR gates form an RS latch.
Assume that the output signal of the left NOR gate is H (high) and the output
signal of the right NOR gate is L (low). Consequently, P-channel MOS transis-
tor P1 is on and N-channel MOS transistor N1 is off; furthermore, P2 is off
and N2 is on. Therefore the right terminal of capacitor C is grounded, and the
output current of the voltage-current converter flows into the left terminal of
C; thus the voltage at that terminal ramps up in a positive direction. The upper
threshold of the Schmitt triggers (drawn by a triangle with a hysteresis symbol
in its center) is set at half the supply voltage Upp/2. When the voltage at the
left side of C exceeds that threshold, the RS latch changes state. Now the left
terminal of C becomes grounded, and the output current of the voltage-current
converter flows into the right terminal of C. The voltage at the right side of C

Current

c PQHW
b

o b

v L
vl

r—TE
&

vCO
Out

Figure 218 Simplified schematic of a VCO.
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ramps up now, until the right Schmitt trigger switches into the H state. This
process repeats infinitely. If we were to measure the voltage across the capaci-
tor differentially, we would observe a triangular waveform.

The radian frequency w, of the VCO output signal is proportional to the
control signal u, and is given by

W9 =Wg +Kouf (229)

K, is called VCO gain; its unit is rad s V™. The unit rad is often omitted
because it is a dimensionless quantity. o, is the (radian) center frequency of the
PLL.

Figure 2.19 shows an idealized characteristic (w, versus u;) of a VCO. It
is assumed that the range of the control signal is symmetrical around u; = 0.
For this ideal VCO, the output frequency would be 0 for u; = s, and 2 o, for
Ur = Upnax. Practical VCOs behave differently, however. First of all, most VCOs
are powered from a unipolar power supply. Assuming that the supply voltage is
Upp, the range of u; must be within 0 . . . Upp. Real VCOs operate at their center
frequency when the control signal is at half the supply voltage; i.e., u, = Upp/2.
To be mathematically correct, for unipolar power supplies Eq. (2.29) should read

W2 =W +K0(uf —UDD/2)

In the following we discard that offset. Whenever we state u,= 0, we understand
that u, is half the supply voltage.

Practical VCOs show still another limitation. Their output frequency does
not vary in proportion to the control signal over its full range from 0 to Upp,
but this range is restricted between a lower and an upper threshold. For a
typical VCO implemented in CMOS technology with Upp = 5V, the lower tresh-
old is around 1V and the upper is around 4V. Between these thresholds the
characteristic curve is linear. Below the lower threshold the VCO behavior is
unpredictable; in case of the T4HC/HCT4046, for example, the output frequency
drops to a value near zero. Above the upper threshold the VCO creates a very
high frequency that is independent of the control signal.

g
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Figure 2.19 Characteristic of a VCO; w, versus u,.
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The designer of a PLL system must determine two VCO parameters: the
center frequency w, and the VCO gain K,. In practical VCO circuits, these
parameters are set by external components, i.e., by resistors and capacitors.
Figure 2.20 demonstrates how this is done in the popular PLL IC of type
74HC/HCT4046. The supply voltage is chosen as Upp = 5V in this example. The
74HC/HCT4046 uses three external components to set the parameters of the
VCO, i.e., one capacitor C and two resistors R, and R,. The resistors are not
shown in the schematic of Fig. 2.19. Let us first consider the case where R,
is chosen infinite; i.e., R, is an open circuit. The center radian frequency ®, of
the VCO is determined by the product R,C; refer to the solid transfer curve in
Fig. 2.20. For a supply voltage of Upp = 5V, we read from the data sheet that
the radian center frequency is approximately given by

25

Wy =
" RC

When the product R,C is specified, the upper and lower limits of the VCO
output frequency are set automatically (see Won, and g, in Fig. 2.20). We
conclude therefore that the VCO gain—which is simply the slope of the solid
curve—is automatically fixed as soon as the product R,;C has been specified. But
we want to specify K, independently of center frequency w,. This is accom-
plished by adding another resistor R,. This resistor introduces an offset. For a
supply voltage of Upp = 5V this offset is approximatively

50
R,C

A(Doffset =

Womax — K
7
O 1 Offset
1

—

Womin]
Figure 220 Characteristics of a
o ! J I I s » typical VCO.

Uy [V]
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Using a resistor R, that has a finite value (e.g., 10kQ) shifts the transfer curve
in Fig. 2.20 upward (the dashed line). Hence, by using two resistors, we are in
a position to fix w, and K, independently of each other.

Because the VCO is an analog circuit, its parameters (e.g., ®,) are subject
to parts spread, temperature drift, and aging. Most data sheets specify the
temperature coefficient of w,, which is normally given as parts per million (ppm)
per degree Centigrade.

2.3.4 Down-scalers

Down-scalers (frequency dividers) come into play when the PLL is used as a
frequency synthesizer. As shown in Fig. 2.1, the down-scaler divides the output
frequency created by the VCO by a factor N, which is programmable in
most cases. Down-scalers are usually built from a cascade of flipflops (e.g.. RS-
flipflops, JK-flipflops, or toggle flipflops). One single JK-flipflop scales down the
frequency applied to its clock input by 2. Two cascaded JK-flipflops scale down
that frequency by 4, etc. Arbitrary scaling factors (i.e., scaling factors that
are not an integer power of 2) can be realized by adding gates to the counting
circuit. This has been explained in great detail by Rohde,'** for example, and
will not be discussed further here.

It is obvious that a counter can scale down by an integer number only, e.g.,
by a factor of 5 or 6. Certainly a counter cannot divide by, say, 5.3. Nevertheless
there exist so-called fractional-N frequency synthesizers. These are synthesiz-
ers that are indeed capable of creating an output frequency that is, for example,
5.3 times the reference frequency. Of course the down-scalers used in such syn-
thesizers are not able to divide immediately by 5.3. Fractional-N ratios are real-
ized rather by a technique referred to as pulse removal. This will be discussed
in more detail in Sec. 3.2.2.

2.4 PLL Perfomance in the Locked State

If we assume that the PLL has locked and stays locked for the near future,
we can develop a linear mathematical model for the system. As will be shown
in this section, the mathematical model is used to calculate a phase-transfer
function H(s) that relates the phase 0, of the input signal to the phase 6, of the
output signal (of the down-scaler):

_ Q,'(s)

Hs) =
(=) O,(s)

(2.30)

where 0,(s) and ©,'(s) are the Laplace transforms of the phase signals 8,(¢) and
0, (t), respectively. (Note that we are using lowercase symbols for time functions
and uppercase symbols for their Laplace transforms throughout the text; this
also applies to Greek letters. Furthermore the symbol ©,(s) is used for the
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Laplace transform of phase 6,".) H(s) is called phase-transfer function. To get
an expression for H(s) we must know the transfer functions of the individual
building blocks in Fig. 2.1. This transfer function will be calculated from a
mathematical model that will be derived in Sec. 2.4.1.

Mathematical model for the locked state

As derived in Sec. 2.3.1, in the locked state the output signal uy of the phase
detector can be approximated by

Ug = Kdee

hence the mathematical model of the phase detector is simply a zero-order block
with gain K, (also referred to as a gain block). The transfer function of the phase
detector is therefore given by

Uqy(s) _

=K, (2.31)
0.5) °

where s is the Laplace operator. (Appendix B provides an introduction to
Laplace transforms.)

The transfer function of the loop filter has already been derived in Sec. 2.3.2
and is denoted here with F(s). Let us look now at the transfer function of the
VCO. As stated in Eq. (1.1), the angular frequency of the VCO is given by

(Dz(t) = COQ+A(Dz(t):(DQ+Kde(t) (232)

where K| is called VCO gain (dimension: rad s V). The model of the VCO
should yield the output phase 6,, however, and not the output frequency w,. By
definition, the phase 6, is given by the integral over the frequency variation
A(Dg:

0,(t) = [ Awa(t)dt = K, [u (t)dt (2.33a)

In the Laplace transform, integration over time corresponds to division by s, so
the Laplace transform of the output phase 6, is given by

Oy (s) = ES—"Uf(s) (2.33b)

The transfer function of the VCO is therefore given by

O, (s) _ &

U, . (2.34)

For phase signals the VCO simply represents an integrator.
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Last we must also know the mathematical model of the (optional) divide-
by-N counter (see Fig. 2.1). Because this counter divides the frequency created
by the VCO by a factor N, it also scales down the output phase of the VCO
by N. Hence the down-scaler is nothing more than a “gain block” having gain
1/N.

We are now in the position to draw the mathematical model of the locked
state, Fig. 2.21. On the basis of this model we are going to derive a number of
transfer functions and related parameters (see Sec. 2.4.2).

2.4.2 Definition of transfer functions

The model in Fig. 2.21 enables us to analyze the tracking performance of the
PLL, i.e., the ability of the system to maintain phase tracking when excited by
phase steps, frequency steps, or other excitation signals.

From the model, the phase-transfer function H(s) is computed. We get

Q,'(s)  K,K,F(s)/N

H(s) = =
0,(s) s+K,K.F(s)/N

In addition to the phase-transfer function, an error-transfer function H, (s) has
been defined. H,(s) is defined by

_O.(s) s

H,(s)= =
0,(s) s+K K F(s)/N

(2.36)
H_.(s) relates phase error 6, to the input phase 6;. Between H,(s) and H(s}) we
have the simple relation

H.(s)=1-H(s) (2.37)

To analyze the phase-transfer function we have to insert the loop filter
transfer function [Egs. (2.26) to (2.28)] into Eq. (2.35). For the three different
loop filters (Fig. 2.16) we get

PD LF VvCD

92 (s)
85 (s) Ky —  F(s) >

|

1

N

+ N Counter
Figure 2.21 Mathematical model for the locked state of the PLL.
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w For the passive lead-lag filter

K()Kd 1+ST2
Hs) = N T+t / (2.38)
2 +81+K0Kd'cg/N L KKy/N
T, +7%To T+ T2
® For the active lead-lag filter
K,K,K, 1+5s71,
H(s)= N__ 4 : (2.39)
, 1+K.K,K,1;/N K,K,K,/N
s°+s +
T1 T1
m For the active PI filter
K()Kd 1+5T2
His) = N_ o (2.40)
§% g 1+K0Kd'52/ N + KOKd/N
T T, + 1T

In circuit and control theory it is common practice to write the denominator
of the transfer function in the so-called normalized form?®

Denominator = s* + 2{w,s + ®2
where ®, is the natural frequency and ( is the damping factor. The denomina-
tor of Eqgs. (2.38) to (2.40) will take this form if the following substitutions are

made:

® For the passive lead-lag filter

oo [ TEe (o
N(T1+TQ) 2

(2.41)
KOKd)

® For the active lead-lag filter

®. = /M) g;:mﬂ (TZ"'—N—_’j (2.42)
N1, +19) 2. K,K, K,

n

m For the active PI filter

W, = 04 , L= ©n Ty (2.43)
N1, 2



Mixed-Signal PLLs 33

(The natural frequency w, must never be confused with the center frequency
w, of the PLL.) Inserting these substitutions into Egs. (2.38) to (2.40), we get
the following phase-transfer functions:

= For the passive lead-lag filter

swn[ZC - }51%75)

H(s)= (2.44)
s +2slw, + 0?
® For the active lead-lag filter
Sw”(%_ K K(DIn{ /N)
H(s) = 02d o/ (2.45)
s? +2slw, + 0’
® For the active PI filter
2 2 ,
H(s) = — 2550 + On (2.46)

s? +2slw, +w?

Aside from the parameters w, and {, only the parameters K,, K,, K,, and N
appear in Eqgs. (2.44 t0 2.46). The term K ;K /N in Eqgs. (2.44) and (2.46) is called
loop gain and has the dimension of angular frequency (rads™). In Eq. (2.45),
the term K, KoK, /N is called loop gain. If the condition

K,K,/N > o, or  K.K,K.,/N> o,

is true, the PLL system is said to be a high-gain loop. 1f the reverse is true, the
system is called a low-gain loop. Most practical PLLs are high-gain loops. For
high-gain loops, Egs. (2.44) to (2.46) become approximately identical and read

2 2
H(s) - sCo, + W,

~ (2.47)
s +2slw, + 02

for all filters shown in Fig. 2.16. Similarly, assuming a high-gain loop, we get
for the error-transfer function H,(s) for all three filter types the approximate
expression

82

H,(s)= (2.48)
52 +2slw, +®2 (

To investigate the transient response of a control system, it is customary to plot
a Bode diagram of its transfer function. The Bode diagram of the phase-
transfer function is obtained by putting s =jw in Eq. (2.47) and by plotting the
magnitude (absolute value) |H(w)| as a function of angular frequency o (Fig.
2.22). Both scales are usually logarithmic. The frequency scale is further nor-
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Figure 2.22 Bode diagram of the phase-transfer function H(w). (Adapted from Gardner’
with permission.)

malized to the natural frequency w,. Thus the graph is valid for every second-
order PLL system.

We can see from Fig. 2.22 that the second-order PLL is actually a low-pass
filter for input phase signals 6,(¢) whose frequency spectrum is flat between zero
and approximately the natural frequency ®,. This means that the second-order
PLL is able to track for phase and frequency modulations of the reference signal
as long as the modulation frequencies remain within an angular frequency band
roughly between zero and w,. The damping factor { has an important influence
on the dynamic performance of the PLL. For { = 1, the system is critically
damped.

If  is made smaller than unity, the transient response becomes oscillatory;
the smaller the damping factor, the larger becomes the overshoot. In most
practical systems, an optimally flat frequency-transfer function is the goal. The

transfer function is optimally flat for { =1/ V2 , Which corresponds to a second-
order Butterworth low-pass filter. If { is made considerably larger than unity,
the transfer function flattens out, and the dynamic response becomes sluggish.
A Bode plot of H,(s) is shown in Fig. 2.23. The value of 0.707 has been chosen
for {. The diagram shows that, for modulation frequencies smaller than the
natural frequency w,, the phase error remains relatively small. For larger fre-
quencies, however, the phase error 6, becomes as large as the reference phase
8;, which means that the PLL is no longer able to maintain phase tracking.
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Figure 2.23 Bode diagram of the error-transfer function H, ().

As in amplifiers, the bandwidth of a PLL is often specified by the 3-dB corner
frequency msgp. This is the radian frequency where the closed-loop gain has
dropped by 3dB referred to the closed loop gain at dc. ®sgp is given by

1/2

Osqp = w{1+2§2 +\/(1+2§2)2 +1} | (2.49)

For a damping factor { = 0.7, (5 becomes oy = 2.060,, which is about twice
the natural frequency.

Knowing that a second-order PLL in the locked state behaves very much like
a servo or follow-up control system, we can plot a simple model for the locked
PLL (Fig. 2.24). The model consists of a reference potentiometer G, a servo
amplifier, and a follow-up potentiometer F' whose shaft is driven by an electric
motor. In this model the reference phase 6, is represented by the shaft position
of the reference potentiometer G. The phase of the output signal of the VCO
0,(¢) is represented by the shaft position of the follow-up potentiometer. If the
shaft position of the reference potentiometer is varied slowly, the servo system
will be able to maintain tracking of the follow-up potentiometer. If 6,(¢) is
changed too abruptly, the servo system will lose tracking and large phase errors
6, will result.

So far we have seen that a linear model is best suited to explain the tracking
performance of the PLL if it is assumed that the PLL is initially locked. If the
PLL is initially unlocked, however, the phase error 6, can take on arbitrarily
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J
i

Figure 2.24 Simple electromechanical analogy of the linearized second-order PLL. In
this servo system, the angles 6, and 6," correspond to the phases 8, and 8, respec-
tively, of the PLL system.

large values, and the linear model is no longer valid. When we try to calculate
the acquisition process of the PLL itself, we must use a model that also accounts
for the nonlinear effect of the phase detector. This will be dealt with in Sec.
2.6.1.

Knowing the phase-transfer function H(s) and the error-transfer function
H,(s) of the PLL, we can calculate its response on the most important excita-
tion signals. This will be done in Sec. 2.4.3.

2.4.3 Transient response of the PLL in the locked state

Knowing the phase transfer function H(s) and the error transfer function H,(s)
of the PLL, we can calculate its response on the most important excitation
signals. We therefore analyze the PLLs answer to

= A phase step
m A frequency step

® A frequency ramp

applied to its reference input.

Phase step applied to the reference input. A reference signal performing a phase
step at time ¢ = 0 has been shown in Fig. 2.2a. In this case the phase signal 6,(¢)
is a step function,

8:(t) =ult)  AD (2.50)

where u(¢) is the unit step function and A® is the size of the phase step. For
the Laplace transform ©,(s) we get therefore

O,(s) = AD/s (2.51)
The phase error 6, is obtained from

0,(s) = H,(s)0,(s) = H,(s)- A®/s (2.52)



Mixed-Signal PLLs 37

Inserting Eq. (2.48) into Eq. (2.52) yields

AD 2 ,
() = e (2.53)
s s*+2slm, +w;

Applying the inverse Laplace transform to Eq. (2.53), we get the phase-error
functions 6,(¢) shown in Fig. 2.25. The phase error has been normalized to the
phase step A®. Phase-error functions have been plotted for different damping
factors. The initial phase error 6,(0) equals A® or any value of {. For t — (e}
the phase error 0,(c) approaches zero. This can also be shown by the final value
theorem of the Laplace transform,® which reads

8,(0) =1lims®,(s)=0 (2.54)

s—0
Frequency step applied to the reference input. If a frequency step is applied to
the input of the PLL, the angular frequency of the reference signal becomes
w,(t) =wy + Aw - ult) (2.55)

where Aw is the magnitude of the frequency step. Because the phase 6,(¢) is the
integral over the frequency variation Aw, we have

6:;(t)=Aw -t (2.56)

That is, the phase is a ramp function now. For the Laplace transform ©,(s) we
get therefore
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Figure 2.25 Transient response of a linear second-order PLL to a phase step A® applied
at t = 0. The PLL is assumed to be a high-gain loop. (Adapted from Gardner’ with per-
mission.)



38 Chapter Two

0.(s) = Aw/s? (2.57)
Performing the same calculation as above, we get for the phase error

A® s? .
O,(s)=— (2.58)
s? 5% +2slw, + w2

Applying the inverse Laplace transform to Eq. (2.58), we get the phase error
curves shown in Fig. 2.26. If we again apply the final value theorem to Eq.
(2.58), it turns out that the phase error approaches 0 when ¢ — oo. This is true,
however, only for high-gain loops. For low-gain loops, the numerator of Eq.
(2.58) would have an additional first-order term in s; hence the phase error 6,(e)
becomes nonzero.

Frequency ramp applied to the reference input. If a frequency ramp is applied to
the PLL’s reference input, the angular frequency o, is given by

where Am is the rate of change of the reference frequency. Because the phase
0,(¢) is the integral over the frequency variation, we get

s ,

The Laplace transform ©;(s) now becomes

A®
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Figure 2.26 Transient response of a linear second-order PLL to a frequency step Aw
applied to its reference input at ¢ = 0. (Adapted from Gardner' with permission.)
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Assuming a high-gain loop again and applying the final value theorem of the
Laplace transform, the final phase error 6,(-) is

Aw®
2
n

B, (c0) = ling sH,(s)0,(s) = (2.62)

Now we remember that our linear model is valid for small phase errors only.
Because for large phase errors the output signal of the phase detector is not
proportional to the phase error, but to the sine of the phase error, the last equa-
tion can be shown to read actually®
. A® .
sin @, () = — (2.63)
®

n

Because the sine function cannot exceed unity, the maximum rate of change of
the reference frequency that does not cause lockout is

A oy = O (2.64)
This result has two consequences:

1. If the reference frequency is swept at a rate larger than ®Z, the system will
unlock.

2. 1f the system is initially unlocked, it cannot become locked if the reference
frequency is simultaneously swept at a rate larger than ®?.

Practical experience with PLLs has shown that Eq. (2.64) presents a theo-
retical limit which is normally not practicable. If the reference frequency is
swept in the presence of noise, the rate at which an initially unlocked PLIL
can become locked is markedly less than 2. A more practical design limit for
A® oy 18 considered to be!

2

n

A®poy = — (2.65)

2.4.4 Steady-state error of the PLL

In control systems, the steady-state error is defined as the deviation of the con-
trolled variable from the setpoint after the transient response has died out. For
the PLL, the steady-state error is simply the phase error 8,(e). To see how the
PLL settles on various excitation signals applied to its input, we will calculate
the steady-state error for a phase step, a frequency step, and a frequency ramp.
When the input phase 6,(¢) is given, the phase error 8,(¢) is computed from the
error transfer function H,(s) as defined in Eq. (2.48). It turns out that
the steady-state error depends largely on the number of “integrators” that are
present in the control system, i.e., on the number of poles at s = 0 of the open-
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loop transfer function. Using Eq. (2.36) and the final value theorem of the
Laplace transform [see App. B, Eq. (B.19)], we can write 0,() as

S
s+ KoKy F(s)/N

0, (c0) = ling s0:(s)

For the transfer function F(s) of the loop filter, we choose a generalized
expression

P(s)

F =
(s) TG

where P(s) and Q(s) can be any polynomials in s and M is the number of poles
at s = 0. For many loop filters, M = 0. For the active PI loop filter as defined in
Eq. (2.28), M = 1. Tt is possible to build loop filters having more than one pole
at s = 0, but the larger the number of integrators, the more difficult it becomes
to get a stable system. In most cases, P(s) is a first-order polynomial, and Q(s)
is a polynomial of order 0 or 1. When inserting F(s) into the equation for the
steady-state error, we get

_ s?sMQ(s)0(s)
0,(c) = lim
s—0 S(S . SMQ(S) + K()Kd P(S)/N)

Let us calculate now the steady-state error for different excitations at the
reference input of the PLL.

Case study 1. Phase step applied to the reference input. If a phase step of size
A® is applied to the reference input, we have (cf. Sec. 2.4.3)

AD
O,(s) =—
s
Hence the steady-state error becomes
s2sMQ(s)AD

ee o) =1
( ) sl—I}(’)l S(S . SMQ(S)"r‘KoKd P(S)/N)

This quantity becomes 0 for any M, i.e., even for M = 0. Hence the phase error
settles to zero for any type of loop filter.

Case study 2. Frequency step applied to the reference input. In case of a fre-
quency step, the phase 6,(¢) becomes a ramp function as shown in Sec. 2.4.3,
and for its Laplace transform we get

AW
0O,(s) = -
S
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where Aw is the size of the (angular) frequency step. The steady-state error is
given by

. s?sMQ(s)Aw
0, (c0) = lim .
=0 s%(s- sMQ(s)+ K K4 P(s)/N)

This becomes 0 only if M is greater than or equal to 1, i.e., if the loop filter has
at least one pole at s = 0. In other words, the open-loop transfer function of the
PLL must have at least 2 poles at s = 0 if the steady-state error caused by a fre-
quency step must become zero.

Case study 3. Frequency ramp applied to the reference input. As shown in Sec.
2.4.3, for a frequency ramp the Laplace transform of the phase signal 6,(¢)
becomes

A®
O,(s) = —
S

where Ao is the rate of change of angular frequency. For the steady-state error
we get

. s2sMQ(s)Am
B.(c0) = lim ;
=0 §%(s- sMQ(s)+ K K4 P(s)/ N)

Here the steady-state error approaches zero only if the loop filter has at least
2 poles at s = 0. For M =2 and Q(s) = 1, the order of the PLL becomes 3. Because
each pole of the transfer function causes a phase shift of nearly 90" at higher
frequencies, the overall phase shift can approach 270", which means that the
system can get unstable. To get a stable loop, the poles must be compensated
for by zeros; i.e., the loop filter must have at least one zero, which must be cor-
rectly placed, of course.’

2.5 The Order of the PLL System
2.5.1 Number of poles

Most PLLs considered hitherto were second-order PLLs. The loop filter had one
pole, and the VCO had a pole at s = 0, so the whole system had two poles. Gen-
erally the order of a PLL is always by 1 higher than the order of the loop filter.
If the loop filter is omitted, i.e., if the output of the phase detector directly con-
trols the VCO, we obtain a first-order PLL. We will discuss the first-order PLL
in Sec. 2.5.2. In PLL applications, first-order systems are rarely used, because
they offer little noise suppression (more about noise in later sections).

Because higher-order loop filters offer better noise cancellation, loop filters
of order 2 and more are used in critical applications. As mentioned, it is much
more difficult to obtain a stable higher-order system than a lower-order one.
We will deal with higher-order loops in Chap. 4.
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2.5.2 A special case: The first-order PLL

The first-order PLL is an extremely simple system. When we omit the loop filter,
F(s) in Eq. (2.35) becomes 1, and for the phase transfer function we obtain

H(s)= ——L——— {2.66)
sN
1+

KoK,

This is the transfer function of a first-order low-pass filter having a 3-dB
angular corner frequency wss;p = KoK4/N. As we will see in Sec. 2.6.2, the term
K K /N is identical with the hold range of the PLL.

Because the hold range is generally much larger than the natural frequency
®, of second-order PLLs, the first-order PLL has large bandwidth and hence
tracks phase and frequency variations of the input signal very rapidly. Because
of its high bandwidth, however, the first-order PLL does not suppress noise
superimposed on the input signal. Because this is an undesirable property in
most PLL applications, the first-order PLL is rarely utilized here. First-order
PLLs do really exist in applications where noise is not a primary concern. In
Chap. 6 we will deal with a first-order all-digital PLL system that is frequently
used in FSK modems.

2.6 PLL Performance in the Unlocked State

2.6.1

As we have seen in Sec. 2.4, the linear model of the LPLL is valid only when
the PLL is in the locked state. When the PLL is out of lock, its model becomes
much more complicated and is nonlinear, of course. In this section we are going
to develop a mathematical model that is valid in the unlocked state of the PLL.
On the basis of that model, we will develop a mechanical analogy that is much
simpler to analyze and will help us to derive the relevant parameters that
describe the acquisition and lockout processes of PLLs.
The analogy should answer the following questions:

® Under what conditions will the PLL get locked?
® How much time does the lock-in process need?
® Under what conditions will the PLL lose lock?

Mathematical model for the unlocked state

The mathematical model depends somewhat on the types of phase detectors and
loop filters that are used in a particular PLL configuration. For the following
analysis, we assume that the PLL contains a type 1 phase detector (multiplier)
and a type 1 loop filter (passive lead-lag filter). It can be shown that the behav-
ior of the PLL in the unlocked state is described by a nonlinear differential
equation of the form*
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. 1+ KK 1,c0868,/N . K.K,/N

.. ) e 1 ;
8, +6 sinf, =6, +6, ——  (2.67)

T1+T2 T1+T2 T1+T2
This equation can be simplified. First, the substitutions of Eq. (2.41) are made
for 1, and 1,. Next, in most practical cases the inequality

L kKN (2.68)
Ta

holds. This leads to the simplified differential equation

o

W7

0, +2{,H, cosh, + w?sin6, = O, +H; —————
KK, /N

The nonlinearities in this equation stem from the trigonometric terms sin#,
and cos6,. As already stated, there is no exact solution for this problem. We find,
however, that Eq. (2.69) is almost identical to the differential equation of a
somewhat special mathematical pendulum, as shown in Fig. 2.27. A beam

Figure 2.27 Mechanical analogy illustrating the linear and the non-
linear performance of the PLL. (Symbols defined in text.)
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having a mass M is rigidly fixed to the shaft of a cylinder that can rotate freely
around its axis. A thin rope is attached at point P to the surface of the cylin-
der and is then wound several times around the latter. The outer end of the
rope hangs down freely and is attached to a weighing platform. If there is no
weight on the platform; the pendulum is assumed to be in a vertical position
with ¢, = 0. If some weight G is placed on the platform, the pendulum will be
deflected from its quiescent position and will eventually settle at a final deflec-
tion angle ¢,. The dynamic response of the pendulum can be calculated by
Newton’s third law,

Té, =2, (2.70)

where T is the moment of inertia of the pendulum plus cylinder, ¢, is the angle
of deflection, and oJ; is a driving torque. Three different torques can be identi-
fied in the mechanical system of Fig. 2.27:

1. The torque Jx generated by gravitation of the mass M; Jr = -Mag sing,,
where a is the length of the beam and g is acceleration due to gravity.

. 2. A friction torque Jg, which is assumed to be proportional to the angular

velocity (viscous friction); Jr = —p@,, where p is the coefficient of friction.

3. The torque J4 generated by the gravity of the weight G; J, = rG, where r is
the radius of the cylinder.

Introducing these individual torques into Eq. (2.70) yields

. p. Mag
et =0, +
¢ T(P

r

sing, =—G(1) (2.71)
nge =

As in the case of the PLL, we can write this equation in a normalized form. If
we introduce the substitutions

1/2
) = ( Mag j (2.72)
T
U=
2N MagT
Eg. (2.71) is converted into
$, + 20 @, + /2 sino, = E;—G(t) =G() (2.73)

This nonlinear differential equation for the deflection angle ¢, looks very much
like the nonlinear differential equation of the PLL according to Eq. (2.69).
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There is a slight difference in the second term, however. In the case of the PLL
the second term contains the factor cos®,, whereas for the pendulum the co-
efficient of the second term is the constant 2{'w,”.

Strictly speaking, the pendulum of Fig. 2.27 would be an accurate analogy of
the PLL only if the friction varied with the cosine of the deflection angle. This
would be true if the damping factor {’ were not a constant but would vary with

cos Q.. As a consequence, the momentary friction torque would be positive for

T, < E
9“5

that is, when the position of the pendulum is in the lower half of a circle around
the cylinder shaft. On the other hand, the momentary friction torque would be
negative for

g ~P T

that is, when the position of the pendulum is in the upper half of this circle. A
negative friction is hard to imagine, of course, but let us assume for the moment
that {’ = cosq, is valid. Imagine further that the weight G is large enough to
make the pendulum tip over and continue to rotate forever around its axis (pro-
vided the rope is long enough). Because of the nonconstant torque generated
by the mass M of the pendulum, this oscillation will be nonharmonic. During
the time when the pendulum swings through the lower half of the circle (-n/2
< @, < m/2), its average angular velocity is greater than its velocity during the
time when it swings through the upper half (1/2 < ¢, < 37/2). The positive fric-
tion torque averaged over the lower semicircle is therefore greater in magni-
tude than the negative friction torque averaged over the upper semicircle. This
means that the friction torque averaged over one full revolution stays positive;
hence it is acceptable to state that the coefficient of friction {’ varies with the
cosine of ¢,. The mathematical pendulum is therefore a reasonable approxima-
tion for the PLL.

Comparing the PLL with this mathematical pendulum, we find the following
analogies: ‘

1. The phase error 6, of the PLL corresponds to the angle of deflection ¢, of the
pendulum.

2. The natural frequency ®, of the PLL corresponds to the natural (or reso-
nant) frequency of the pendulum o,”.

3. The damping factor { of the PLL corresponds to the damping factor {’ of the
pendulum, which results from viscous friction.

4. The weight G on the platform corresponds to a reference phase disturbance
according to the relation
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(02

8, +6, ——"—~ G(t) (2.74)
U KGK4/N

_Let us now see what is the physical meaning of the term

0, +6,0% / (KoK;/N) in Eq. (2.74). We assume first that the frequency of the

reference signal has an arbitrary value:
W, =Wy + Aw(t)

where Am(¢) can be considered the frequency offset of the reference signal. The
reference signal u,(¢) can therefore be written in the form

)y =U, sin{J‘ [wo” + Ao®))dt = Uy sinfwy "t +6; (t)]}

0

Consequently the phase 0,() is given by
¢
0,(t) = | Ao(t) dt
0

From this it becomes immediately evident that the first derivative represents
the momentary frequency offset:

6,(t) = Aw(?)

whereas the second derivative signifies the rate of change of the frequency
offset:

8:(¢) = aAw(t) = Aw

The weight G placed on the platform is thus equivalent to a weighted sum of
the frequency offset Aw(#) and its rate of change Aw(#):

) 2
G({t) ~ Aw+ ———— A®

(2.75)
K,K,;/N

This simple correspondence paves the way toward understanding the quite
complex dynamic performance of a PLL in the locked and unlocked states. To
see what happens to a PLL when phase and/or frequency steps of arbitrary size
are applied to its reference input, we have to place the corresponding weight
G(t) given by Eq. (2.75) on the platform and observe the response of the
pendulum. The notation G(¢) should emphasize that G must not necessarily be
a constant, but can also be a function of time, as would be the case when an
impulse is applied.
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Let us first consider the trivial case of no weight on the platform. The pen-
dulum is then at rest in a vertical position, ¢, = 0. This corresponds to the PLLL
operating at its center frequency w,” with zero frequency offset (Aw = 0) and
zero phase error (9, = 0).

What happens if the frequency of the reference signal is changed slowly? The
rate of change of the reference frequency is assumed to be so low that the deriv-
ative term A® in Eq. (2.75) is negligible. A slow variation of the reference fre-
quency corresponds to a slow increase of weight G, achieved by very carefuily
pouring a fine powder onto the platform. The analogy is given in this case by

w2

Gt)~———
K.K,/N

Aw

The pendulum now starts to deflect, indicating that a finite phase error is estab-
lished within the PLL. For small offsets of the reference frequency the phase
error 6, will be proportional to Aw. If the frequency offset reaches a critical
value, called the hold range, the deflection of the pendulum is just 90°. This is
the static limit of stability. With the slightest disturbance the pendulum would
now tip over and rotate around its axis forever. This corresponds to the case
where the PLL is no longer able to maintain phase tracking and consequently
unlocks. One full revolution of the pendulum equals a phase error of 2n. Because
the pendulum is now rotating permanently, the phase error increases toward
infinity.

Another interesting case is given by a step change of the reference frequency
at the input of the PLL. When a frequency step of the size Aw is applied at
t = 0, the angular frequency of the reference signal is

() = ¢+ Aw - w(t)

where u(¢) is the unit-step function. The first derivative Aw(¢) therefore shows
a delta function at ¢ = 0; this is written

Aw(t) = Aw 8(2)

and is plotted in Fig. 2.28. What will now be the weight G(¢) required to simu-
late this condition? As also shown in Fig. 2.28, the weight function should be a
superposition of a step function and a delta (impulse) function. In practice this
can be simulated by dropping an appropriate weight from some height onto the
platform. The impulse is generated when the weight hits the platform. To get
a narrow and steep impulse, the stroke should be elastic. If this is so, the pen-
dulum will show a transient response, mostly in the form of damped oscillation.
If a relatively small weight is dropped onto the platform, the final deflection of
the pendulum will be the same as if the weight had been placed smoothly onto
the platform. If the pendulum is not heavily overdamped, however, its peak
deflection @, will be considerably greater than its final deflection. If we increase
the weight to be dropped onto the platform, we will observe a situation where
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Figure 2.28 Weight function G(#) required to simulate a frequency
step applied to the reference input of the PLL (w, = angular
frequency of the reference signal; Aw = frequency step applied at
t=0).

the peak deflection exceeds 90°, but not 180°, and the final deflection is less than
90°. We thus conclude that a linear PLL can operate stably when the phase error
6, momentarily exceeds the value of 90°. If the weight dropped onto the plat-
form is increased ever further, the peak deflection will exceed 180°. The pen-
dulum now tips over and performs a number of revolutions around its axis, but
it will probably come to rest again after some time.

The weight that caused the system to unlock (at least temporarily) is observed
to be considerably smaller than the weight that represented the hold range. We
therefore have to define another critical frequency offset, i.e., the offset that
causes the PLL to unlock when it is applied as a step. This frequency step is
called the pull-out range.

Keep in mind that the pull-out range of a PLL is markedly smaller than its
hold range. The pull-out range may be considered the dynamic limit of stabil-
ity. The PLL always stays locked as long as the frequency steps applied to the
system do not exceed the pull-out range. )

There is a third way to cause a PLL to unlock from an initially stable oper-
ating point. If the frequency of the reference signal is increased linearly with
time, we have

Aw(t)=Awm -t

where Aw is the rate of change of the angular frequency. In the mechanical
analogy this corresponds to a weight G that also builds up linearly with time.
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This can be realized by feeding a material onto the platform at an appropriate
feed rate. It becomes evident that too rapid a feed rate acts on the pendulum
like the impulse that was generated in the last example by dropping a weight
onto the platform. As has been shown in Sec. 2.4.3, the rate of change of the
reference frequency must always be smaller than o7 to keep the system locked:

AD < ®?

These examples have demonstrated that three conditions are necessary if a
PLL system is to maintain phase tracking:

1. The angular frequency of the reference signal must be within the hold range.

2. The maximum frequency step applied to the reference input of a PLL must
be smaller than the puli-out range.

3. The rate of change of the reference frequency must be lower than ;.

Whenever a PLL has lost tracking because one of these conditions has not heen
fulfilled, the question arises whether it will return to stable operation when all
the necessary conditions are met again. The answer is clearly no. When the ref-
erence frequency exceeded the hold range, the pendulum in our analogy tipped
over and started rotating around its axis. If the weight on the platform were
reduced to a value slightly less than the critical limit that caused instability, the
pendulum would nevertheless continue to rotate because there is enough
kinetic energy stored in the mass to maintain the oscillation. If there were no
friction at all, the pendulum would continue to rotate even if the weight G were
reduced to zero. Fortunately, friction exists, so the pendulum will decelerate if
the weight is decreased to an appropriate level. For a PLL, this means that
buildup of the phase error will decelerate if the reference-frequency offset ;s
decreased below another critical value, the pull-in frequency. If the slope of the
average phase error becomes smaller, the (down-scaled) frequency w,” of the
VCO more and more approaches the frequency of the reference signal, and
the system will finally lock. The pull-in frequency Awp is markedly smaller than
the hold range, as can be expected from the mechanical analogy. The pull-in
process is a relatively slow one, as will be demonstrated in “Pull-in Range Aw
and Pull-in Time T5” in Sec. 2.6.2.

In most practical applications it is desired that the locked state be obtained
within a short time period. Suppose again that the weight put on the platform
of the mechanical model is large enough to cause sustained rotation of the pen-
dulum. It is easily shown that the pendulum can be brought to rest within one
single revolution if the weight is suddenly decreased below another critical
value. This implies that a PLL can become locked within one single beat note
between reference frequency and output frequency, provided the frequency
offset Aw is reduced below a critical value called the lock range. This latter
process is called the lock-in process. The lock-in process is much faster than the
pull-in process, but the lock range is smaller than the pull-in range.
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dynamic limits of stability
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Figure 2.29 Scope of the static and dynamie limits of stability of a linear second-order PLL.

The mechanical model has shown that there are four key parameters speci-

fying the frequency range in which the PLL can be operated. Figure 2.29 is a
graphical representation of these parameters. The four key parameters can be
summarized as follows:

1.

The hold range Awy. This is the frequency range in which a PLL car stati-
cally maintain phase tracking. A PLL is conditionally stable only within this
range.

. The pull-out range Awpp. This is the dynamic limit for stable operation of a

PLL. If tracking is lost within this range, a PLL normally will lock again,
but this process can be slow if it is a pull-in process.

. The pull-in range Awp. This is the range within which a PLL will always

become locked, but the process can be rather slow.

. The lock range Aw;. This is the frequency range within which a PLL locks

within one single beat note between reference frequency and output fre-
quency. Normally the operating-frequency range of a PLL is restricted to the
lock range.

The discussion of the mechanical analogy did not provide numerical solutions

for these four key parameters. We will derive such expressions in Sec. 2.6.2. The
quantitative relationships among these four parameters are plotted in Fig. 2.29
for most practical cases. We can state in advance that the hold range Awy is
greater than the three remaining parameters. Furthermore, we know that the
pull-in range Awp must be greater than the lock range Aw,;. The pull-in range
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Awp is greater than the pull-out range Awpp in most practical designs, so we get
the simple inequality

AW < AWpo < AWp < A® g

In many texts the term capture range can also be found. In most cases capture
range is an alternative expression for lock range; sometimes it is also used to
mean pull-in range. The differentiation between lock-in and pull-in ranges is
not clearly established in some books, but we will maintain it throughout this
text.!

2.6.2 Key parameters of the PLL

In Sec. 2.6.1 it has been demonstrated that the dynamic performance of the
PLL is governed by a set of key parameters:

The lock range Aw,

The pull-out range Awpp

The pull-in range Awp

The hold range Awy

In addition we will define parameters relating to the time required for the PLL
to get locked:

m The lock time 7}. This is the time the PLL needs to get locked when the
acquisition process is a (fast) lock-in process.

m The pull-in time T'». This is the time the PLL needs to get locked when the
acquisition process is a (slow) pull-in process.

To design a PLL system, we need equations that tell us how these key para-
meters depend on the parameters of the circuit, i.e., the time constants 1, and
1, of the loop filter; the gain factors K,, K;, and K, (when the active lead-lag
filter is used); and the divider ratio N of an optional down-scaler. In the fol-
lowing we will derive a number of approximate design equations for these
parameters. Unfortunately, these equations depend on the types of phase detec-
tor and loop filter used. To make the design easier, the results will be shown in
tables. Moreover, we will demonstrate in Chap. 5 that the design can be per-
formed by a dedicated computer program developed by the author.

Hold range Awy.  First of all, let us state that the hold range is a parameter of
more academic interest. The hold range is the frequency range in which a PLL
is able to maintain lock statically. As we have seen in Sec. 2.6.1, the PLL locks
out forever when the frequency of the input signal exceeds the hold range, so
most practitioners don’t even worry about the actual value of this parameter.
The magnitude of the hold range is obtained by calculating that frequency
where the phase error is at its maximum. As we have seen in Sec. 2.3.1, this
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maximum value depends on the type of phase detector used. With a multiplier
phase detector the PLL can maintain lock at a phase error slightly less than
90°. The same holds true for the EXOR phase detector. When the JK-flipflop
phase detector is used, however, the PLL can stay locked up to a phase error of
180°, and for the PFD this value is even 360°. The equation for the hold range
Awg will therefore be different for each type of phase detector. Let us first
analyze the hold range for the multiplier phase detector.

Phase detector type 1. To get the hold range Awy, we must determine the fre-
quency for which the steady-state phase error becomes 90°. At the limit of the
hold range the input frequency ®, is given by

0; =0y + Aoy
For the phase signal 6,(¢) we get therefore
0,(t)=Awy -t
The Laplace transform of the phase signal then becomes

Ay
52

©(s) =
The phase error can now be calculated according to Eq. (2.48):

A(DH S
0.(8) =04(s)H  (s) = ,
= O s = FeIN

Using the final-value theorem of the Laplace transform, we calculate the final
phase error 6,(c) in the time domain as

A(DH

_— (2.76)
K,K,F(s)/N

0,(c0) = lir{)189e(s) =

Remember that the PLL network was linearized when the Laplace transform
was introduced. Consequently Eq. (2.76) is valid for small values of 6, only. For
greater values of phase error we would have to write

A®g

sin@,(e0) =lims0@,(s) = —————
s—0 KOKa' F(S)/N

At the limit of the hold range, 6, = /2 and sin6, = 1. Therefore, we obtain for
the hold range the expression
Awy = K,K F(s)/N

The dc gain F(0) of the loop filter depends on the filter type. For the
passive lead-lag filter the dc gain F(0) = 1. For the active lead-lag filter, the dc
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gain is F(0) = K,. For the active P1 filter, F(0) = o, at least theoretically. When
phase detector type 1 is used, we get for the hold range

AWy = KoKd/N (passive lead-lag)
= K()KdKa/N (active lead-lag) (2.77,
= oo (active PI)

When the active PI filter is used, the actual hold range is limited by the fre-
quency range covered by the VCO.

Phase detector type 2. When the EXOR phase detector is chosen, the maximum
phase error in the steady state can be n/2. In contrast to phase detector type 1,
the equation u,; = K48, is valid for all values of 6, in the range —-7/2 < 8, < n/2.
Hence we get from Eq. (2.76)

KK FO)m/2

A®
“ N

(2.78)

Note again that F(0)—the loop filter gain at de—depends on the type of loop
filter chosen, as desribed above.

Phase detector type 3. When the JK-flipflop phase detector is chosen, the
average phase detector output z, is proportional to the phase error 6, over the
whole range n < 6, < n. By an analogous argumentation we get for the hold
range

KK FO)m

A®
" N

(2.79)

Phase detector type 4. When the PFD is used, the average phase detector
output z, 18 proportional to the phase error over the range ~2r < 8, < 2n. Hence
we get for the hold range

KK ,F(0)2n

AW
o N

(2.80)

Lock range Aw, and lock time 7,. As in the previous section, we analyze the lock
range separately for each type of phase detector.

Phase detector type 1. The magnitude of the lock range can be obtained by a
simple consideration. We assume that the PLL is initially not locked and that
the reference frequency is ®; = @y + A®w. The reference signal of the PLL is then
given by

ul(t) = U10 Sin((l)o’t +A® - t)
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and the output signal by
Uy (t) = U20 rect ((,00 ’t)

where rect denotes a symmetrical square wave signal.
Using Eq. (2.16), the phase detector will deliver an output signal given by

uy(t) = Kgsin(Aw - t) + higher-frequency terms

The higher-frequency terms can be discarded because they will be almost
entirely filtered out by the loop Alter. At the output of the loop filter there
appears a signal u,(¢) given by

u;(8) = Ky | F(A®)|sin(Aw - £)

This is an ac signal that causes a frequency modulation of the VCO.

The peak frequency deviation is equal to K;K,| F{Aw)|. When a down-scaler
is used (Fig. 2.1), this frequency deviation is scaled down by factor N. The peak
frequency deviation appearing at the lower input of the phase detector (Fig. 2.1)
is therefore given by K ;K| F(Aw)|/N. In Fig. 2.30, the frequency o, of the VCO
is plotted against time for two cases. In Fig. 2.30a the peak frequency deviation
is less than the offset Aw between the reference frequency o, and the down-

. scaled frequency w,". Hence a lock-in process will not take place, at least not

instantaneously.

Figure 2.30b shows a special case, however, where the peak frequency devia-
tion is just as large as the frequency offset Aw. The frequency ;" of the VCO
output signal develops as shown by the solid line. When the frequency devia-
tion is at its largest, w,” exactly meets the value of the reference frequency ;.
Consequently the PLL locks within one single-beat note between the reference
and output frequencies. This corresponds exactly to the lock-in process
described in the discussion of lock range in the following subsection by means
of the mechanical analogy. Under this condition the difference Aw is identical
with the lock range Aw;, and we have

KoK,

F(A(,OL) =Aw;

For the lock range we obtain

K,K
Awp = ;\f d‘F(AU)L)‘

This is a nonlinear equation for Aw;. Its solution becomes very simple, however,
if an approximation is introduced for F(Aw;). It follows from practical consid-
erations that the lock range is always much greater than the corner frequen-
cies 1/t, and 1/1, of the loop filter. For the filter gain F(Aw;) we can therefore
make the following approximations:
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frequency deviation Aw = K Ky | F( JA®) |
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Figure 2.30 Lock-in process. (@) The peak frequency deviation is smaller
than the offset Aw; therefore a fast lock-in process cannot take place. (&) The
peak frequency deviation is exactly as large as the actual frequency offset;
thus the PLL will become locked after a very short time. Note: in this
example the divider ratio is-assumed to be N = 1 (no down-scaler used).

F(Aw.) = L for the passive lead-lag filter
Ty + To
FlAw,;)= K, Tz for the active lead-lag filter
T
FlAw,) = T2 for the active PI filter
T

Moreover, 1, is normally much smaller than 1,, so we can use the simplified

relationships
FlAoy) = 1,/1, for the passive lead-lag filter
F(Aw;)=K,1,/1,  for the active lead-lag filter
FlAn;)= 12/11 for the active PI filter

Making use of the substitutions Eq. (2.41) and assuming high-gain loops, we
get
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Aw; = 2L, (2.81)

for all types of loop filters in Fig. 2.16.

Knowing the approximate size of the lock range, we are certainly interested
in having some indication of the lock-in time. When the PLL locks in quickly,
the signals u; and u; perform (for { < 1) a damped oscillation, whose angular
frequency is approximately ®,. As Fig. 2.26 shows, the transients die out in
about one cycle of this oscillation; hence it is reasonable to state that the lock-
in time is

_2n

T, = (2.82)
W,

which is valid for any type of loop filter. T is also referred to as settling time.

Phase detector type 2. When the EXOR phase detector is chosen, the lock range
can be determined by considerations analogous to those made for the multiplier
phase detector. We assume that the PLL is initially out of lock and that both
signals u; and u," are symmetrical square waves. The reference frequency w, is
offset from the center frequency w,” by Aw. Then for u; and w,” we have

u(ty=Ujg rect (0t + A - £)
us(t) =Uy rect (wo't)

where U, and Uy, are the amplitudes of the square wave signals. The phases
8, and 6" are then given by

B.(t)=wt+Aw-¢
eg(t) = (Dolt

The phase error 6, therefore is
B, =Aw-t

which is a ramp function. Checking Fig. 2.7 again we note that the average
phase detector output signal u, represents a triangular signal when the phase
error ramps up linearly with time, its peak amplitude being K;n/2. Therefore
uy can be written as

Tt =K, g tri (Aw - £)

where tri stands for triangular waveform. This signal is depicted in the upper
trace of Fig. 2.31. The average output signal of the loop filter is now given by

u () = F(Aco)Kdg tri (A© - 2)
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Figure 2.31 Waveforms of the average phase detector output signal z;(¢) (upper trace)

and the scaled down radian frequency w,” (lower trace) for the case where the radian
frequency offset Aw is identical with the lock range Aw;. An EXOR phase detector is

used.

This signal is shown in the lower trace of Fig. 2.31. This signal modulates the
frequency of the VCO such that its peak deviation becomes

Ab, = F(Am)KOKdg— (2.83)

When the division ratio of the (optional) down-scaler is N, the peak frequency
deviation at the lower input of the phase detector (Fig. 2.1) gets A®y/N. It is
easily seen now that the PLL acquires lock within one beat note when A®w,/N
equals the radian frequency offset Aw:

Ay /N = Aw (2.84

Under this condition Aw is identical with the lock range Aw;. Combining Egs.
(2.83) and (2.84), we obtain the nonlinear equation

FlAo ) KK, 32‘— /N = Aw,

Using the same substitutions as for the type 1 phase detector, we get the sim-
plified expression
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Aoy = nlw, (2.85)

for high-gain loops. Equation (2.85) is valid for any type of loop filter. For the
lock time T, we obtain the same approximation we obtained for the type 1 phase
detector (Eq. 2.82).

When we compare the lock range obtained for the EXOR phase detector with
the lock range obtained for the multiplier phase detector, weé observe that Aw;
for the EXOR is larger by a factor of n/2.

Phase detector type 3. The lock range of the PLL with a type 3 phase detector
can be computed by an analysis similar to that for type 2 (EXOR). If we assume
again that the PLL is initially out of lock and that the offset between reference
frequency ®, and center frequency ®,’ is again A, the phase error becomes a
ramp function again. Because the average output signal of the JK-flipflop u,
varies in a sawtooth-like fashion with phase error (Fig. 2.10), the average signal
uy will also be a sawtooth function, as shown in the upper curve of Fig. 2.32.

Now the frequency of the VCO is modulated in a sawtooth-like manner; see
lower curve of Fig. 2.32. If the frequency offset Aw is chosen such that the curve
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Figure 2.32 Waveforms of the average phase detector output signal u;(¢) (upper trace)
and the scaled down radian frequency w,” (lower trace) for the case where the radian
frequency offset Aw is identical with the lock range Aw;. A JK-flipflop phase detector
is used.
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just touches the ; line, Aw equals the lock range Aw;. By analogy, we get the
approximation

Aw;, = 2nlw, (2.86)

The lock range is larger by a factor of 2 than the lock range of a PLL using the
EXOR phase detector. For the lock-in time Eq. (2.82) still holds true.

Phase detector type 4. The waveforms for u,; and ®,” versus time for the PFD
are shown in Fig. 2.33. Again the frequency of the VCO output signal is mod-
ulated in a sawtooth-like manner. In analogy to the preceding sections (EXOR
and JK-flipflop phase detector) we get the following approximation for the lock
range:

Aw; = 4nlw, (2.87)
For the lock-in time approximation, Eq. (2.82) is still valid.
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Figure 2.33 Waveforms of the average phase detector output signal u;(¢) (upper trace)
and the scaled-down radian frequency w,” (lower trace) for the case where the radian
frequency offset Aw is identical with the lock range Aw;. The PFD is used as phase

detector.
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Pull-in range A®, and pull-in time T,

Phase detector type 1. To determine the size of the pull-in range Aw,, we
assume that the PLL is not locked initially, that the frequency of the reference
signal is o; = ;" + Aw, and that the VCO initially operates at the center fre-
quency w,. Consequently the average output signal un,; of the phase detector is
a sine wave having the frequency Aw and hence is an “‘ac’ signal. We now
assume that the frequency offset Aw is so large that a lock-in process will not
take place. Because the frequency offset Aw is generally much larger than the
corner frequencies 1/1; and 1/1, of the loop filter, the loop filter will attenuate
the u,; signal. The loop filter output signal will also be a sine wave with radian
frequency Aw, and the u; signal will again modulate the frequency of the VCO
output, as has been shown in Fig. 2.30.

If us were a perfect sine wave, its average value u;, would be 0; hence the
average output frequency of the VCO would stay stuck at its center frequency
p. Under these conditions the PLL would never pull in!

Fortunately, we have overlooked the fact that the difference Aw between ref-
erence frequency , and scaled-down VCO output frequency ,(¢) is not a con-
stant; it is also varied by the frequency modulation of the VCO output signal.
If the frequency w,’(¢) is modulated in the positive direction, the difference A®
becomes smaller and reaches some minimum value Awy,; if @,'(¢) is modulated
in the negative direction, however, A®w becomes greater and reaches some
maximum value A®,,,. Because Aw(¢) is not a constant, the VCO frequency is
modulated nonharmonically; that is, the duration of the half-period in which
Aw(t) 1s modulated in the positive direction becomes longer than that of the
half-period in which Aw(t) is modulated in the negative sense. This is shown
graphically in Fig. 2.34. As a consequence, the average frequency of the VCO
®, 18 now higher than it was without any modulation; i.e., the VCO frequency
is pulled in the direction of the reference frequency. The asymmetry of the wave-
form w,’(¢) is greatly dependent on the value of the average offset Aw; the asym-
metry becomes more marked as Aw is decreased. If the average value of ©,'(¢)
is pulled somewhat in the direction of ®; (which is assumed to be greater than
®,'), the asymmetry of the w,'(¢) waveform becomes stronger. This in turn
causes ®, to be pulled even more in the positive direction. This process is
regenerative under certain conditions, so that the scaled-down output frequency
;" finally reaches the reference frequency w,. This phenomenon is called the
pull-in process (Fig. 2.35). Mathematical analysis shows that a pull-in process
occurs whenever the initial frequency offset A, is smaller than a critical value,
the pull-in range Awp. If, on the other hand, the initial frequency offset Awy is
larger than Awp, a pull-in process does not take place because the pulling effect
is not then regenerative.

The mathematical treatment of the pull-in process is quite cumbersome and
is treated in more detail in App. A; here we give only the final results. It is very
important to note that the pull-in range depends on the type of loop filter.

Here are the formulas for the pull-in range:
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5y
y!?

Figure 2.34 In the unlocked state of the PLL the frequency modulation of the VCO

output signal is nonharmonie. This causes the average value of the VCO output
frequency @, to be pulled in the direction of the reference frequency.

® For the passive lead-lag filter

4 :
AU)PZE‘/EanKOKd/N Sy low-gain loops

, — (2.68)
4~ 2 G . i
A(,OP:‘—-T'__' Viw, KK, /N high-gain loops
® For the active lead-lag filter
4 — . .
A(npz;x/a;u)nKoKd/N ~wi/K, low-gain loops
2.89a)
w3 : o %80
Awp= - \/EwnKORd /N high-gain loops
® For the active PI filter
AWp — oo (2892))

Obviously, the PLL pulls in under any conditions when the loop filter is an
active PI filter. As we know, the dc gain of this filter is (theoretically) infinite;
hence the slightest nonharmonicity of the u, signal is sufficient to pull in the
loop.
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(DO,
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Figure 2.35 The pull-in process.

The pull-in process depicted in Fig. 2.35 can be easily explained by the
mechanical analogy of Fig. 2.27. Initially the frequency offset Aw, is fairly large,
and in the analogy the pendulum rotates at Awy/27n revolutions per second. The
angular velocity decelerates slowly, however, and the pendulum comes to rest
after some time. The “‘pumping’’ of the instantaneous frequency w,’(¢) is char-
acteristic of this process and is easily explained by the nonharmonic rotation of
the pendulum caused by the gravity of its mass M. In fact, its angular velocity
is greater at the lower ‘“‘dead point’ than at the higher one.

The duration of the pull-in process can also be computed from the mathe-
matical analysis of the acquisition process (see App. A). The result also slightly
depends on the type of loop filter used. The values given by the following for-
mulas agree quite well with measurements on actual PLL circuits and with com-
puter simulations.

They are valid only, however, if the initial frequency offset Aw, [difference
between reference frequency and (scaled-down) initial frequency of the VCO]
is distinctly smaller than the pull-in range, typically less than 0.8 times the pull-
in range. When Aw®w approaches the pull-in range Awp, the pull-in time T
approaches infinity; thus the formula cannot be used.

The analysis gives the results

m For the passive lead-lag filter

(2.90)
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® For the active lead-lag filter

2 A 2Ka
T, 20020 (2.91)
16 {w?
m For the active PI filter
2 2
2% (2.92)
16 (w3

In these formulas Aw, is the initial frequency offset w, — w," for ¢ = 0. The quad-
ratic and cubic terms in Egs. (2.90) to (2.92) show that the pull-in process is
highly nonlinear. The pull-in time 7'» is normally much longer than the lock-in
time T';. This is demonstrated easily by a numerical example.

Numerical Example A second-order PLL having a passive lead-lag loop filter is
assumed to operate at a center frequency f; of 100kHz. No down-scaler is used; i.e.,
N = 1. Its natural frequency f, = w,/2n is 3 Hz; this is a very narrowband system. The
damping factor is chosen to be { = 0.7. The loop gain KK /N is assumed to be 211000
rad/s. We shall now calculate the lock-in time T, and the pull-in time 7'» for an initial
frequency offset Afy of 30 Hz.

According to Egs. (2.82) and (2.90), we get

TL = 0.335
Tp = 467 S

Tp is much larger than 77.

Phase detector type 2. 'The pull-in range of a PLL using the EXOR phase detec-
tor can be calculated by performing a procedure similar that done for the
multiplier phase detector. We assume that the PLL is out of lock initially, that
the VCO operates at its center frequency wo,, and that the initial offset Aw,
between reference frequency w; and (down-scaled) VCO frequency wy’ is large.
The signals u; and u," can then be represented by

uk(t) = Lflo rect ((I)Q/t + A(Oot)
u, ' (t) = Usqg rect (wy't)

respectively, where Uy, and Uy, are the amplitudes of the square wave signals.
The phase error 6, is the difference of the phases of these two signals; i.e.,

Ge(t) = A(D() 4

which is a ramp function. The average output signal u;(¢) is therefore a trian-
gular signal, as shown in the upper trace of Fig. 2.36. (Let us ignore for the
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moment the asymmetry of the waveform.) The output signal udt) of the loop
filter will be some fraction of the signal u4(¢) and will modulate the down-scaled
instantaneous frequency ®,’(¢t) of the VCO, lower trace in Fig. 2.36. If the tri-
angular waveform were symmetrical (i.e., T, = T»), the average frequency would
remain constant and equal to o,". As Fig. 2.36 demonstrates, however, the fre-
quency offset Aw(t) is not constant but is given by the difference between ref-
erence frequency , and instantaneous (scaled-down) VCO frequency .
Consequently, Amn(t) becomes smaller during the positive half-wave of the u,
signal and larger during the negative half-wave. Therefore, the waveform
becomes asymmetrical, which is exaggerated in Fig. 2.36. When the u; wave-
form is asymmetrical, its mean value is no longer zero but becomes slightly pos-
itive. This causes the average frequency ®, of the VCO to be pulled up. Now,
different things can happen. If the loop gain, i.e., the product K;K"(0)/N, is

n

Koo

’
Wo

T = 2n/Aw®

4

Aw(t)

Y4 N

Figure 2.36 This figure is used to explain the slow pull-in process of the PLL, using the EXOR
as phase detector. The upper trace shows the averaged output signal 1, of the EXOR gate, the
lower trace the down-scaled instantaneous radian frequency w,’(¢). The asvmmetry of the wave-
forms is exaggerated. Because the duration of the positive half-wave of #; is larger than the |
negative, a dc offset is generated. If the loop gain of the PLL is sufficiently large, the loop is
pulled in; i.e., the peak value of w,” reaches w, after some time.
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small, the VCO frequency is pulled up by a small amount only and stays stuck
at some final value. If the loop gain is larger, however, the pull-in process
becomes regenerative: the mean frequency o, is pulled up so much that the u;
waveform becomes even more nonharmonic (i.e., the ratio of T,/T; becomes sig-
nificantly greater). This causes the mean w, frequency to increase even more,
and so forth, and the scaled-down VCO output frequency will be pulled up until
it comes close to the reference frequency. Then a locking process will take place.
A pull-in process is initiated whenever the initial frequency offset Aw, is smaller
than the pull-in range Awp. The final results are given here (for details refer to
App. A):

® Loop filter = passive lead-lag

o :
Awp=~ > V2w KoKy/N -2 low-gain loops
(2.93)
T oo . .
AW p= 72_— \Ewn K.K, / N high-gain loops
m Loop filter = active lead-lag
AwP:E\/2COJyzKOKd/N_(D%/Kﬂ low-gain loops
2 (2.94)
T T . .
AwP:—\/EwHKOKd /N high-gain loops
V2

m Loop filter = active FI

AWp — o

As demonstrated in App. A, it is also possible to calculate an approximate
value for the pull-in time T. The final result reads

4 Aw} .
Tp=— 0);) passive lead-lag filter
n* Lw;
4 AwiK, . ,
Tp=— Wole active lead-lag filter (2.95)
Lo :
4 Aw? .
sz—2 (n;) active P1 filter
e Lwp

As we know, the pull-in time becomes infinite when the initial frequency offset
equals the pull-in range. When the passive or the active lead-lag filter is used,
the approximation of Eq. (2.95) is valid only when Aw, is markedly less than
Awp. Computer simulations have shown that the approximation gives accept-
able results when Aw, is less than about 0.8 Awp. (In practical terms, “‘accept-
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able” means that the error of the predicted result is not larger than about 10
percent.)

Phase detector type 3. Now we analyze the pull-in process for the case where
the JK-flipflop is used as phase detector. Making the same assumptions as for
the EXOR gate, the waveforms of the average u,(¢) signal and the instanta-
neous (down-scaled) output frequency ;" look like those drawn in Fig. 2.37.
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Figure 2.37 This figure explains the pull-in process of a PLL using the JK-flipflop as phase

detector. The upper trace shows the average phase detector output signal z;. The lower trace
shows the down-scaled frequency w,’ created by the VCO.
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Instead of triangular waves, we obtain sawtooth waves now. Performing an
analog computation as above, we get for the pull-in range

® For the passive lead-lag filter

Ampzn\/ggwnKOKd/N -2 low-gain loops (2.96)
Awp:n\/a vV w, KKy /N high-gain loops

® For the active lead-lag filter

A(DPZTC'\,[ZQ(D“KOKC( /N-0?/K, low-gain loops
Awp <~V 2 {w, KoK, /N high-gain loops

» For the active PI filter

(2.97)

A®Dp — (:2.98)

The pull-in time becomes

Tp=— passive lead-lag filter

Tp=—o — active lead-lag filter (2.99)

active PI filter

When the passive or the active lead-lag filter is used, this formula gives accept-
able results when Aw, is less than about 0.8 Awp.

Phase detector type 4. When the PFD is used as phase detector, we have to
develop another model for the pull-in process, because the dynamic behavior of
the PFD differs greatly from that of all other phase detectors. As we have
already seen, the output signal of the PFD depends on the phase error in the
locked state of the PLL. When the PLL is out of lock, however, the output signal
of the PFD depends on the frequency error (Fig. 2.15). As explained in Sec. 2.3.1
the PFD has a tristate output. When both flipflops (Fig. 2.11) are reset, the
output is in the high-impedance state. Assume for the moment that a passive
lead-lag loop filter is used in the PLL under consideration. When the PFD
output floats, the charge on the capacitor remains unchanged; i.e., the voltage
on the capacitor stays constant. (In practice the capacitor would be discharged
by leakage currents, of course.) This implies that the passive lead-lag filter
behaves like a real integrator when driven by a tristate signal! In other words,
the passive lead-lag filter has infinite gain at f = 0 under this condition. Volgers
has shown' that the transfer function of the passive lead-lag filter must be
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modified when it is driven by the PFD. It shows that the transfer function is
approximately given by

Fs)~ 5% '2.100)
s(t, +12)

When the active lead-lag filter is used, the transfer function is approximated by

1"1‘312

F(s)=-K, (2.101)

STy

where K, = C,/C, (Fig. 2.16b). When the active PI filter is chosen, however, it
does not matter whether the filter is driven by a “normal” signal source or by
a device having a tristate output. In any case, the PI filter acts as an integra-
tor whose transfer function is given by

F(s) = — H&
ST,

Because all loop filters behave as real integrators now, the pull-in range Awp
becomes theoretically infinite. In practice, the pull-in range corresponds to the
range of frequencies the VCO is able to generate.

The pull-in time remains finite, of course, so we need a suitable approxima-
tion for T'». First we are going to calculate the pull-in time 7' for the case where
the passive lead-lag loop filter is used. We assume again that the PLL is initially
out of lock and the VCO operates at its center frequency ®,. The input radian
frequency o, is assumed to be markedly higher than the down-scaled VCO
output frequeney w,/N = w,". The initial radian frequency offset is denoted Aw,
with Awy = ®, — ®,". This situation is sketched by the upper two waveforms in
Fig. 2.38. As explained in Sec. 2.3.1 and Fig. 2.12, the output signal w, cf the
PFD then toggles between the states 0 and 1. The third trace shows the wave-
form of u,. It was assumed that the PFD is powered by a unipolar supply so
that the logical high level is Uy and the low level is 0V (ground). The center-
line of the u, signal represents the high-impedance state of the PFD (Hi-Z). The
average u, signal is drawn as a dashed line. It has the shape of a sawtooth signal.
The average u, signal is nothing else than the duty cycle of the PFD output. It
periodically ramps up from 0 to 1 and is a sawtooth function as well.

Obviously, the average duty cycle of uy is 50 percent. As Fig. 2.15 shows, the
average duty cycle & varies very little with the ratio ,/®,” and can be consid-
ered constant for this analysis. Because the time constant 1, of the loop filter
is much larger than the period of the u, signal in Fig. 2.38, an equivalent signal
u.q having a constant duty cycle of 50 percent would have the same effect on
the loop filter; this equivalent signal is also represented in Fig. 2.38. If the equiv-
alent signal u., had a duty cycle of 100 percent, capacitor C of the loop filter
would simply charge toward the supply voltage Up with time constant 1, + 1, =
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Figure 2.38 The waveforms shown in this figure demonstrate the pull-in
process of a PLL that uses the PFD. The frequency w,; of the input signal u, is
assumed to be higher than the (scaled-down) frequency w,” of the VCO output
signal. Consequently, u, toggles between the states 0 and 1 (third trace). The
average uy signal has the same effect as an equivalent signal u., with constant
duty cycle of 50 percent, as explained in the text. This greatly facilitates the
computation of the averaged loop filter output signal uy; see bottom trace.

(R, + Ry)C, because C is charged through the series connection of resistors R;
and R, (compare Fig. 2.16a for symbol definitions). Because the duty cycle is
only 50 percent, however, the capacitor needs twice as much time to charge.
Therefore the loop filter acts like a simple RC filter whose time constant is not
T, + Ty but 2(t; + 13). The equivalent model of Fig. 2.39 can now be used to
compute the signal uracross capacitor C. Since the VCO of the PLL was assumed
to operate at its center frequency o, at the start of the pull-in process, the initial
value of u; is Up/2. Consequently, the capacitor will try to charge from Upg/2
to Up during the pull-in process. The actual source voltage for the RC filter in
Fig. 2.39 is therefore Ug/2.

To get locked, the VCO must create an output frequency that is offset from
the center frequency w, by the amount N Aw,. To obtain that frequency, the
voltage on capacitor C must be increased by N Awy/K, [compare with Eq. (2.32)].
The pull-in time T now is simply the time after which the voltage on capaci-
tor C has reached that level.

For the passive lead-lag filter the calculation yields
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Figure 2.39 Charging of capacitor C in the loop filter is calculated
by this equivalent model. Detailed explanations are in the text.

® Loop filter = passive lead-lag

1 .
Tp:2(T1+T2)ln__——‘_ (.131‘02)
1- 2N Aw,

UK,

where Awy Is the initial frequency offset, Aw, = ®;, — ©,". This formula has been
derived under the premise that the PFD is driven by a unipolar power supply.
In the most general case, the PFD could be driven from a bipolar supply,
where the positive and negative supply voltages are Up, and Up_, respectively.
Furthermore, the output signal of the PFD output signal could be clipped
at the saturation levels U, (positive) and U, (negative), respectively.
To account for clipping, we simply have to replace Up/2 in Eq. (2.102) by
(Usat+ - UsatA)/z-

For the active lead-lag filter, a similar analysis yields the result
® Loop filter = active lead-lag

sz2tlln———1——— (2.103)
2N Awg

CUK.K,

An analog computation can be performed for the case where the active PI is
used:

® Loop filter = active PI

T, ~ 480N (2.104)
K,Us

It is worth considering a major difference of the pull-in processes for d:ffer-
ent types of phase detectors. If the phase detector is an EXOR gate, the instan-
taneous frequency of the VCO is modulated in both directions around its
average value, as seen in the lower trace of Fig. 2.36. This is to be expected, for
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the u, signal is an ac signal. Provided a pull-in process starts, the frequency of
the VCO is slowly “pumped up,” as has been shown in Fig. 2.35 for the multi-
plier phase detector. A similar pumping is observed when the phase detector is
a JK-flipflop (Fig. 2.37). No pumping occurs, however, when the PFD is used.
Since the driving signal for the loop filter is unipolar here (Fig. 2.39), charge is
pumped into the filter capacitor in one direction only, so that the frequency of
the VCO is moved in the “right” way at any time. The instantaneous frequency
of the VCO approaches the final value from one side only. When the pull-in
process 1s completed, a lock-in process follows. Only then does the output fre-
quency perform a damped oscillation; it slightly overshoots the final value and
settles after the transient has died out. We will have a closer look at these phe-
nomena when we perform computer simulations (Chap. 5).

The truth about “infinite pull-in range.” Theory suggests that the pull-in range
becomes infinite whenever the loop filter is an active P1I filter, i.e., a filter having
a pole at s = 0 (or in other words, a filter having “infinite gain” at dc). As we
already have seen, the pull-in range cannot be larger than the range of fre-
quencies the VCO is able to create. But there is another, even more stringent
restriction. When phase detector type 1 or 2 is used, the PLL can false-lock onto
a harmonic of the reference frequency. Let us explain that phenomenon by two
examples.

Example 1 Consider a PLL with type 1 phase detector (multiplier) and no down-
scaler. Let the center frequency be f, = 100kHz. Assume that the reference frequency
is f1 = 100kHz initially. Now the reference frequency suddenly jumps to 50kHz. We
would expect the VCO to pull down its frequency to 50kHz, but it remains locked at
100kHz. What happened? With f; = 100kHz and f; = 50kHz the multiplier generates
the sum and difference of these two frequencies, i.e., 150kHz and 50kHz. The fre-
guency of the VCO is thus modulated by a 50-kHz and a 150-kHz component. The
frequency modulation generated by the 50-kHz component creates sidebands at 50
and 150kHz. The lower sideband (50kHz) has exactly the reference frequency, which
causes the phase detector to output a dc signal that depends on the phase shift
between these two 50-kHz signals. The phase detector therefore “believes” that the
PLL is perfectly locked, but in effect it is locked to twice the reference frequency.

Example 2 Consider a PLL with type 2 phase detector (EXOR) and no down-scaler.
Again the center frequency is fp = 100kHz. The reference frequency f; is assumed to
be 100kHz initially. Now f; suddenly jumps down to 40 kHz. We would expect the VCO
to pull down its frequency to 40kHz as well. But it ramps up to 120kHz and stays
locked there! What happened now? The PLL locked onto the third harmonic of the
reference frequency. In effect the reference signal, which is assumed to be a sym-
metrical square wave, has odd harmonics, i.e., third, fifth, etc. The third harmonic is
120kHz. When the VCO oscillates at 120kHz, the EXOR phase detector thinks that
the PLL is perfectly locked. Indeed it is locked, but on the wrong frequency.

It turns out that the full pull-in range can be realized only when either type
3 or type 4 phase detectors are chosen. Because phase detector type 4 is not
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only phase- but also frequency-sensitive, the pull-in process is much faster if
type 4 is selected.

Pull-out Range Awpg

Phase detector type 1. The pull-out range is by definition that frequency step
that causes a lockout if applied to the reference input of the PLIL. In the
mechanical analogy of Fig. 2.27, the pull-out frequency corresponds to that
weight that causes the pendulum to tip over if the weight is suddenly dropped
onto the platform.

An exact calculation of the pull-out range is not possible for the linear PLL.
However, simulations on an analog computer® have led to an approximation:

Awpy =1.80,((+1) (2.105)

In most practical cases the pull-out range is between the lock range and the
pull-in range:

AW < AWpy < AWp (2.106)

If, in an FM system, the PLL is pulled out by too large a frequency step, we can
expect that PLL to come back to stable operation—by means of a relatively slow
pull-in process—provided the frequency offset Am = »;, — ®," is smaller than Awp.
If the corresponding pull-in time is considered to be too long, the peak frequency
deviation Aw must be confined to the lock range Aw;.

Phase detector type 2. When the EXOR phase detector is chosen, the pull-out
range also is the frequency step that causes the pendulum in the model of Fig.
2.27 to tip over. With the EXOR phase detector the average output signal u,
versus phase error is a triangular function, as shown in Fig. 2.7. Because this
is a nonlinear function, it is not possible to calculate explicitely the pull-out fre-
quency. With the PLL design program distributed with this book, the puli-out
range was determined by simulation, using damping factors in the range 0.1 <
L < 3. Then a least-squares fit gave the approximation

AW®pp = 2.460, (L +0.65) (2.107)

As could be expected, this result is not far away from that for phase detector
type 1.

Phase detector type 3. A different procedure is used to compute the pull-out
range of the PLLs using a JK-flipflop or a PFD as phase detector. In the case
of the JK-flipflop, the pull-out range is the frequency step causing the peak
phase error to exceed . Because the average output signal u,; of the JK-flipflop
actually is linear in the range -7 < 6, < &, the pull-out range can be computed
explicitly. By using the linear model of the PLL (Fig. 2.21), phase error 6, is cal-
culated for a frequency step Aw applied to the reference input. The result is a
damped oscillation.! By using the rules of differential calculus, it is straight-



Mixed-Signal PLLs 73

forward to calculate the maximum of the phase error. From there it is quite
easy to calculate the size of frequency step that leads to a peak phase error of
n. Assuming that the PLL is a high-gain loop, we get

o X C -11”C2
A®pp = TIW, € p(@tan ———C J (<1

nw,e (=1 (2.108)

C -1 Cz’_l
n(nn,exp(w?-ltanh ————c ) {>1

If Awpg 1s plotted against {, we notice that the curve becomes rather flat and
could easily be replaced by a linear function. This would ease the computation
of the pull-out range considerably, because tables for inverse hyperbolic tangent,
for example, are not always at hand. A least-squares fit performed with Eq.
(2.108) gave the approximation

A®pe=5.78w,(C+0.5) (2.109;

Phase detector type 4. In the case of the PFD, the pull-out range is the fre-
quency step causing the peak phase error to exceed 2n. Because the average
output signal i, of the JK-flipflop actually is linear in the range -2rn < 6, < 27,
the pull-out range can be computed explicitly as done for phase detector type
3. An analogous computation yields

g 41-¢ )
AWpy =270, exp( tan™! (<1
PO r--l e .
. 2mw,e (=1 (2.110)

2nw, exp(\/zég-—l- tanh™ %——1) {>1

Here, the least-squares fit gave the linear approximation
A®po=11.55w, (L +0.5) (2.111)

To ease the design of mixed-signal PLLs, the equations derived in Sec. 2.6 are
summarized in four tables, one table for each type of phase detector. Table
2.1 lists the formulas for the most important key parameters for PLLs using
phase detector type 1, Table 2.2 contains the corresponding equations for the
Exor phase detector, Table 2.3 for phase detector 3, and Table 2.4 for phase
detector 4.

2.7 Phase Detectors with Charge Pump Output

When analyzing the pull-in range of the PLL (Sec. 2.6.1), we found that a
wide pull-in range is most easily achieved by using the PFD as phase detector.
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TABLE 2.1 Summary of Parameters of the Mixed-Signal PLL, Phase Detector Type 1

(Multiplier)

Key parameter

Loop filter

Passive lead-lag Active lead-lag Active PI

Natural frequency ©, __IEE&__ _I_<_0_Kd_K“_ /&é‘yi
VN1 + 1) V' Nt V g,

1

. , ®, W, T,
Damping factor { —(12 + - (12 +__.—j 2
2 K.K,/ 2 K.K.K, 2
Hold range Awy KK4/N KKK /N oo
Lock range Ao, = 2L,
Lock time T :-Z—TC
(Dn
Pull-in range Awp Low-gain loops Low-gain loops All loops
4 Jor P 4 2
— 200, K, Ky /N - w2 —y%0.K, K.K,/N - e
T s a
High-gain loops High-gain loops
-
42 —— 42
—Cw,Ko K4/ N —Vlw.Ko K4/ N
s s
2 2 2 2 2 2
Pull-in time T} T Awg I Aok, L
16 L 16 (ol 16 Lod
Pull-out range Awpp =1.80,(+1)

Moreover, it showed that the passive lead-lag loop filter performs like a real
integrator when driven by the PFD [Eq. (2.100)]. This is because the charge on
the loop filter capacitor remains unchanged when the output of the PFD is in
the high-impedance state (if we discard leakage currents for the moment).
Therefore in most digital PLLs the combination of PFD and passive lead-lag
filter is the preferred arrangement (Fig. 2.40a).

As reported by Volgers®™ this circuit has a property that can be disturbing in
critical applications: the phase detector gain K, of the PFD is not constant as
predicted by theory, but varies with the “operating point” of the loop. By “oper-
ating point” we mean the average loop filter output signal u; that is required
to create the desired output frequency w, of the VCO.

Let us explain that by a simple consideration. Assume that the PLL is
powered from a unipolar supply with Up = 5V, and that the PLL initially oper-
ates at its center frequency w,. Under this condition, the output signal u of the
loop filter will settle at half the supply voltage, i.e., at u; = 2.5V. Capacitor C
therefore gets charged to 2.5V. When the PLL has become locked, the output
of the PFD will be in the high-impedance state most of the time. The PFD will
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TABLE 2.2 Summary of Parameters of the Mixed-Signal PLL, Phase Detector Type 2 (EXOR)
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Loop filter
Key parameter Passive lead-lag Active lead-lag Active PI
Natural frequency w, }_5_01_{"__ /w_“ ﬂ"_"
Nt + 1) Nt N1y
Damping factor { Or (12 + N ] 9_"_( .+ ______j ©nTp
2 KK,/ 2 KK K, 2
/
Hold range Awy M MEL/_Z_ oo
N N
Lock range Awyg = nlw,
Lock time T, :—22
wn
Pull-in range Awg Low-gain loops Low-gain Loops All loops
T o
o V20K Ky [N -0 g\/m_wnKo K.K./N - °°
High-gain loops High-gain loops
T
L Vtw, K. K./N L Viw.K K, /N
V2 Jo
2 2 2
Pull-in time T, _ 4 swy 4 Aok, L2 Ao
n Loh ? o) m Lo

Pull-out range Awpo

I

n
2.460,( +0.65)

occasionally switch into the high or low state during very short intervals of time
just to keep the voltage on capacitor C at the proper level. Suppose now that
the PLL is required to pull up the output frequency w, to a much higher level.
The PFD will therefore switch to the high state; i.e., its output voltage will
become uy; = 5V for some time. Capacitor C will then be charged to a h:gher
voltage through the series connection of resistors R, and R,. If we assume that
the sum R; + R, equals 2.5kQ, a current of 2.5V/2.5kQ = 1 mA will initially flow
into capacitor C. The capacitor will charge toward Up with a time constant
(R, + RyC.

Let us suppose now that the PLL did not operate at its center frequency ini-
tially, but that its output frequency was offset so much that the average loop
filter output signal u,; had to be pulled up to, say, 4.0V to maintain the desired
output frequency .. If the PLL is required now to pull up its output frequency
even more, the PFD will switch again into the high state (u, ~ 5V). Again, capac-
itor C will charge with time constant (R, + R,;)C toward 5V, but the current
that initially flows into capacitor C now is much smaller now than in the
former example. Because there is a voltage difference of only 5 —~ 4 = 1V across
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TABLE 2.3 Summary of Parameters of the Mixed-Signal PLL, Phase Detector Type 3

(JK-Flipflop)

Loop filter
Key parameter Passive lead-lag Active lead-lag Active PI
Natural frequency o, | KoK _ KKK, \[@fd
N(1, +1) Vo Ny Nt,
Damping factor { okl (12 + N _) s, [Tz +_____) DO, T
2 KK, 2 KK, K, 2
Hold range Awy _I_{D_Kﬂ &I_{iK_”’E oo
N N
Lock range Awy = 2nlw,
Lock time T, :-22
W,
Pull-in range Awp Low-gain loops Low-gain Loops All loops
I 2
] w?
V2w, KoKy /N - o n\/zgmn KK K,|N - - o
High-gain loops High-gain loops
e Vi, KKy [N N2 Vw0, KK, [N
2 2 2
Pull-in time T L Ao _ L Aok, )
7% Lo 2 (ol 7% {w?
Pull-out range Ampg =5.78w,(L +0.5)

resistors R, + Ry, the current flowing into C is only 1V/2.5kQ = 0.4 mA now.
This implies that the loop gain of the PLL has become smaller by a factor 2.5
in this situation.

When we consider the opposite case where the PLL initially operated at a fre-
quency much below the center frequency, the average u, signal would have been
set to perhaps 1.0V. When the PLL is required to increase its output frequency,
the initial current flowing into capacitor C would be increased to 4V/2.5kQ =
1.6mA. Here the loop gain is higher by a factor 1.6 when compared with the
first case. This simple example demonstrates that the phase detector gain K, of
the PFD is not a constant, but varies with the initial output signal .. When
the phase detector gain Kj is reduced, the loop gain (which is given by K;K,/N)
is reduced as well. A lower loop gain leads to a smaller natural frequency w,
and a smaller damping factor {, which could produce unacceptable overshoot.

There are several ways to overcome the problem of varying phase detector
gain. One option would be to use the active PI filter instead of the passive lead-
lag, as shown in Figure 2.405. In this circuit the output current delivered by
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TABLE 2.4 Summary of Parameters of the Mixed-Signal PLL, Phase Detector Type 4 (PFD)

Loop filter
Key parameter Passive lead-lag Active lead-lag Active PI
Natural frequency o, _KoKs KM KoKa
N1, +15) VoNy Nt
Damping factor { 0Ty
2
Hold range Aoy oo
Lock range A, =~ 4nlw,
Lock time T zﬁ
®,
Pull-in range Ay o
4 0
Pull-in time T'» 207, + T5)In 1 21, ln——————l—— AndalV
2NAw®, 2NAw, KUy
1-———— P
UHKO UBKOKa
Pull-out range Awpo =11.55w,({ +0.5)
A 7
' |
' |
l |
o up | |
1"o— D Q , Jl>°“‘| |
I J
w, o——— cp FF ! 1
l |
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Figure 2.40a Most digital PLLs use the PFD combined with the passive lead-lag loop filter.
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Figure 2.40b Combination of the PFD with the active PI loop filter.

the PFD always flows into the summing junction of the operational amplifier,
which is at a constant level of Up/2 = 2.5V, hence that current does not depend
on the output level u,.

There is another way to go around that problem: the application of a phase
detector having a current output instead of voltage output. Such phase detec-
tors are said to have a charge pump output. Figure 2.40c shows the cascade of
a charge pump PFD with a passive lead-lag loop filter. The PFD shown on the
left side is built up like a conventional PFD, but the outputs of the UP and DN
flipflops are controlling two current sources. When the UP flipflop is set, the
upper current source (right top in Fig. 2.40c) sources current into the output
terminal. When the DN flipflop is set, however, the lower current source sinks
current from the output terminal. The PFD output current i, averaged over
one reference cycle is given by u,/R;, where u; is the average voltage output
signal that would be delivered by a conventional PFD (i.e., by a PFD having
voltage output), and R, is the transimpedance of the voltage-to-current con-
verter inherent in this type of PFD. The transimpedance R, is usually set by
an external resistor, as explained, e.g., in Ref. 51.

The average current output versus phase error is given by i, = Ks8./R:. To
get the average loop filter output signal u,, we must multiply the PFD output
current by the impedance of the loop filter, which is simply the sum of resistor
R, and the reactance 1/sC of capacitor C. For the loop filter output signal we
get
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Figure 2.40c PFD with charge pump output, followed by passive lead-lag loop filter.

1+ SRQC
SRbC

Putting 1, = R,C and 1, = R,;C, we get the simple expression

U(s)=0,(s)K,

U (s) = 0.(s) K, L1502

ST

This result is identical with that obtained for a digital PLL built from a voltage
output PFD followed by an active PI loop filter. Consequently we can use the
formulas given in Table 2.4 for the active PI loop filter to compute the relevant
key parameters of the PLL such as lock range, pull-in range, and the like.
There are a number of commercially available PLLs utilizing a PFD having
a charge pump output, e.g., the 74HCT9046A manufactured by Philips® (see
also Table 10.1). Phase detectors with charge pump output can be combined
with any kind of loop filters, passive or active. Passive filters are preferred in
most cases; because the current output signal of the charge pump is a tristate
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signal, a passive RD filter connected to the charge pump output behaves like a
real integrator. Hence an active filter would not bring additional benefit, at least
not for first-order filters. In Sec. 4.7 we will discuss higher-order loop filters
that can be cascaded with charge pump outputs.

PLL Performance in the Presence of Noise

One of the most intriguing properties of the PLL is its ability to extract signals
from an extremely noisy environment. This property is made use of extensively
in the whole field of communications. The theory of noise in PLLs is extremely
cumbersome. Exact solutions for noise performance have been derived for first-
order PLLs only*; for second-order PLLs, computer simulations have been
made, which have provided approximate results.” We deal here only with the
simplified noise theory, as presented, e.g., by Gardner and Viterbi."* Whereas
Gardner and Viterbi analyzed noise performance of linear PLLs (i.e., PLLs
using a type 1 phase detector), Selle and coworkers investigated noise in digital
PLLs in more detail.** Before entering into details, we first want to identifv the
sources and types of noise in PLL systems.

Sources and types of noise in a PLL

As was demonstrated by Rohde,* every building block of the PLL can contribute
to noise. In applications of communication, however, the noise superimposed to
the input signal (reference signal) is predominant, so we will restrict ourselves
to reference noise. When the PLL is used as a frequency synthesizer (see Chap.
3), the reference source is normally a high-quality oscillator whose frequency
is usually determined by a quartz crystal. As shown by Rohde even the highest-
quality oscillators can create noise, due to thermal noise of transistors and resis-
tors within the oscillator circuit.*® Also, here the noise source is the reference
signal itself.

In most communications systems in which the PLL is made use of, digital
signals are transmitted; i.e., the baseband signals consist of pulses or square
wave signals. A binary sequence of 10101010 . .., e.g., would be represented as
a symmetrical square wave. Because of the harmonics, the bandwidth require-
ments would become excessive it the pure square wave signal were sent. To save
bandwidth, only the fundamental is transmitted. The received signal therefore
is a sine wave in this case. For an arbitrary sequence of bits, the waveform gets
more complex, of course, but the transitions still look like “sine waves,” and
the received signal must be considerer “analog.”

In every communication link, the transmitted signal picks up noise. Noise
can be generated in repeaters, but it also can be created by crosstalk from other
channels, from atmospheric noise, and from many other sources. Anyway, all
that noise is added algebraically to the (analog) data signal. This is sketched by
Fig. 2.41 for the trivial case that the data signal is a bit stream of the form
10101010. ... There are many types of additive noise. The most common is
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Figure 2.41 Added noise to information signal. (a) A very simple signal (a sequence of
binary 101010 .. .). (b) A random noise signal. (¢) The sum of both.

called added white gaussian noise (AWGN). The term gaussian characterizes
the amplitude distribution of the signal, indicating that the probability density
function of the noise amplitude is normally distributed (a Gauss function). The
term white refers to the spectrum of noise and indicates that within the so-
called noise bandwidth of the channel, every frequency interval df contains the
same noise power dP,; i.e., dP,/df is constant. The noise shown in Fig. 2.41 is
referred to as amplitude noise because it modulates the amplitude of the data
signal.

In the receiver a band-limited data signal is usually reshaped by using, for
example, a Schmitt trigger. The converted signal is then a square wave. For a
binary signal, its amplitude can take only two levels, “high” and “low.” The
noise superimposed on the data signal now causes the zero crossings of the
square wave to become “jittered,” as shown in Fig. 2.42.

This kind of noise is called phase noise or phase jitter. The solid curve in Fig.
2.42 is the undistorted data signal, and the thinner lines represent the jittered
transients. To cope with the effects of superimposed noise, we now shall define
the most important parameters that describe noise.
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Figure 2.42 When a data signal is reshaped, amplitude noise is
converted to phase noise (phase jitter).

2.8.2 Defining Noise Parameters

To analyze noise performance of the PLL, it is most convenient to describe
signals and noise by their power density spectra, Fig. 2.43. The upper part
shows the spectra of the signal (solid curve, labeled P,) and of noise (dashed
curve, labeled P,). The signal spectrum is centered at the down-scaled center
frequency f of the VCO, and its one-sided bandwidth is denoted B,/2. The noise
spectrum usually is also symmetrical around the center frequency and is broad-
band in most cases; its one-sided bandwidth is labelled B,/2. Signal power is
denoted P in this figure; noise power is denoted P,. The lower part of the figure
shows the phase frequency response H(f) of the PLL. We remember that the
phase transfer function H(s) relates the Laplace transform 0,'(s) of the phase
8,(t) to the Laplace transform 0,(s) of the phase 6,(¢). For s = jo, H(w) is the
phase frequency response of the PLL. As we see from the plot in Fig. 2.22, H(w)
is a lowpass filter function. Now the variable ® in H(w) is the (radian) frequency
of the phase signal that modulates the carrier frequency w,’; hence w adds to
the carrier frequency. If we plot H(f) versus the sum of carrier + modulation
frequency, we get a bandpass function as seen from the lower trace in Fig. 2.43.
(Note that H is plotted versus frequency f here and not versus radian frequency
®.) This simply means that the PLL is able to track frequencies within a pass-
band centered at the down-scaled center frequency f," (fy’ = ©,"/21). The symbol
B, stands for noise bandwidth; this term will be defined in Sec. 2.8.4. Let us
state for the moment that the one-sided noise bandwidth B;/2 is approximately
equal to the earlier-defined 3-dB bandwidth fi45 (f3qs = ©s98/27). As we easily re-
cognize from Fig. 2.43, the noise spectrum that is outside of the passband of
the PLL will be suppressed by the loop, hence only the part of the noise spec-
trum within the noise bandwidth is able to corrupt PLL performance. Az will
be explained in the following section, there are two important parameters
describing noise performance:

® The signal-to-noise ratio SNR; = P,/P, at the input of the PLL
® The ratio B;/B; of input noise bandwidth B; to PLL noise bandwidth B;
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Figure 2.43 Definition of noise parameters; for meaning of
symbols see text.

2.8.3 The impact of noise on PLL performance

The noise analysis presented here is based on the work of Gardner.'! We are
going to consider amplitude and power density spectra of information signals
and noise signals. Two types of power density spectra have been defined, one-
sided and two-sided. If an information signal has a single spectral line at a fre-
quency fo, the one-sided power density spectrum shows a line at f;, but the
two-sided spectrum would have two spectral lines at f, and at —f;, respectively.
The same applies for noise spectra. It is a matter of taste whether to use one-
sided or two-sided power spectra. When two-sided power spectra are used, total
power of a signal can be calculated by integrating its power density spectrum
over the frequency interval —e < f < <. For one-sided spectra, however, this
interval becomes 0 < f < e, of course. We follow Gardner’s terminology in the
following and use one-sided spectra only.

Noise analysis is explained by Fig. 2.44, where input signal and input noise
are plotted once again. Here we assume for simplicity that the input signal con-
sists of one spectral line at the down-scaled center frequency £,". The noise spec-
trum has a bandwidth of B;. Note that B; is finite in all practical cases, because
there is always a prefilter or preamplifier in the system that limits noise band-
width. We now calculate the phase jitter created by the noise at the reference
input of the PLL (see input i, in Fig. 2.1). Assuming that the noise spectrum
is “white” as explained in the preceding section, Gardner found the mean

square value of input phase jitter 8%, to be’

o _ b
nl Z_PS

(2.112)

with P, = signal power (W) and P, = noise power (W). Note that 62, is simply
the square of the rms value of input phase jitter.
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Figure 2.44 Method of calculating the phase jitter 6’2 at the down-scaled
output of the PLL. (a) Power spectra of the reference signal u,(f) and the
superimposed noise signal u,(t). (b) Spectrum of the phase noise at the input
of the PLL. (¢) Bode plot of the phase-transfer function H(w). (d) Spectrum of
the phase noise at the down-scaled output of the PLL.
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We now define the SNR at the input of the PLL as

P
SNR), = = (2.113)
( ) S

n

For the phase jitter at the input of the PLL we get the simple relation

9%1 = 5@%]—1%)—' rad2 (2.114)

That 1s, the square of the rms value of the phase jitter is inversely proportional

to the SNR at the input of the PLL. We remember that 62, is the mean square
of the phase noise that modulates the carrier frequency f," of the PLL (fy =
w,'/21). Consequently the spectrum ©,;(w) of input phase jitter is identical with
the input noise spectrum shifted down by f,".! Fig. 2.44b shows the mean square
of input phase jitter:

—_— 2

O (w)=P= ;"/}2 rad? -Hz! (2.115"

1/

Since the noise spectrum has been assumed white, the mean square 0%,(») has
the constant value ®. Knowing the spectrum of input phase jitter, we can

compute the spectrum ©2%,’(®) of the down-scaled output phase jitter from

02(0) =|H () - 0% (o) = |H(o) ® (2.116)

Fig. 2.44c plots the Bode diagram of H(w), and Fig. 2.44d shows the mean square

©2,'(w) of the output phase noise spectrum, which is simply the multiplication
of curves (b) and (¢) in the figure. To compute the mean square of output phase

jitter 82,°, we use the Parseval theorem to get

6%, = [O%, 2nf)df 2.117)
0

where 2nf = . 5%? is the area under the curve in Fig. 2.44d. Making use of
Egs. (2.116) and (2.117), we get

6%, = [ OH @) df = — [|H(o) do (2.118)
0 2n 0

The integral JIH(2nf)|2df is called noise bandwidth B;,
0
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B, = [|H@rf) df 9.119)

0

The solution of this integral reads’

B, =2 (C+i) (2.120)
2 T4t

Thus Bj is proportional to the natural frequency w, of the PLL; furthermore,
it depends on the damping factor {. Figure 2.45 is a plot of By versus {, and B,
has a minimum at { = 0.5. In this case we have

0‘)71

BL = BLmin = ? ‘2121)

In Sec. 2.3 we showed that the transient response of the PLL is best at { = 0.7.
Because the function B;({) is fairly flat in the neighborhood of £ = 0.5, the choice
of £ = 0.7 does not noticeably worsen the noise performance. For { = 0.7, By is
0.53w, instead of the minimum value 0.5w,. For this reason { = 0.7 is chosen
for most applications.

For the output phase jitter 62,

!

we can now write

0%," = ®B; (2.122)

/

/

0.5 1.0 1.5 2.0 2.5 3.0 3.5
g

Figure 2.45 Noise bandwidth of a second-order PLL as a function of the damping
factor {. (Adapted from Gardner' with permission.)
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where @ is already known from Eq. (2.115). Combining Eqgs. (2.112), (2.115;,
and (2.122), we obtain

02, = L B (2.125)
P. B

We saw in Eq. (2.114) that the phase jitter at the input of the PLL is inverselv
proportional to the (SNR);. By analogy we can also define a signal-to-noise ratio
at the output, which will be denoted by (SNR); (SNR of the loop). We define
this analogy in Eq. (2.124),

- 1

2 7

enZ = (2124 )
2(SNR),

Comparing Eqgs. (2.123) and (2.124), we get

_F. B B,
(SNR — —==(SNR
) Pn Bz, ( )L 2BL

(2.125

Equation (2.125) says that the PLL improves the SNR of the input signal by a
factor of B,/2B;. The narrower the noise bandwidth B, of the PLL, the greater
the improvement.

All this sounds very theoretical. Let us therefore look at some numerical data.
In radio and television the SNR is used to specify the quality of information
transmission. For a stereo receiver a minimum SNR of 20dB is considered a
fair design goal. The same holds true for PLLs. Practical experiments performed
with second-order PLLs have demonstrated some very useful results’:

1. For (SNR); =1 (0dB), a lock-in process will not occur because the
output phase noise @ 1s excessive.

2. At (SNR); = 2 (3dB), lock-in is eventually possible.

3. For (SNR); = 4 (6dB), stable operation is generally possible.

In quantitative terms, according to Eq. (2.124), for (SNR); = 4 the output phasge
noise becomes

- 1
9%2, =

rad?

4

b
oo |

P
NS

Hence the rms value VGT; becomes
Vo2,’ =+1/8 =0.353 rad

Since the rms value of phase jitter is about 20°, the value of 180° (limit of
dynamic stability) is rarely exceeded. Consequently the PLL does not unlock
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frequently. At (SNR), = 1, however, the effective value of output phase jitter
would be as large as 40°, and the dynamic limit of stability of would be exceeded
on every major noise peak, thus making stable operation impossible.

As a rule of thumb,

(SNR), 24(6dB) (2.126)

is a convenient design goal.
Note: The SNR of a signal can be specified either numerically or in decibels.
The numerical value SNR is computed from

P UZ (rms)

SNR = =
P, U?Z(rms)

whereas the (SNR)yp is calculated from

P, U, (rms)
SNR);, =101 —=20log,) ———
> )ap 0&10 ) g10 U (rms)

where U, (rms) and U, (rms) are the rms values of signal and noise,
respectively.

The designer of practical PLL circuits is vitally interested in how coften, on
the average, a system will temporarily unlock. The probability of unlocking is
decreased with increasing (SNR);. We now define T, to be the average time
interval between two lockouts. For example, if T,, = 100ms, the PLL unlocks
on an average 10 times per second. For second-order PLLs, T,, has been found
experimentally as a function of (SNR);.* The resulting curve is plotted in Fig.
2.46. To illustrate the theory, let us calculate a numerical example.

Numerical Example A second-order PLL is assumed to have the foliowing
specifications:

f. =10kHz
0, =62.8-10%s™
(SNR), =1.5

From Fig. 2.46 we read ,T,, = 200. Consequently T,, = 3ms. This means that the
PLL unlocks about 300 times per second, which looks quite bad. However, the lock-
in time 77} is found from Eq. (2.82) to be T, = 2rn/w, = 100us; that is, the PLL never-
theless is locked for 97 percent of the total time.

Summary of noise theory. Although the noise theory of the PLL is difficult, for
practical design purposes it suffices to remember some rules of thumb:

1. Stable operation of the PLL is possible if (SNR), is approximately 4.
2. (SNR), is calculated from
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Figure 2.46 Average time T,, between two succeeding unlocking events
plotted as a function of the (SNR),, at the output of the PLL. T, is nor-
malized to the natural frequency ®, of the PLL. Note that this result is
valid only for linear second-order PLLs. (Adapted from Gardner' with
permission.)

P, B
(SNR), = —-
P, 2B,
where P, = signal power at the reference input
P, = noise power at the reference input

B; = bandwidth of the prefilter, if any; if no prefilter is used,
B, is the bandwidth of the signal source (e.g., antenna,
repeater)

B; = noise bandwidth of the PLL

3. The noise bandwidth B is a function of @, and {. For { = 0.7, B, = 0.53 o,.

4. The average time interval T,, between two unlocking events gets longer as
(8NR); increases.
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Some critical remarks on noise theory. The noise theory presented in this section
is based on the assumption that signal and noise at the reference inpurt of the
PLL are stationary. The term stationary means that the statistical paranieters
of signal and noise do not change with time, i.e., that the power spectrum of
noise remains always the same. In many applications of communication this
condition i1s not met: the reference signal can almost disappear in some time
intervals because of fading, for example. When the input signal of a PLL gets
momentarily lost, performance of the PLL depends largely on the type of phase
detector used. As we will see, the loop filter has also some, though minor,
influence.

When comparing the four types of phase detectors discussed in this chapter,
we note that the multiplier and EXOR phase detectors are level-seunsitive,
whereas the JK-flipflop and PFD are edge-sensitive. Assume the PLL uses the
multiplier phase detector. If the input signal u, fades away, it becomes nearly
zero, and only noise is left. Because that noise is uncorrelated with the (down-
scaled) output signal uy” of the VCO (Fig. 2.1), the average output signal u, is
zero. The situation is about the same when the EXOR is utilized. When the ref-
erence signal u, disappears, the signal at the reference input (after reshaping)
hangs up at either a low or a high level. Consequently the output signal of the
EXOR is identical to either the down-scaled VCO output signal u,” or the logi-
cally inverted signal u,’.

The average value u, is zero again. What happens now with the output signal
of the loop filter? The situation is similar for the passive and the active lead-
lag filter. With a zero input, the output is also pulled toward zero with a time
constant t; + T, for the passive or with a time constant 1, for the active lead-lag
filter. Hence the frequency created by the VCO will relatively slowly drift away
toward the center frequency @,  When the reference signal disappears for an
extended period of time, the loop surely will get out of lock. If the active PI filter
were used, then the capacitor C (Fig. 2.16¢) has been charged to that voltage
that was required to create the appropriate VCO frequency before the reference
input faded away. With zero input signal, the voltage across capacitor C remains
nearly unchanged; thus the instantaneous output frequency of the VCO 1s held
nearly constant. There is a good chance that the loop is still in lock when the
reference signal reappears.

With the edge-sensitive phase detector types, the situation is worse. In case
of the JK-flipflop, the phase detector output hangs up at a logic low level after
the reference signal disappears. Consequently the output signal of the loop filter
will be quickly pulled down to its minimum level, and the VCO output frequency
also runs away quickly. The same holds true for the PFD. As soon as the ref-
erence signal fades away, the PFD will go into its —1 state (output at logic low).
Again, the VCO output frequency will run away quickly.

We conclude that in cases where the reference signal can drop out, phase
detector type 1 or 2 is the better choice. Moreover, the active PI loop filter
(type 3) offers the best performance relating to runaway of the VCO output
frequency.
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Pull-in techniques for noisy signals

In this section we summarize the most popular pull-in techniques. A special
pull-in procedure becomes mandatory if the noise bandwidth of a PLL system
must be made so narrow that the signal may possibly not be captured at all.

The sweep technique. If this procedure is chosen, the noise bandwidth B, :s
made so small that the SNR of the loop, (SNR);, is sufficiently large to provide
stable operation. As a consequence the lock range Aw; might become smaller
than the frequency interval Ao within which the input signal is expected to be.
To solve the locking problem, the center frequency of the VCO is swept by
means of a sweeping signal u,e., (Fig. 2.47) over the frequency range of inter-
est. Of course, the sweep rate must be held within the limits specified by Eq.
(2.65); otherwise the PLL could not become locked. (In Sec. 2.4.3 we considered
the case where the center frequency ®, was constant and the reference fre-
quency ¢, was swept; in the case considered here the reference frequency is
assumed to be constant, whereas the center frequency is swept. For the PLL
both situations are equivalent, because the frequency offset Am = ®, — wy” is the
only parameter of importance.)

As shown in the block diagram of Fig. 2.47, the center frequency of the VCO
can be tuned by the signal applied to its sweep input. A linear sawtooth signal
generated by a simple RC integrator is used as the sweep signal. Assume the
PLL has not yet locked. The integrator is in its RUN mode, and hence the sweep
signal builds up in the positive direction. As soon as the frequency of the VCO
approaches the frequency of the input signal, the PLL suddenly locks. The
sweep signal should now be frozen at its present value (otherwise the VCO fre-
quency would run away). This is realized by throwing the analog switch in Fig.
2.47 to the HOLD position. To control the analog switch, we need a signal that
tells us whether the PLL is in the locked state.

Such a control signal is generated by the in-lock detector shown in Fig. 2.47.
The in-lock detector is a cascade connection of a 90° phase shifter, an analog
multiplier, a low-pass filter, and a Schmitt trigger. If the PLL is locked, there is
a phase offset of approximately 90° between input signal u; and VCO output
signal u,. (Note: It is assumed here that the phase detector is either type 1 or
2. For other phase detectors the phase relationship would be different.) The
phase shifter then outputs a signal «,’, which is nearly in phase with the VCO
output signal u,. The average value of the output signal of the multiplier uy =
u,'u, is positive. If the PLL is not in the locked state, however, the signals u,’
and u, are uncorrelated, and the average value of uy, is zero. Thus the output
signal of the multiplier is a clear indication of lock. To eliminate ac components
and to inhibit false triggering, the uy signal is conditioned by a low-pass filter.
The filtered signal is applied to the input of the Schmitt trigger.

If the PLL has locked, the integrator is kept in the HOLD mode, as men-
tioned. Of course, an analog integrator would drift away after some time. To
avoid this effect, an antidrift circuit has to be added; this is not shown, however,
in Fig. 2.47.
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The switched-filter technique. This locking method is depicted in Fig. 2.48. This
configuration uses a loop filter whose bandwidth can be switched by a binary
signal. The control signal for the switched filter is also derived from an in-lock
detector, as shown in the previous example. In the unlocked state of the PLL,
the output signal @ of the in-lock detector is zero. In this state the bandwidth
of the loop filter is so large that the lock range exceeds the frequency range
within which the input signal is expected. The noise bandwidth is then too large
to enable stable operation of the loop. There is nevertheless a high probability
that the PLL will lock spontaneously at some time. To avoid repeated unlock-
ing of the loop, the filter bandwidth has to be reduced instantaneously to a value
where the noise bandwidth B, is small enough to provide stable operation. This
is done by switching the loop filter to its low-bandwidth position by means of
the @ signal.

Procedure for Mixed-Signal PLLs

The mixed-signal PLL can be built in many variants, and the spectrum of appli-
cations is very broad as well. There are PLL applications in communications
where the system is used to extract the clock from a (possibly noisy) informa-
tion signal. In such an application, noise suppression is of importance. An
entirely different application of the PLL is frequency synthesis. Here, refer-
ence noise is not of concern, but the synthesizer should be able to switch
rapidly from one frequency to another; hence pull-in time is the most relevant
parameter.

*In—]ock-Detector Q

low R: not locked
Uy —————H PD = —:\'\Sf
= T o

(see Fig. 2.47)

high R: In-lock

i

Switched Loop Filter

vco W

Figure 2.48 Simplified block diagram of a PLL using a switched loop filter for the acqui-
sition of noisy signals. (S, = analog switch.)
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For these reasons it appears difficult to give a design procedure that yields
an optimum solution for every PLL system. In this section we present a PLL
design prcedure that is based on a flowchart, Fig. 2.49. To help in computing
the relevant entities in the PLL design, the often used formulas for the PLL
key parameters are listed in four tables, Tables 2.1 to 2.4. Table 2.1 shows the
equations for hold range, lock range, etc., for a PLL using a type 1 phase detec-
tor. Table 2.2 presents the same information, but for an EXOR phase detector,
etc.

The step-by-step design procedure of Fig. 2.49 should not be considered as a
universal tool for the thousand and one uses of the PLL but rather as a series
of design hints. Moreover, in many cases the design of a PLL will be an itera-
tive process. We may start with some initial assumptions but end up perhaps
with a design that is not acceptable, because one or more key parameters (e.g.,
pull-in time) are outside the planned range. In such a situation we restart
with altered premises and repeat the procedure, until the final design appears
acceptable.

Manufacturers of PLL ICs have already provided design tools running on
the PC. A program distributed by Philips,®® for example, is used to design
PLL systems using the popular integrated circuits 74HC/HCT4046A,
T4HC/HCT7046A, and 74HCT9046A; all are based on the old industry standard
CD4046 IC (from the 4000 CMOS series), which was originally introduced by
RCA. (For details of PLL ICs refer to Table 10.1.) The individual steps are
described in the following. As mentioned, most of the formulas used to design
the PLL are listed in Tables 2.1-2.4.

Step 1. In the first step, the input and output frequencies of the PLL must be
specified. There are cases where both input frequency and output frequency are
constant but not necessarily identical. In other applications (e.g., frequency syn-
thesizers) the input frequency is always the same, but the output frequency is
variable. As a last variant, both input and output frequencies could be variable.
Let fimin and fin. be the minimum and maximum input frequencies and f; in
and f; max the minimum and maximum output frequencies, respectively.

Step 2. In this step the scaler ratio must be determined. There are PLL appli-
cations where the output frequency f; always equals the reference frequency f;.
Here no down-scaler is needed; i.e., N = 1. There are cases where the ratio of
output to reference frequency is greater than 1 but remains fixed. Here, a down-
scaler with constant divider ratio N is required. When the PLL is used to build
a frequency synthesizer, the ratio of output to reference frequency is variable;
thus a range for N must be defined (N, < N < N,.). When N is variable, natural
frequency ®, and damping factor { will vary with N, as seen from the corre-
sponding equations in Tables 2.1 to 2.4. Both of these parameters will vary
approximately with 1/ JN. Consequently o, will vary in the range ®, ,i, < ©, <
Opmax, and £ will vary in the range (., < { < {,. For these ranges we get
approximately



Step &
Missing edges
in reference
signal u,

Step B
Choose EXOR
phase detector
Calculate K,

Step 1
Specify ranges of

input and output

frequencies (f), f,)

Step 2

Determine divider
ratio {or range of
Ny

Step 3
Determine damping
factor I tor range of

4]

Step 4

Noise suppression

Step 7 = Step 12

o e | [Chone PR
Choose JK-flipflop Choose PFD
or PFD
Calculate K,

Calculate Ky

Step &

Specify noise

characteristic
Caleuiate K,

bandwidth B,

1

Step 9
Specify VCO
characteristic
Calculate K,
Determine external
components of VCO

Step 10

Caleulate w,

Determine external
camponents of VCO

Specify type of
loop filter

Step 15

User specified

Determine dynamic properties of DPLL

Ti Ay ]

]

Calculate loop
filter parameters

1. 12 (K,!

Grom BL. §
Step 16 Step 20 Step 21
Step 11 Cﬂlc‘u]ate 1, (or Calculate w, Caleulate w,,
the sum 1, + 1,) from Awps, § Irom T,
Select type of from max i
loop filter [requency shep !

A,

[ Swepi7 Step22 |

Calculate 7, (or
the sum 1, + 1)

Estimate w,

from 1, etc
from w,. {

L.

Step 18
Caleulate =,
from w,, {

Calculate ioop filier
components

END
—

J

Figure 2.49 Flowchart of the mixed-signal PLL design procedure.
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Onmax _ I N max (2.127)
YN

Oy min min

Emax _ /JZ:T’max (2.128)

min

and

respectively. As we know, a damping factor between 0.5 and 1 is considered
optimum. As long as the ratio N;./Nmi is not too large, the variation of the
damping factor can be accepted; if N varies by a factor of 10, for example,
{ varies by about a factor of 3, which can be tolerated.

Much larger variations of {, however, have to be avoided, because the lcop
then would get oscillatory for the smallest and sluggish for the largest damping
factor. When N varies over a large range (e.g., 1 to 100), it is often mandatory
to define more than one frequency range for the PLL and switch the range
accordingly. To ease the design in the case of variable N, we specify the param-
eters of the PLL such that { becomes optimum for a divider ratio N,,.,, which
is given by the geometric mean of N, and N,

Niean =V NiinV max (2.129)

(For constant N, Np... = N, of course.) If N,,;, = 10 and N, = 100, for example,
Niean Would be 31.6 — 32. Choosing { = 0.7 for N = 32 would yield a minimum
damping factor of {,, = 0.4 and a maximum of (., = 1.2, which is a fair
compromise.

Step 3. Determine the damping factor {. When N is constant, { remains con-
stant too and can be chosen arbitrarily. For constant N, it is optimum to select
£ =0.7; the PLL then has the Butterworth response, as explained in Sec. 2.4.2.
If N is variable, however, it is recommended to choose { = 0.7 for N = N,..,.,, as
explained in step 2.

Step 4. In this step the question must be answered whether the PLL should
offer noise suppression or not. If a digital frequency synthesizer has to be built,
for example, noise can be discarded, and parameters such as noise bandwidth
B; must not be considered. If noise must be suppressed, however, B; and related
parameters must be taken into account. If noise is of concern, the procedure
continues at step 5; otherwise it continues at step 12.

Step 5. Noise must be suppressed by this PLL. As discussed in Sec. 2.8.4, the
various digital phase detectors behave differently in the presence of noise. In
a situation where edges of the reference (input) signal u; can get lost, edge-
sensitive phase detectors such as the JK-flipflop or the PFD then can hang up
in one particular state: the output of the JK-flipflop will switch into the low
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state, and the output of the PFD will switch to the state -1 after a very short
time. Consequently, the frequency of the VCO will run away quickly, which is
certainly undesirable. The average output signal u, of the EXOR phase detec-
tor, however, will stay at 0 when edges of u; are missing. Another option would
be the multiplier phase detector, because this detector is also level-sensitive and
performs similarly to the EXOR. If edges of u; are likely to get lost, the proce-
dure continues at step 6; otherwise it continues at step 7.

Step 6. The EXOR phase detector (or the multiplier) should be selected. In
case of the multiplier PD, the detector gain must be taken from the data sheet
of the corresponding device. When the EXOR is chosen and runs from a unipo-
lar power supply, K, is given by K, = Ug/n, where Up is the supply voltage. When
a bipolar power supply is used, or when the EXOR saturates at levels which
differ substantially from the power-supply rails, use Eq. (2.19). The procedure
continues with step 8.

Step 7. The JK-flipflop or the PFD can be chosen for the phase detector. As
explained in Sec. 2.3.1, the PFD offers superior performance, e.g., infinite pull-
in range, so this type of phase detector is normally preferred. The phase detec-
tor gain K, can now be determined. When a unipolar power supply is used, K,
= Up/2n for the JK-flipflop or K, = Up/4r for the PFD (Up = supply voltage’ .
When a bipolar power supply is used, or when the phase detector saturates at
voltage levels that differ substantially from the power-supply rails, the corre-
sponding equation given in Sec. 2.3.1 should be used. The procedure continues
at step 8.

Step 8. The noise bandwidth B; must now be specified. As shown in Sec. 2.8.4,
B, is related to the signal-to-noise ratio of the loop (SNR), by

B.
SNR), =(SNR), —
( ) =( ); 9B

(2.130)

L

B; should be chosen such that (SNR); becomes larger than some minimum
value, typically larger than 4 (which corresponds to 6dB). If (SNR); is not.
known, it must be estimated or eventually measured.!” Finally, the noise band-
width B; at the input of the PLL must also be known. B; is nothing other thar
the bandwidth of the signal source or the bandwidth of an optional prefilter.
After (SNR); and B; are determined, B; can be calculated from Eq. (2.130).

An additional problem arises when the scaler ratio N must be variable. We
know from noise theory that B; is also related to w, and { by Eq. (2.120), which
reads

B, =% (g+i) (2.131)
2 \7 4L
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Wy 4

A

When the divider ratio N is variable, both w, and { vary with N; hence B; also
becomes dependent on N. In such a case we specify B; for the case N = N,
as pointed out in step 2. To make sure that B, does not fall below the minimum
acceptable value, we should check its values at the extremes of the scaler ratio
N, using Eq. (2.131). If B; becomes too small at one of the extremes of N, the
initial value assumed for N = N, should be increased correspondingly.

Step 9. In this step the characteristic of the VCO will be determined. Because
the center frequency w, (or the range of ®,) is known and the range of the
divider ratio N is also given, we can calculate the range of output (angular) fre-
quencies that must be generated by the VCO. Let ®;n, and wyn. be the
minimum and maximum output frequencies of the VCO, respectively. A suit-
able VCO must be selected first. In most cases, the VCO will be part of the PLL
system, typically an integrated circuit. Given the supply voltage(s) of the VCO,
the data sheet indicates the usable range of control voltage u, (For a unipolar
power supply with Uy = 5V this range is typically 1 to 4V)) Let u/mi, and v/ma.
be the lower and upper limit of that range, respectively. The VCO is now
designed such that it generates the output frequency w, = ®y i for uwr = trmin
and the output frequency ®; = @y ey fOT 14y = Usex. The corresponding VCO char-
acteristic is plotted in Fig. 2.50. Now the VCO gain K| is calculated from the
slope of this curve, i.e.,

K() - Womax ~ Womin

uf max uf min

Now the external components of the VCO can be determined also. Usually the
data sheets tell you how to calculate the values of these elements.

W2mex

Wiy

Womin

y
|

0 uflllin

—» U4
Ug/2

U
Ufmax B

Figure 2.50 Characteristic of the VCO. The curve shows
angular frequency o, versus control voltage u, Note that the
useful voltage range is less than the supply voltage.
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Step 10. Calculate the natural frequency ®,. Given noise bandwidth B; and
damping factor {, ®, can be calculated from

(el

When the divider ratio N is variable, both By and { have been determined for
N = Npean; thus the value obtained for , is valid only for N = N . (see the
notes in step 2).

Step 11.  Specification of the loop filter. The appropriate type of loop filter must
be chosen first. The passive lead-lag loop filter is the simplest; if it is combined
with a multiplier, EXOR, or JK-flipflop phase detector, however, the pull-in
range becomes limited. If “infinite pull-in range” is desired, the active PI loop
filter should be selected. Given w,, {, K;, K;, and N, the equations for o, and
in Tables 2.1 to 2.4 are used to calculate the two time constants 1, and 14, respec-
tively. When the active lead-lag filter is used, a suitable value for K, must be
chosen in addition. Only values of K, > 1 are reasonable, of course. Typically,
K, is in the range from 2 to 10. The design proceeds with step 19.

Step 12. (Continued from step 4). Because noise at the reference input can be
discarded, the best choice for the phase detector is the PFD. When the PFD
runs from a unipolar power supply with supply voltage Us, its detector gain K;;
is given by K, = Up/4n. When a bipolar power supply is used or when the logic
levels differ substantially from the voltages of the supply rails, use the general
formula given in Sec. 2.3.1.

Step 13. In this step the characteristic of the VCO will be determined (refer
also to Fig. 2.50). Because the center frequency w, (or the range of ) is known
and the range of the divider ratio N is also given, we can calculate the range of
output (angular) frequencies that must be generated by the VCO. Let o, ,;, and
02 max D€ the minimum and maximum output frequencies of the VCO, respec-
tively. A suitable VCO must be selected first. In most cases, the VCO will be
part of the PLL system, typically an integrated circuit. Given the supply
voltage(s) of the VCO, the data sheet indicates the usable range of control
voltage u;. (For a unipolar power supply with Up = 5V this range is typically 1
to 4V) Let tfmi, and usm. be the lower and upper limit of that range, respec-
tively. The VCO is now designed such that it generates the output frequency .
= Wy min fOT Us = Urmin and the output frequency ®; = Wz max for uy = Urma. The cor-
responding VCO characteristic is plotted in Fig. 2.50. Now the VCO gain K| is
calculated from the slope of this curve, i.e.,

Ko _ '(DZmax — W2min

Ufmax — Uf min
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Now the external components of the VCO can be determined also. Usuallyv the
data sheets tell you how to calculate the values of these elements.

Step 14. Specify the type of loop filter. Because the PFD is used as phase detec-
tor, the passive lead-lag filter will be used in most cases. This combination of
phase detector and loop filter offers infinite pull-in range and hold range, as
explained in “Pull-in Range Awp and Pull-in Time 75" in Sec. 2.6.2. Other types
of loop filters do not bring significant benefits.

Step 15. Determine the dynamic properties of the PLL. To select an appropri-
ate value for the natural frequency w,, we must have an idea of how the PLL
should react on dynamic events, e.g., on frequency steps applied to the refer-
ence input, on a variation of the divider factor N, or the like. Specification of
dynamic properties strongly depends on the intended use of the PLL system.
Because different goals can be envisaged, this design step is a decision block
having three outputs; i.e., there are (at least) three different ways of specifying
dynamic performance of the PLL.

In the first case, the PLL is used as a digital frequency synthesizer. Here it
could be desirable that the PLL switches very quickly from one output fre-
quency [z to another output frequency fz.. If the difference |fi; — fo0] is large,
the PLL will probably lock out when switching from one frequency to the other.
The user then would probably specify a maximum value for the pull-in time T’
the system needs to lock onto the new output frequency. T is then used to
determine the remaining parameters of the PLL. If the user decides to specify
T» as a key parameter, the procedure continues at step 16.

In the second case, the PLL is also used as a digital frequency synthesizer.
This synthesizer will generate integer multiples of a reference frequency fi.;
i.e., the frequency at the output of the VCO is given by f; = N f..;, where N is
variable. In many synthesizer applications, it is desired that the PLL does not
lock out if the output frequency changes from one frequency “channel” to an
adjacent “channel,” i.e., if f; changes from Ny fi.s to (Ng + 1) fer- In this case, the
pull-out range Awp, is required to be less than f.... If the user decides to use
Awpg as a key parameter, the procedure continues at step 20.

The third case of this decision step represents the more general situation
where neither the pull-in time nor the pull-out range is of primary interest.
Here the user must resort to a specification that makes as much sense as pos-
sible. Probably the simplest way to develop such a specification is to make an
assumption on the lock-in time 77, (also referred to as settling time) or even to
specify the natural frequency immediately. If the third case is chosen, the design
proceeds with step 21.

Step 16. Given the maximum pull-in time T'» allowed for the greatest frequency
step at the output of the VCO, the time constant 1, (or the sum of both time
constants 1; + T,) of the loop filter is calculated using the formula for T» given
in Tables 2.1 to 2.4. When the loop filter is a passive lead-lag, we can determine
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only the sum 1, + 1,. For the other types of loop filters, 1, can be computed
directly. For Aw, the maximum (angular) frequency step at the VCO output
must be entered. The design proceeds with step 17.

Step 17. When the loop filter is a passive lead-lag, we computed the sum 1; -
T, in step 16. Hence we can calculate o, immediately from the corresponding
equation in Tables 2.1 to 2.4. For the other loop filter types, 1, was computed
in step 16. ®, can be computed now by using the appropriate equation in Tables
2.1 to 2.4. The design proceeds with step 18.

Step 18. Given o, and {, now the time constant 1, has to be calculated by using
the formula for { given in Tables 2.1 to 2.4. When the sum 1, + 1, has been com-
puted in step 16, 1, can now be determined. When a passive lead-lag filter is
used, strange things may happen at this point: we perhaps obtained 1, + 1, =
300us in a previous step and computed 1, = 400us right now! To realize the
intended system, we would have to choose 1, = —100us, which is impossible.
Whenever we meet that situation, the system cannot be realized with the
desired goals (i.e., with the desired values for ®, and/or {). It only becomes real-
izable if we choose a lower w,, for example, which increases 1, + 1y, or if we
specify a lower {, which decreases 1,.

Step 19. Given 1, and 1, (plus eventually K,), the components of the loop filter
can be determined. If the passive lead-lag filter is chosen, we have R,C = 1, and
RyC = 1,. C can be chosen arbitrarily; it should be specified such that we get
“reasonable” values for R, and R, i.e., in the range of kilohms to megohms. For
the active lead-lag filter, we have K, = C,/C,, T, = R,C,, and 1, = R,C,. Here we
should first specify C, so as to get a reasonable value for R,. Then we would
compute C, from K, = C,/Cs, and finally we would compute R, from 1, = R,C,.
For the active PI filter, we have R,C = 1, and R,C = 1,. As with the passive lead-
lag filter, we would first select C to get reasonable values for R, and R..

Step 20. Given pull-out range Awpc and damping factor {, the formula for Awp,
given in Tables 2.1 to 2.4 is used to calculate the natural frequency ,. The
design proceeds with step 22.

Step 21. Given the lock-in time T, the natural frequency w, is calculated from
the formula for T} in Tables 2.1 to 2.4. The procedure continues with step 22.

Step 22. Given w,, the time constant 1, can be calculated by using the formula
for w, in Tables 2.1 to 2.4, when the loop filter is either an active lead-lag or a
PI filter. When the passive lead-lag filter is used, however, only the sum 1, + 1.
can be computed from the formula for ®,. In that case, the final value for 1,
will be known after 1, has been calculated in step 18. The design proceeds with
step 18.
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Though the design procedure seems quite complex, it would be premature to
consider it universal. Some more special parameters are not at all taken into
account, such as spectral purity of the output signal of frequency synthesizers
and related quantities. We have to consider such effects when discussing the
most important PLL applications.

A practical design example that makes use of the design procedure will be
presented in Sec. 3.4.

2.10 Mixed-Signal PLL Applications

One of the most important applications of the mixed-signal PLL is frequency
synthesis. In the design of PLL frequency synthesizers we are confronted with
a number of problems that are specific for that topic. For this reason PLL fre-
quency synthesizers will be discussed in a separate chapter (Chap. 3). In this
section we are going to consider some other typical PLL applications.

2.10.1 Retiming and clock signal recovery

The PLL is used in almost every digital communication link. Digital data can
be transmitted over serial or parallel data channels. In any case, the data are
clocked; i.e., they are sent in synchronism with a clock signal, which is normally
not transmitted. Thus the receiver is forced to extract the clock information out
of the received signal.

There are basically two different principles of transmitting digital data,
namely, baseband and carrier-based transmission. In baseband transmission,
the digital signal is directly sent over the link; when a carrier system is used,
however, the digital signal is first modulated onto a carrier, usually a high-
frequency signal. Amplitude (AM), frequency (FM), and phase (PM) modulation
are used here, or it is even possible to combine different modulation techniques,
such as AM + PM.* In carrier systems, a number of digital signals can be mod-
ulated onto different carriers; hence the bandwidth of carrier systems can be
much larger than the bandwidth of baseband systems. An overview of these
digital modulation schemes is given in Chap. 9.

In this section we deal only with baseband systems. Let us assume that a
digital signal, i.e., an arbitrary sequence of Os and 1s, has to be transmitted over
a serial link, using, for example, the familiar RS-232, RS-422, or RS-485 stan-
dard.?® As we will immediately see, this problem is more serious than would be
expected at first glance. First of all, it would seem obvious to transmit the signal
such that the 1s are represented as a “high” voltage level and the 0Os as a “low”
voltage level, e.g., 5V and 0V, respectively. This simplest data format is sketched
in the first row of Fig. 2.51 and is referred to as NRZ code (NRZ = non return
to zero). In effect, this is the most commonly used code in asynchronous com-
munications. In asynchronous communication, only one single character (an
ASCII character in most cases) is transmitted in one message. Such a charac-
ter mostly consists of a series of 8 data bits. The data bits are headed by a start
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FORMAT INFORMATION DEFINITION
1 0 1 1 0 0 1
Bit cell ' !
|
NRZ-Level 1 = High, 0 = Low
|
Il
J \ 1 = Transition at the beginning
of a bit cell
NRZ-Mark ] ( 0 = no transition
j 1
| : !
P 4 L
! T ! 0 = Transition at the beginning
NRZ-Space E { of a bit cell

= no transition

L= [ i -

1 = High - Low

= no transition

1 = High - Low
0 = Low - High

T -
Bi-Phase-Level —} ’
Bi-Phase-Mark l
Bi-Phase-Space I ]

1 = Transition at the beginning
and in the center of a bit cell

0 = Transition only at beginning
of a bit cell

=

I

As By-phase-Mark, but with
definitions inverted

1 = Transition in the center of
a bit cell
0 after 1 = no transition
0 after 0 = Transition at the
beginning of a bit cell

N R

Delay-Modulation-
Mark

Delay-Modulation- i
Space [

0 = Transition in the center

1 after 0 = no transition

1 after 1 = Transition at the
beginning

——

Figure 2.51 Review of the most commonly used binary and pseudo-ternary formats.

bit; a stop bit is transmitted after the data bits, and eventually a parity bit is
used to enable the receiver to detect single-bit errors. The voltage level on the
transmission line is usually high when no data are transmitted. The start bit
is always a low level. The data bits can be high or low, but the stop bit is always
high. This ensures that every message starts with a high-to-low transition of
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the data signal, so the receiver knows exactly when the transmission of a char-
acter starts.

The situation becomes more serious, however, when not a few but hundreds
or thousands of bits have to be transmitted in succession. If the NRZ code were
used and say 1000 ones were transmitted in succession, no clocking informa-
tion would be available during that interval. If the clock generator within the
data receiver drifts only slightly away, the receiver will not be able to decide
whether 999, 1000, or 1001 ones have been sent.

To provide more clocking information, a number of other codes have been
devised, as shown in Fig. 2.51. To start with the simplest, the NRZ-mark code
produces a level transition whenever a 1 is transmitted. On the other hand, the
NRZ-space code generates an edge on the transmission of a 0. As is easily seen,
the NRZ-mark code readily fails when a long sequence of 0s is sent; the same
problem occurs with the NRZ-space code when a series of 1s are transmitted.
The RZ code (return to zero) generates a sequence of “high-low” whenever a 1
is transmitted. This code is prone to failure if long sequences of 0s occur in the
data stream. A better choice is the biphase-level code, which produces a
sequence high-low for a 1 and a sequence low-high for a 0. This code shows at
least one edge in every bit cell. (A bit cell is the time interval in which one bit
is transmitted.) Because clock recovery is very simple with this code, the biphase
code is the most often used in high-speed data communications. A drawback of
this code is in the fact that the required bandwidth to transmit a given number
of bits per second is twice the bandwidth of the NRZ code.*

There is another code, called the delay-modulation code, which combines the
advantages of the biphase and NRZ codes. In the delay-modulation-mark code,
a transition in the center of a bit cell is generated on the transmission of a 1.
If a 0 follows a 1, no transition takes place in the next bit cell. If another 0
follows the first 0, however, a transition at the start of the next bit cell is gen-
erated. The bandwidth of this code is almost the same as for the NRZ code.

From this discussion it becomes evident that the methods of extracting clock
information must depend on the particular code used. Let us have a look at the
most important recovery techniques.

Let us start with recovering the clock signal for the RZ format (Fig. 2.51).
The corresponding block diagram is shown in Fig. 2.52. Clock signal recovery
is accomplished by one PLL. The center frequency of this PLL is chosen to be
approximately equal to the baud rate of the data signal. The PLL is synchro-
nized by the transitions of the demodulated data signal, as shown in Fig. 2.52.
[f an EXOR PD is used, the VCO generates a square wave signal u¥, which is
in quadrature to the demodulated data signal, as seen from the waveforms in
Fig. 2.52. This phase relationship is advantageous, for the positive transitions
of the VCO output signal can be used to strobe the data signal.

Synchronization of the clock-recovery PLL takes place on every logic 1 con-
tained in the data signal. During a succession of logic 0s, the VCO continues to
oscillate at its instantaneous frequency. Extended sequences of Os have to be
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Figure 252 Operating principle for clock recovery in the RZ format.

avoided since the frequency of the VCO could drift away to the extent that
synchronization gets lost.

Longer sequences of Os are avoided if parity checking is used. In parity check-
ing an additional bit of information is added to each group of, say, eight suc-
cessive data bits. When odd parity is chosen, the total number of 1s, including
the parity bit, must be odd. The choice of odd parity then ensures that in every
sequence of 9 bits there is at least I bit that is not a 0.

One problem still needs attention: the problem of initialization. Every
message is finished and a pause will follow the message. During the pause no
signal is transmitted, a situation that is identical to a long sequence of 0s in the
case of the RZ code. When a new message is started, synchronization is likely
to be lost. Synchronization must be reestablished; this is done by a fixed pre-
amble that precedes every message. In the case of the RZ code, a typical pre-
amble consists of a series of 1s.

As stated earlier, the major drawback of the RZ format is the large bandwidth
required. The NRZ format needs about half that bandwidth, but clock-signal
recovery is slightly more difficult because the frequency spectrum of the NRZ
does not necessarily contain a spectral line at the clock frequency."*

One method of extracting the clock frequency from the NRZ signal is shown
in Fig. 2.53. The demodulated NRZ signal uf is first differentiated. Then, the
differentiated signal ugq is rectified by an absolute-value circuit.?*** As seen in
the waveforms in Fig. 2.53, the rectified signal contains a frequency component
synchronous with the clock. Hence it can be used to synchronize a PLL; the
output signal of its VCO is the recovered clock signal uy. Many analog-
differentiator and absolute-value circuits have been developed; both operations
can be performed alternatively by one single digital circuit.
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Demodulated d | Ugifr Agiilféte | ke
NRZ Signaluwi|  dt N o0 L

o!o, vCO $——

Clock Signal uy N
4
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*
Ugift }
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R
SeeE

Figure 2.53 Operating principle for clock recovery in the NRZ format.

U N
w L L0

Figure 254 The function of an analog differentiator followed by an absolute-value
circuit can be alternatively performed by a digital edge detector.

Figure 2.54 shows a so-called edge-detector circuit, in which propagation
delays of gates are used to produce a pulse on each transition of the input signal.
The rise and fall times of the input signal must be shorter than the cumulative
propagation delay of the four cascaded inverters. If this condition is not met, a
Schmitt trigger must be used to clean up the transition.

If the biphase or the delay-modulation format is utilized, the demodulated
data signal uf can have transitions at the beginning and in the center of a bit
cell, as pointed out in Fig. 2.51. As in the circuits in Figs. 2.52 and 2.53, the
demodulated signal u} can be used here to synchronize a PLL operating at
twice the clock frequency. A circuit recovering the clock signal for the delay-
modulation (DM) format is shown in Fig. 2.55.2" The waveforms produced by
this device are depicted in Fig. 2.56.
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Figure 2.56 Waveforms of the circuit of Fig. 2.55.

An edge-detector circuit produces a short positive pulse un on every transi-
tion (positive and negative) of the demodulated signal u}. The signal u is used
to synchronize a PLL that operates at twice the clock frequency 2f (Fig. 2.56).
The output signal of the VCO (2f) is scaled down in frequency by a factor of 2;
the right-most JK-flipflop of Fig. 2.55 is used for this purpose.

The clock signal u, is now defined to be low in the first half of every bit cell
and high in the second half. We can see from Fig. 2.55 that the circuit could
also settle at the opposite phase (ur being high in the first half of the bit cells).
This would result in a faulty interpretation of the received data, because the
start and the center of every bit cell are erroneously exchanged.

To establish the correct phase of the recovered clock signal, it is necessary
initially to reset the JK-flipflop at the right time. For clarity assume that the
recovered clock signal ur really has the wrong phase at the beginning, as shown
in Fig. 2.56. An additional circuit is needed, which takes corrective action. Con-
sider again the signal u;, in Fig. 2.56. The time interval between any two con-
secutive pulses of uy, is not constant, but can show the values of 1, 1.5, or 2
periods of a bit cell. An interval longer than 2 periods is impossible. If a three-
stage binary UP counter (labeled as the 101 detector in Fig. 2.55) is used to
count the (negative) transitions of the signal 2f, and if this counter is reset by
every us pulse, its content never exceeds 4. Moreover, as we can clearly see in
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Fig. 2.56, the content of 4 can be cobtained only in the first half of a bit cell,
never in the second half.

This fact is used to properly reset the divide-by-2 flipflop in Fig. 2.55. When-
ever the 3-bit counter reaches 4, a monostable multivibrator (single-shot) is trig-
gered. This resets the JK-flipflop. As shown by the waveforms, the phase of the
recovered clock is set to its correct state. To enable the corrective action, a pre-
amble of the form 101 ... should precede every message.

It is no major problem to conceive clock-recovering circuits for other formats.
As seen from the three examples discussed, the PLL is the key element in each
of the applications.

2.10.2 Motor-speed control

Setpoint

Very precise motor-speed controls at low cost are possible with the PLL. The
advantages offered by the PLL technique become evident if the PLL motor-
speed controls are first compared with conventional motor-speed controls. A
classical scheme for motor-speed control is sketched in Fig. 2.57. The setpoint
for the motor speed is given by the signal u,;. The shaft speed of the motor is
measured with a tachometer; its output signal u, is proportional to the motor
speed n.

Any deviation of the actual speed from the setpoint is amplified by the servo
amplifier whose output stage drives the motor. The gain of the servo amplifier
is usually high but finite; to drive the motor, a nonzero error must exist.

Other sources of errors are nonlinearities of the tachometer and drift of the
servo amplifier. A further drawback is the relatively high cost of the tachome-
ter itself.

The PLL technique offers a much more elegant solution. Figure 2.58 is the
block diagram of a PLL-based motor-speed control system. The entire control
system is just a PLL in which the VCO is replaced by a combination of a motor
and optical tachometer, as shown in Fig. 2.58.

The tachometer signal is generated by a fork-shaped optocoupler in which the
light beam is chopped by a sector disk; the detailed circuit is shown in Fig. 2.59.
The optocoupler is usually fabricated from a light-emitting diode (LED) and
a silicon phototransistor. In order to obtain a clean square wave output, the

(Shaft Speed) u; @ Servo

Amplifier Motor

+

1
|

{
3

Measured Shaft Speed Up~N N Tacho
\Generator;

)
t

Figure 2.57 Block diagram of a conventional motor-speed

control system.
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Figure 2.58 Block diagram of a motor-speed control system based on PLL techniques.
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phototransistor stage is normally followed by a Schmitt trigger, such as a
74HC/HCT14-type CMOS device.

The signal generated by the optocoupler has a frequency proportional to the
speed of the motor. Because the phase detector compares not only the frequen-
cies ®; and w, of the reference and the tachometer signals but also their phases,
the system settles at zero velocity error. To enable locking at every initial con-
dition, the PFD is used as phase detector.

To analyze the stability of the system, the transfer functions of all blocks in
Fig. 2.58 must be known. The transfer functions of the PD and of the loop filter
are known, but the transfer function of the motor-tachometer combination still
must be determined. If the motor is excited by a voltage step of amplitude w,
its angular speed w(¢) will be given by

o(t) = K .uy [l - exp(—%—ﬂ (2.132)

m
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where K, is the proportional gain and T,, is the mechanical time constant of
the motor. The step response of the motor is plotted on the right in Fig. 2.60.
Equation (2.132) indicates that o will settle at a value proportional to u, after
some time. Applying the Laplace transform to Eq. (2.132) yields

K,
1+sT,

Q(s)=U,(s) (2.139)

The phase angle ® of the motor is the time integral of the angular speed w.
Therefore, we get for its Laplace transform ®(s) the expression

K | |
O(s) = U, (5)——r— (2.134)
(5)=U; () s(1+5sT,)

The sector disk shown in Fig. 2.58 has K, teeth. This implies that the phase of
the tachometer signal is equal to phase ¢ multiplied by K. Consequently we
obtain for O(s)

K,K,
Oy (s) = ——22Z _17.(s) (2.135)
2(8) s +sT,) A

The transfer function H,(s) of the motor is therefore given by

K.K , .
H,(s)=—2"—2- (2.136)
s1+sT,)
U’L_Z ug @ o9
Uf ug
Pt ' »t
(1)2+ W9
V/&?)—:f{—muf (1-eTa)
ﬁ\ t | T 7‘ t
m
Qy () = KUy (s) Q) = I‘flmifT@
K Up(s) KU
Ople) == ®ls) =2 (1+sT,,)

Figure 2.60 The step response of an ordinary VCO compared with that of a motor. Note
that the VCO is a first- and the motor a second-order system.
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The motor is evidently a second-order system, whereas the VCO [according to
Eq. (2.34)] was a first-order system only. In Fig. 2.60 the transient response of
the motor is compared with that of an ordinary VCO. The motor-speed control
system of Fig. 2.58 is therefore a third-order system. The mathematical model
of the control system can now be plotted (Fig. 2.61). The servo amplifier is sup-
posed to be a zero-order gain block with proportional gain K,. The poles of this
amplifier normally can be neglected because they are at much higher frequen-
cies than the poles of the motor. The closed system has three poles. Therefore,
a filter with a zero must be specified for the loop filter; otherwise the phase of
the closed-loop transfer function would exceed 180° at higher frequencies and
the system would become unstable. The active PI filter is chosen here for the
loop filter.

The individual blocks in Fig. 2.61 can be combined into fewer blocks, a result
which yields the simpler block diagram of Fig. 2.62. In this system the trans-
fer function of the forward path is defined by G(s), whereas the transfer func-
tion of the feedback network (motor) is given by H(s).

When a motor-speed control system is designed practically, some parameters
are initially given, such as the motor parameters K,, and 7', or the number of
teeth K of the sector disk. The remaining parameters (K, and t;) then have to
be chosen for best dynamic performance and maximum stability of the system.
There are many ways to solve this problem. It is possible to calculate the hith-
erto unspecified parameters by purely mathematical methods. In control engi-
neering, however, more practical methods are preferred. To use the simplest

one, we optimize PLL performance by the Bode diagram.? In the Bode diagram,

amplitude and phase response of the open-loop gain of the system are plotted.
From Fig. 2.63, the open-loop gain Gy(s) is given by

1+s1,

= = K——-—-————
Go(s) = G(s)H(s) FLrsT)

(2.137)

O (s) |+ U, (s) LF Servo Amplifier | 7, (s)
Tl NSy B R

K,

STy

Motor

KK A
s(1+sT,)

Figure 2.61 Mathematical model of the motor-speed control system of Fig. 2.58.
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Figure 2.62 Condensed mathematical model of the motor-speed
control system.
Magnitude plot
100 e e e T
3
- 90
]
2
& 0
<
g
-50 : [ ; T S S ; e a1
1071 10° 10! 10?
angular frequency [s "~ -1]
Phase plot
-120 ~— T T 0 B ~——T—T
%"—140 .
&
<
< -160 - o
_180/1 1 VI I S S i i L i1 PN N S | A 1 L N IR N
1071 10° 10! 102
angular frequency [s ~-1]
Figure 2.63 Bode diagram for the open-loop gain of the motor-speed control system
according to Fig. 2.58.
where K contains the gain factors of the individual blocks,
K,K.,K.K
K=—f—n 2 (2.138)
T

In a practical design, phase detector gain K,, number of teeth K, motor gain
K,, and motor time constant T, are given. The remaining parameters K,
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(amplifier gain) and the two time constants 1, and 1, can be chosen freely. We
assume here that

T, =0.05s
Km =1

We use MathWorks Control System Toolbox® to plot and optimize the Bode
diagram of our control system.* Looking at Eq. (2.137), we see that the mag-
nitude response will start with a slope of —40dB/decade at low frequencies, due
to the term s? in the denominator. Above angular frequency w,, = 1/T.,, the slope
will become —60dB/decade, so at higher frequencies the phase would approach
270°, if there were no zero in the transfer function. The zero of the transfer
function must be placed such that the phase stays well below 180° at the fre-
quency where the magnitude curve goes through the 0-dB line. To get accept-
able stability of the loop, we require a phase margin® of at least 30°. We conclude
that the break frequency of the zero term (1 + s71;) must be well below the break
frequency 1/7,,, say, by a factor of 10. Therefore, 1, is tentatively set to 0.5s.
Using the Control System Toolbox, we vary the overall gain such that the mag-
nitude is just 0dB at the break frequency w = 1/T,,.. A value of K = 50 was
required to attain this goal. The resulting Bode diagram is shown in Fig. 2.63.
The magnitude curve starts with —40dB/decade at low frequencies. The trans-
fer function zero at ® = 1/1, = 25! causes the slope to change to —20 dB/decade;
i.e., the magnitude curve bends up. This causes the phase curve to increase from
—180° toward —90°, as is seen from the phase plot. At the break frequency o =
1/T,, = 2057, the slope of the magnitude curve becomes —40dB/decade again.
The magnitude crosses the 0-dB line at about ® = 20s™, and the phase margin
is about 40°, which is sufficient for good transient response. Knowing total gain
K, the amplifier gain K, and the remaining time constant t; can be specified as
soon as the number of teeth K; is given.
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PLL Frequency Synthesizers

3.1 Synthesizers in Wireless and RF Applications

PLL frequency synthesizers play an ever-increasing role in the field of com-
munications. Originally, the frequency synthesizer was a system creating a set
of frequencies that were an integer multiple of a mostly fixed reference fre-
quency. Such synthesizers (referred to as integer-N frequency synthesizers) are
found in every FM radio receiver, TV receiver, and the like. Later the fractional-
N synthesizer was developed. In contrast to the integer-N frequency synthe-
sizer, this novel device is able to create frequencies that are N.f times a reference
frequency, where N is the integer part and f the fractional part of an arbitrary
number. Whereas fractional-N synthesizers have been considered rather exotic
in the past, they suddenly have gained increased interest, mainly in spread-
spectrum applications.

Conventional communications used one single carrier whose frequency was
fixed. Radio and TV transmitters are examples for this category. In military
communications it turned out that such constant-carrier-frequency links could
easily be corrupted by “jammers.”?® This led to the development of “frequency
hopping.” In frequency hopping applications, the single carrier is replaced by a
large set of carrier frequencies. This set consists of a number N of carrier fre-
quencies that are switched in a pseudo-random manner. This means that the
transmitter repeatedly jumps through these N carrier frequencies. The receiver,
which must know the carrier frequency sequence of course, has to track the
carrier frequency at any time. Each individual carrier frequency is called a
“chip” in the frequency hopping vocabulatory. The duration of such a chip is
usually in the order of several hundred microseconds. This implies that the
receiver must be able to switch the carrier frequency very fast, i.e., within about
100us. It will be demonstrated in the next section that fractional-N synthesiz-
ers can switch their output frequency more rapidly than conventional integer-
N synthesizers. Frequency hopping has gained increased importance in civil
communications, since it is used in the newer generations of mobile phones.*

115
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3.2 PLL Synthesizer Fundamentals

This section is subdivided into two subsections:

® Integer-N frequency synthesizers

® Fractional-N frequency synthesizers

Fractional-N synthesizers are based on the simpler integer-N synthesizers, but
include a number of additional circuits. Hence we start the discussion with the
integer-N systems.

3.2.1 Integer-N frequency synthesizers

A very simple frequency synthesizer has already been shown in Fig. 2.1. This
circuit is redrawn in Fig. 3.1, where it is shown that the scaling factor N is
usually set by an external digital signal. In Fig. 3.1 this control signal has been
plotted as a parallel digital input; in many frequency synthesizers this signal
can also be serial. In this drawing the reference frequency is denoted f;. In this
simple arrangement the VCO creates an output frequency f; which is simply
Nfl.

Frequency synthesizers are found in FM receivers, CB transceivers, televi-
sion receivers, and the like. In these applications there is a need for generating
a great number of frequencies with a narrow spacing of 50, 25, 10, 5, or even
1kHz. If a channel spacing of 10kHz is desired, a reference frequency of 10kHz
is normally chosen. Most oscillators are quartz-crystal-stabilized. A quartz
crystal oscillating in the kilohertz region is quite a bulky component. It is there-
fore more convenient to generate a higher frequency, typically in the region of
5 to 10MHz, and to scale it down to the desired reference frequency. In most
of the frequency-synthesizer ICs presently available, a reference divider is inte-
grated on the chip, as shown in Fig. 3.2.

The oscillator circuitry is also included on most of these ICs. When the scaling
factor of the reference divider is denoted R and the scaling factor of the other
divider N, the VCO creates an output frequency given by

N )
fZZEfoscszl (31)
fl
PD LF ) vco F——Nh
i ’

Divider - N —
||

Scale factor N

Figure 3.1 Basic frequency synthesizer system.
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Figure 3.2 System equal in performance to Fig. 3.1 but with an additional reference
divider that makes it possible to use a higher-frequency reference, normally a quartz
oscillator.
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Figure 3.3 Frequency synthesizer extends the upper frequency range by using an
additional high-speed prescaler. The channel spacing is increased to Vf,, where f,. is
the frequency of the oscillator.
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One seeks to include as many functions on the chip as possible. It is no major
problem to implement all the digital functions on the chip, such as oscillators,
phase detectors, frequency dividers, and so on, as indicated by the dashed
enclosure in Fig. 3.2. Because of its low power consumption, high noise
immunity, and large range of supply voltages, CMOS is the preferred technol-
ogy today. The limited speed of CMOS devices precludes their application for
directly generating frequencies in the range of 100MHz or more (at least at
the time of this writing). To generate higher frequencies, prescalers are used;
these are built with other IC technologies such as ECL, Schottky TTL, GaAs
(gallium arsenide), or SiGe (silicon-germanium compound) (Fig. 3.3). Such
prescalers extend the range of frequencies into the microwave frequency

bands.™®’

If the scaling factor of the prescaler is V (Fig. 3.3), the output frequency of

the synthesizer becomes

fout :NVfl
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Obviously the scaling factor V of the prescaler is much greater than 1 in most
cases. This implies that it is no longer possible to generate every desired integer
multiple of the reference frequency f;; if V is say, 10, only output frequencies of
10f,, 20f1, 30f1, . . . can be generated. This disadvantage can be circumvented by
using a so-called dual-modulus prescaler, as shown in Fig. 3.4.''%¢

A dual-modulus prescaler is a counter whose division ratio can be switched
from one value to another by an external control signal. As an example, the
prescaler in Fig. 3.4 can divide by a factor of 11 when the applied control signal
is high, or by a factor of 10 when the control signal is low. It can be demon-
strated that the dual-modulus prescaler makes it possible to generate a number
of output frequencies that are spaced only by f; and not by a multiple of f;. The
following conventions are used with respect to Fig. 3.4:

1. Both programmable +N; and +N, counters are downcounters.

2. The output signal of both of these counters is high if the content of the cor-
responding counters has not yet reached the value 0.

3. When the +N,; counter has counted down to 0, its output goes low and
it immediately loads both counters to their preset values N; and N,,
respectively.

4. N, is always greater than or equal to N,.

5. As shown by the AND gate in Fig. 3.4, underflow below 0 is inhibited in the
case of the +N, counter. If this counter has counted down to 0, further count-
ing pulses are inhibited.

The operation of the system shown in Fig. 3.4 becomes clearer if we assume
that the +N, counter has just counted down to 0 and both counters have just
been loaded with their preset values N, and N,, respectively. We now have to

f-Synthesizer-1C

I |
| Reference £ l
Osc. N divider |
| PD 8 iF veo } N VN,
[ Divider ‘
| Y +N \
1 I
! 1
LOADTY i i
| Pt |
\ LOADL |
i 1 Divider |
I +N, 14 T
i {— | l Control:Add+1
,‘ [ 2-modulus
% bU'U Prescaler NIN
i VN +1
- ]

Figure 3.4 Frequency synthesizer using a dual-modulus prescaler. The channel
spacing becomes f,.
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find the number of cycles the VCO must produce until the same logic state 1s
reached again. This number is the overall scaling factor N, of the arrangement
shown in Fig. 3.4. As long as the +N; counter has not yet counted down to 0,
the prescaler is dividing by V + 1. Consequently both the +N; and the +N, coun-
ters will step down by one count when the VCO has generated V + 1 pulses.
The +N, counter will therefore step down to 0 when the VCO has generated
Ny(V + 1) pulses. At that moment the +N,; counter has stepped down by N,
counts; that is, its content is N; — N..

The scaling factor of the dual-modulus prescaler is now switched to the value
V. The VCO will have to generate additional (N; — N;)V pulses until the +N,
counter will step to 0. When the content of N; becomes 0, both the +V; and the
+N; counters are reloaded to their preset values, and the cycle is repeated.

How many pulses N, did the VCO produce in order to run through one full
cycle? N, is given by

Ny = No(V+1D)+(N; = N,)V
Factoring out yields the simple expression
Ny =N, V+N, (3.2

As stated above, Ny must always be greater than or equal to N,. If this were
not the case, the +NN, counter would be stepped down to 0 earlier than the +N,
counter, and both counters would then be reloaded to their preset values. The
dual-modulus prescaler never would be switched from V + 1 to V, so the system
could not work in the intended way.

If V=10, Eq. (3.2) becomes

Ny =10N, + N, (3.3)

In this expression, N, represents the units and N, the tens of the overall divi-
sion ratio N, Then N, must be in the range of 0 to 9, and N, can assume any
value greater than or equal to 9; that is, Ni,;, = 9. The smallest realizable divi-
sion ratio is therefore

Ntot,min = Nl minV = 90

The synthesizer of Fig. 3.4 is thus able to generate all integer multiples of the
referenice frequency f; starting from N, = 90.

Other factors can of course be chosen for V. If V = 16, the dual-modulus
prescaler would divide by 16 or 17. The overall division ratio would then be

Ntot :16N1+N2

Now N, would be required to have a range of 0 to 15, and the minimum value
of Ny would be Ny, = 15. In this case, the smallest realizable division ratio
Nt min would be 240.
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Let us again assume that V is chosen at 10, and that the (scaled-down)
reference frequency f; of the system in Fig. 3.4 is 10kHz. The smallest output
frequency would then be 90f; = 900kHz.

For the circuits inside the dashed enclosure CMOS devices are normally used.
The counting frequency of older CMOS ICs (such as the old series 74Cxxx) has
been limited to approximately 3MHz, so with these devices a maximum fre-
guency of only about 30 MHz could be realized for a prescaler ratio of V = 10.
To extend the frequency range, larger prescaler ratios, say V = 100, became
desirable. For V = 100, ratio N, would be

NLot =100N1+N2

where N, must now cover the rénge of 0 to 99 and N; must be at least 99. It
should be noted, however, that now the lowest division ratio N,.,mi, i8 no longer
90 but has been increased to

Nt =100N1 i, =100-99 =9900

If the reference frequency £ is still 10kHz, the lowest frequency to be synthe-
sized is now 99MHz.

Fortunately, there is another way, which extends the upper frequency range
of a frequency synthesizer but still allows the synthesis of lower frequencies.
The solution is the four-modulus prescaler (Fig. 3.5). The four-modulus
prescaler is a logical extension of the dual-modulus prescaler. It offers four

_ ESynthesizer
- B
\
i Os Reference f \
| s¢. divider |
| (100N, +10N,+N,)1,

| | PD |—H LF vCOo
| : 1
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[. N, o ‘
i LOADY P
L N - ‘
| LOADS I ‘
. Divider 0
’ + N2 T
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B N

)
| ]
1 LOADJ ‘
| ) j  Divider |
J Ny | Add+1 Add+10
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| | 4-modulus
J i ouT Prescaler IN
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Figure 3.5 Frequency synthesizer using a four-modulus prescaler. This extends the
high end of the frequency range, while allowing lower frequencies than those obtain-
able from a synthesizer with a dual-modulus prescaler.
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different scaling factors, and two control signals are required to select one of
the four available scaling factors. As an example, the four-modulus prescaler
shown in Fig. 3.5 can divide by factors of 100, 101, 110, and 111.*'*° By defini-
tion it scales down by 100 when both control inputs are low. The internal logic
of the four-modulus prescaler is designed so that the scaling factor is increased
by 1 when one of the control signals is high, or increased by 10 when the other
control signal is high. If both control signals are high, the scaling factor is
increased by 1 + 10 = 11.

As seen from Fig. 3.5 there are no longer two programmable +N counters in
the system, but three: +N,, +N,, and +N; dividers. The overall division ratio N,
of this arrangement is given by

Ntot :100N1 +10N2 +N3

In this equation N; represents the units, N, the tens, and N, the hundreds of
the division ratio N,,.. Here N, and N; must be in the range 0 to 9, and N; must
be at least as large as both N, and N; for the reasons explained in the previous
example (N, = 9).

The smallest realizable division ratio is consequently

Ntot‘min = 100 ‘ 9 = 900

which is lower roughly by a factor of 10 than in the previous example. For a
reference frequency f; of 10kHz, the lowest frequency to be synthesized is there-
fore 900f, = 9MHz.

Let us examine the operation of the system in Fig. 3.5 by giving a numerical
example.

Numerical Example We wish to generate a frequency that is 1023 times the refer-
ence frequency. The division ratio N, is then 1023; hence N, = 10, Ny = 2, and N =
3 are chosen. Furthermore, we assume that the +N, counter has just stepped down to
0, so all three counters are now loaded to their preset values. Both outputs of the =N,
and +Nj; counters are now high, a condition that causes the four-modulus prescaler to
divide initially by 111.

Solution After No- 111 =2 - 111 = 222 pulses generated by the VCO, the +N, counter
steps down to 0. Consequently, the prescaler will divide by 101. At this moment the
content of the +NN; counter is 3 — 2 = 1. After another 101 pulses have been generated
by the VCO, the +N; counter also steps down to 0. The division ratio of the four-
modulus prescaler is now 100.

The content of the +N, counter is now 7. After another 700 pulses have been gen-
erated by the VCO, the +N, counter also steps down to 0, and the cycle is repeated.
To step through an entire cycle, the VCO had to produce a total of

Ny =2-111+1-101+7-100 =1023

pulses, which is exactly the number desired.
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In all frequency synthesizer systems previously considered, multiples of a ref-
erence frequency have been generated exclusively by scaling down the VCO
output signal by various counter configurations. To produce frequencies in the
range of 98.7 to 118.7MHz with a spacing of 100kHz, a synthesizer circuit
would have had to be designed to offer an overall division ratio of 987 to 1187.
As an alternative, one could first generate output frequencies in the range of
8.7 to 18.7MHz, using a division ratio of 87 to 187, and then mix up the obhtained
frequency band to the desired band. An additional local oscillator operating at
a frequency of 90MHz would be required in this case.

A frequency synthesizer system using an up-mixer is shown in Fig. 3.6. The
basic synthesizer circuit employed here corresponds to the simple system shown
in Fig. 3.2. Of course, all synthesizer systems using dual- and four-modulus
prescalers can be combined with a mixer. In the system of Fig. 3.6 the frequency
of the local oscillator is f3;. Consequently the synthesizer produces output fre-
quencies given by

fout :Nfl+fM

The mixer is used here to mix down these frequencies in the baseband Nf;. The
mixer also generates a number of further mixing products effectively, generally
frequencies given by

fmix :infout ime

where n and m are arbitrary positive integers.

All these mixing products (excluding the baseband f,,; — f») have frequencies
that are very much higher than the baseband, so they are filtered easily by
either a low-pass filter or even the PLL system itself.

An alternative arrangement using a mixer is shown in Fig. 3.7. In contrast
to the previously discussed system, the mixer is not inside but outside the loop.
The system generates output frequencies identical with those in Fig. 5.6, but
for obvious reasons the desired frequency spectrum has to be filtered out here
by a bandpass filter. Still another way of extending the upper frequency range
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Figure 3.6 Frequency synthesizer with a mixer to extend the high end of the fre-

quency range.
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Figure 3.7 Frequency synthesizer using a mixer to extend the upper end of the fre-
quency range. In contrast to the circuit shown in Fig. 3.6, here the mixer is outside

of the loop.
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Figure 3.8 Frequency synthesizer using a frequency multiplier to extend the upper
end of the frequency range.

of frequency synthesizers is given by the frequency multiplier, as shown by Fig.
3.8. Frequency multipliers are normally built from nonlinear elements which
produce harmonics, such as varactor diodes, step-recovery diodes, and similar
devices. These elements produce a broad spectrum of harmonics. The desired
frequency must therefore be filtered out by a bandpass filter. If M is the
frequency-multiplying factor, the output frequency of this synthesizer is

fout :MNfI

It should be noted that now the channel spacing is not equal to the reference
frequency f1, but to Mf,.

To illustrate the theory of frequency synthesizers, we now will design an
actual system that uses the design procedure described in Sec. 2.9 and by the
flowchart in Fig. 2.48.

3.2.2 Case study: Designing an integer-N PLL frequency synthesizer

The frequency synthesizer is required to produce a set of frequencies in the
range from 1 to 2MHz with a channel spacing of 10kHz; i.e., frequencies of
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1000, 1010, 1020, ..., 2000kHz will be generated. For this design we use the
popular 74HC/HCT4076 CMOS device, which is based on the old industry stan-
dard CD 4046 originally introduced by RCA. This circuit contains three differ-
ent phase detectors, an EXOR gate, a JK-flipflop, and a PFD. Because noise
must not be considered in this design, we use the PFD as phase detector.
Because this detector offers infinite pull-in range for any type of loop filter, we
use the simplest of these, the passive lead-lag. The supply voltage Uy is chosen
as 5V. With these assumptions we are ready to start the design, following the
procedure shown in Fig. 2.48 (Sec. 2.9).

Step 1. Determine ranges of input and output frequencies. The input fre-
quency is constant, f; = 10kHz. The output frequency is in the range from 1 to
2MHz; thus fomy, = 1MHz, for.. = 2MHz.

Step 2. The divider ratio must be variable in the range N = 100 to 200. The
PLL will be optimized ({ = 0.7) for the divider ratio N, =V Npin N =141,
as will be shown in step 3.

Step 3. Determination of damping factor {. Selecting { =0.7 at N = N,,..., yields
the following minimum and maximum values for {:

Cmin = 0.59 for N = 200
Cimax = 0.83 for N =100

This range is acceptable.

Step 4. Noise is not of concern in this PLL design, so the procedure continues
with step 12.

Step 12. Selection of the phase detector type. The PFD is chosen, as noted in
the introductory remarks. The phase detector gain becomes K; = 5/4n = 0.4
V/rad.

Step 13. VCO layout. According to the data sheet of the 74HC4046A IC, the
VCO operates linearly in the voltage range of u; = 1.1 to 3.9V approximately.
Therefore, the characteristic of Fig. 3.9 can be plotted. If the VCO input voltage
exceeds about 3.9V, the VCO generates a very high frequency (around 30 MHz);
if it falls below 1.1V, the VCO frequency is extremely low, i.e., some hertz.
From this characteristic, the VCO gain becomes K, = 2.24-10°rad-s'V".
Following the rules indicated in the data sheet, resistors R;, R,, and capacitor
C, (Fig. 3.10) are found from graphs. The resistors must be chosen to be in the
range 3 to 300kQ. The parallel connection of R, and R, should furthermore
yield an equivalent resistance of more than 2.7kQ. We obtain
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Figure 3.10 Schematic diagram of the PLL frequency synthesizer.

Step 14.
lag filter.

Step 15.

R, =130kQ
C =100 pF
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Loop filter selection. As indicated above, we choose the passive lead-

Here we must make some assumptions on dynamic behavior of the

PLL. It is reasonable to postulate that the PLL should lock within a sufficiently
short time, e.g., within 2ms. Hence we set T, = 2ms. The procedure continues

with step 21.
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Step 21. Given T}, the natural frequency ®, is calculated:

2
o, =X - 3140
T

L

The procedure continues with step 22.

Step 22. Because a passive loop filter is used, the formula for w, in Table 2.1
can be used only to calculate the sum 1, + 17,. We obtain

T,+ T, =644 us

The procedure continues with step 18.

Step 18. Given w,, we use the formula for { in Table 2.1 to calculate 1,. We
obtain

To = 445 s

Now the time constant 1, can be computed. Because 1, + 7, = 644 us (from step
22) and 1, = 455Uus, 1, becomes

1, =199 s

Step 19. We calculate the loop filter components. Given 1, and 7,, the loop filter
components R, R,, and C can be determined. For optimum sideband suppres-
sion, capacitor C should be chosen as large and resistors R, and R, as low as
possible. Selecting C = 0.33uF gives the resistors (rounded to the next values
of the R24 series)

R, =620Q
R, =1.3kQ

The sum of R, and R, is higher than the minimum allowable load resistance
(470Q2). The final design is shown in Fig. 3.10. The 74HC4046A PLL contains
three phase detectors, PC1 (EXOR), PC2 (PFD), and PC3 (JK-flipflop). PC2 has
two outputs, PC20UT and PCPOUT. PC20UT is the phase PFD output, and
PC20UT is an in-lock detection signal, i.e., a logical signal that becomes high
when the PLL has acquired lock.

Only the PC20UT is used in this application. For the down-scaler, an 8-bit
presettable downcounter of type 74HC40102 or 74HC40103 is used. The
74HC40102 consists of two cascaded BDC counters, whereas the 74HC40103 is
a binary counter. When the PE (preset enable) input is pulled low, the data on
input ports PO to P7 are loaded into the counter. The counter counts down on
every positive transition at the CP (count pulse) input. If the counter has
counted down to 0, the TC (terminal count) output goes low. Connecting TC
with PE forces the counter to reload the data on the next counting pulse. If N
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is the number represented by the data bus, the counter divides by N + 1 (and
not by N). To scale down by a factor of 100, for example, we must therefore
apply N = 99 to the input port.

As mentioned earlier, the Philips company provides a diskette with a design
program for this type of PLL IC.”* The author repeated the design using this
program and got design parameters very similar to those obtained by his own
procedure.

3.2.3 Fractional-N frequency synthesizers

In the design example of Sec. 3.2.2 we realized a PLL frequency synthesizer
capable of creating output frequencies that are an integer multiple of the
reference frequency (10kHz). The synthesizer had a lock-in time of about
2ms. This is not extremely fast. Actually there is an empirical relation between
lock-in time 7', and reference frequency f.;, which says that the lock-in time
T, equals a number of reference periods, typically 10 to 20 reference periods
(a reference period has the duration 1/f,).'**® Where does that range stem
from?

In most practical PLL designs the down-scaled center frequency o, is much
larger than the natural frequency ®, of the PLL. Typically vy’ is about 20 times
the natural frequency. Note that in a PLL frequency synthesizer the down-
scaled center frequency ,” is identical with 2nf..; i.e., the reference period
equals one period of down-scaled center frequency. Now we remember that the
lock-in time is approximately equal to one period of natural frequency; i.e.,

2n

T, =~
O,

from Eq. (2.82). Because the down-scaled center frequency is larger by the
factor 20 than the natural frequency, the lock-in time corresponds to roughly
20 reference periods.

When the channel spacing of a frequency synthesizer must be narrow (e.g.,
in the order of 1kHz), we are forced—at least in conventional synthesizer
circuits—to choose a low reference frequency. As we have seen, this results in
a slow lock-in time. In a conventional synthesizer—i.e., in the type of synthe-
sizer we considered hitherto—the output frequency has always been an integer
multiple of the reference frequency, e.g., 10fie, 11frer, 12fier, €tc. Assuming fror =
10kHz, we could create frequencies of 100, 110, 120, ... kHz. Let us think now
about a divide-by-N counter that is not only able to scale down by 10, 11, 12,
but also by 10.0, 10.1, 10.2, etc. If such a down-scaler were realizable, we could
create output frequencies of 10f., 10.1frer, 10.2f1r, . . . . Still using f.; = 10kHz,
we now would be able to create the frequencies 100, 101, 102, . . . kHz. To obtain
a channel spacing of 10kHz we now could choose fi. = 100kHz, which is ten
times the “old” reference frequency! So doing, the natural frequency could also
be increased by a factor of 10, and the loop would be 10 times as fast as the
“old” one.
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This is one of the ideas behind the so-called fractional-N frequency synthe-
sizer. There are other reasons that lead to the design of fractional-N synthe-
sizers, of course: there could be a demand to produce signals whose frequency
can be any multiple of a precise frequency standard, e.g., 123.45kHz or
146.73kHz. Signal generators are an example for those applications.

Since a down-scaler is always a digital circuit, it can certainly not divide
by fractional numbers like 10.1 or 10.2, but only either by 10 or by 11.
Dividing by 10.5, for example, becomes possible, however, if the divide-by-N
counter is made to scale down alternately by 10 and by 11. On the average
this counter effectively divides the input frequency by 10.5. Dividing by
10.1, however, becomes realizable, if the counter divides by 11 during an
interval whose duration equals 11 input pulses and by 10 during an interval
whose duration equals 90 input pulses. During the succession of these two
intervals the input of the counter received 101 pulses; the counter delivered
10 output pulses in the same period of time, so it divided by 10.1 on
average!

Fractional division ratios of any complexity can be realized (at least theoret-
ically). A ratio of 27.35 is obtained, for example, if a =N counter is forced alter-
nately to divide by 28 in 35 intervals having a duration of 28 input pulses, and
to divide by 27 in 65 intervals having a duration of 27 input pulses. A frequency
synthesizer capable of generating output frequencies which are a fractional
multiple of a reference frequency is called a fractional N loop.'**® Figure 3.11
shows the block diagram of a fractional-N loop. Its division ratio is the number
N.F, where N is the integer part and F is the fractional part. For example,
if a division ratio of 26.47 is desired, then N = 26 and F' = 0.47. The upper
portion of Fig. 3.11, separated by a dashed line, shows an ordinary frequency-
synthesizer system generating an output signal whose frequency is N times the
reference frequency f... The block labeled “pulse-removing circuit” and the
summing block X should be disregarded for the moment. The integer and frac-
tional parts (N and F|, respectively) of the division ratio N.F' are stored in a
buffer register as shown in the lower part of Fig. 3.11. The numbers N and F
can be loaded via a serial or parallel data link from a microprocessor. The F
register stores a fractional number; F' can be stored in any code (binary, hexa-
decimal, BCD, and so on). If F is represented as a two-digit fractional BCD
number, for example, the F register is an 8-bit register, where the individual
states are assigned weights of 0.8, 0.4, 0.2, and 0.1 (tenths register) and 0.08,
0.04, 0.02, and 0.01 (hundredths register).

We now investigate how a frequency synthesizer can divide its output fre-
quency fou by fractional numbers. Let us see, for example, how the system can
generate an output frequency f,. = 5.3f.r. We can understand the operation of
the fractional N loop by examining the waveforms shown in Fig. 3.12. Assume
that the output frequency is already 5.3 times the reference frequency, and refer
to the waveforms u,** (VCO output signal) and u; (reference signal) in Fig. 3.12.
The signal u,** shows 53 cycles during the time interval when the reference
signal u, is executing 10 reference cycles. (In the following, the term reference
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cycle or reference period will be used to designate one full oscillation of the ref-
erence signal u;.) Let the system start at the time ¢ = 0.

During the time interval where u, generates its first reference cycle, the +N
counter is required to divide the signal u,** by a factor of 5.3. This is impossi-
ble, of course, so the +N counter will divide by 5 only. In the first reference
period, 0.3 pulse is then “missing.” This error (0.3) has to be memorized some-
where in the system; an accumulator (ACCU) is used for this purpose.

The ACCU uses the same code as the F register. If a two-digit fractional BCD
format is used, the ACCU is capable of storing fractional BCD numbers within
a range of 0.00 to 0.99. As seen from Fig. 3.12, the ACCU adds the fractional
number 0.F supplied by the F register to its original content whenever the ADD
signal performs a positive transition, such as at the beginning of each refereunce
period. If we assume that the initial content of the ACCU was zero at ¢ = 0, the
ACCU will accumulate an error of 0.3 cycle during the first reference period,
indicating that the synthesizer has “missed” 0.3 pulse during the first reference
period.

In the second reference period, the +N counter is again required to divide by
5.3. Because this is not possible, it will continue to divide by 5 instead. Since it
has already missed 0.3 cycle in the first reference period, the total error has
now accumulated to 0.6 cycle. In the third reference period the accumulated
error is 0.9 cycle, and in the fourth reference period, it is 1.2 cycles. However,
the ACCU cannot store numbers greater than 1; consequently it overflows and
generates an OVF signal (Fig. 3.12). The content of the ACCU is now 0.2, as
seen in Fig. 3.12. The OVF pulse generated by the ACCU causes the pulse-
removing circuit to become active, and the next pulse generated by the VCO is
removed from the +N counter. This pulse removal has the same effect as if the
+N counter had divided by 6 instead of 5. As Fig. 3.12 shows, the ACCU over-
flows again in the seventh and tenth reference periods. Three pulses will there-
fore be removed from the +N counter in a sequence of 10 reference periods.
Because the +N counter divides by 5 forever, 10-5 + 3 = 53 pulses are produced
by the VCO during 10 reference periods. This is exactly what was intended.

However, one problem has been overlooked. If the VCO oscillates at 5.3 times
the reference frequency f.., it produces 5.3 cycles during one reference periaod.
The PD in Fig. 3.12 will consequently measure a phase error of 0.3 cycle (or
-0.3-2nrad) after the first reference period in Fig. 3.12. Thus the phase error
has negative polarity because the reference signal u,; lags the signal u,.

After the second reference cycle, the phase error has increased to ~0.6 cycle,
and so on. The phase error 6, is plotted versus time in Fig. 3.12; its waveform
looks like a staircase. This phase error is applied to the input of the loop filter
and will modulate the frequency of the VCO. Such a staircase-shaped modula-
tion of the VCO frequency is not desired, however, because the pulse-removing
technique just discussed has already compensated for the phase error. There is
an elegant way to avoid this undesired frequency modulation: the waveforms
of Fig. 3.12 show that the content of the ACCU has the same amplitude as the
phase error 6, but opposite in polarity. The content of the ACCU is therefore
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converted to an analog signal by a DAC (digital-to-analog converter); the output
signal upac is added to the output signal of the phase detector. Since the two
staircase signals cancel each other, the input signal to the loop filter is a dc level
when the fractional N loop has reached a stable operating point.

3.3 Single-Loop and Multiloop Frequency Synthesizers

In Section 3.2 we exclusively considered frequency synthesizers that were built
from one single loop; such synthesizers were capable of creating a set of fre-
quencies that were an integer (or a fractional) multiple of a given reference fre-
quency. We will see in this section that single-loop synthesizers can become
impractical if it becomes necessary to generate a large range of frequencies with
a very small channel spacing.

Think, for example, of a synthesizer that would be required to generate fre-
quencies in the range from 100 to 200 MHz with a channel spacing of 1kHz. Of
course we could implement a synthesizer as shown in Fig. 3.1 having a refer-
ence frequency of 1kHz and using a divide-by-N counter having a scaling factor
N in the range from 100,000 to 200,000. Such a system would show up two
flaws: first of all, it would be slow because it needs about 10 to 20 reference
cycles to switch from one channel to another; i.e. it would settle in a perhaps
20 ms. Second, it would probably have poor noise performance; as will be shown
in Sec. 3.4, the phase jitter at the output of the VCO increases with the square
of the scaling factor N.

Another idea would be to use two separate synthesizers, a coarse synthesizer
creating the frequency range from 100 to 200 MHz in steps of 1 MHz, and a fine
synthesizer generating frequencies in the range 0 to 1 MHz in steps of 1kHz.
(We will see later that the fine synthesizer must not necessarily be slow.) To
add coarse and fine frequencies we would use a mixer (Fig. 3.13).

An extremely simple numerical example will demonstrate, however, that this
simple arrangement would not work as expected. Assume, for example, that the
coarse frequency f; is 100 MHz and the fine frequency f; is 1kHz. An ideal mixer
would multiply both input signals; hence at its output we would have an upper
sideband with frequency f; + f; = 100.001 MHz and a lower sideband with fre-

Mixer T £

Figure 3.13 Using a mixer to add a coarse frequency f, and a fine

frequency f3.
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quency f1 — f> = 99.999 MHz. Because we want to keep only the upper sideband,
we would have to filter out the lower. Such a filter is practically impossible to
realize; it should pass the upper frequency, but reject the lower; hence the
transition region of the filter would have to be extremely narrow! There is still
another reason why the circuit in Fig. 3.13 would not work. We decided that
both frequencies f; and f; should be variable. If we switch, for example, f;
to 130MHz and f; to 5kHz, the filter now has to separate the sidebands
130.005MHz and 129.995MHz.

In order to separate upper and lower sidebands, we will have to introduce a
frequency offset at the f; input. Instead of applying f; directly, we would apply
another fine frequency f,” which is given by i’ = /5> + fur, Where f,;, is the fre-
quency offset. How large has f,; to be chosen in order to safely separate upper
and lower sidebands at the mixer output?

Let the minimum coarse frequency be fini, and the maximum coarse fre-
quency be fim« In analogy let the minimum fine frequency be fon, and the
maximum fon,... Then the maximum frequency in the upper sideband would be

fumax = fimax + fors + [2max
and the minimum frequency in the upper sideband
fumin = fimin + fors + [2min
For the lower sideband the maximum and minimum frequencies would be

flmax = flmax - fofs - f2min
flmin = flmin - fofs - f2max

To separate the sidebands the minimum frequency of the upper sideband must
be larger than the maximum frequency of the lower sideband; hence we have
the condition

fumin > ﬂmax

Assuming foni, = 0, this inequality leads to

flmax_flmin
05>w
fot 3

In our example f, would have to chosen larger than 50 MHz. Figure 3.14 is a
possible implementation of the intended synthesizer.

The circuit consists of two synthesizers; hence is a dual-loop system. The
frequency offset has been chosen f,, = 75MHz here. Let us consider the upper
(coarse) synthesizer first. Without mixer Mix1 this loop would create frequen-
cies in the range 25 to 125MHz with a channel spacing of 1MHz. Assume for
the moment that f; = 0; i.e., the frequency at the output of bandpass filter BP2
is exactly 75 MHz. Because of the mixer, VCO1 is forced now to create an output
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| ME 100...200.999 MHz 75..75.999 MHz
2= pp1 LF1 VCo1 > Mixl
l—' :N
Counter BP1
25..125 25..125 MHz
10kHz —» .
PD2 LF2 veoz Fe> . 10 Mix2 » BP2 [—
Counter / 7
75...T6 MHz
5..5.999 MHz
M <
Count -
ounter|  50.59.990 MHz ——
5000...5999

Figure 3.14 Dual-loop frequency synthesizer built from a synthesizer creating coarse
frequency steps (1 MHz, upper part) and from another synthesizer creating fine fre-
quency steps (1kHz, lower part).

frequency that is higher by that offset; i.e., the output frequency range of VCO1
is now 100 to 200 MHz. Bandpass filtering filters out the lower sideband only;
hence Mix1 operates as a frequency subtractor.

Now the fine frequency component must be added. With an offset of 75 MHz
the fine frequency £, must be in the range 75 to 75.999 MHz with a channel
spacing of 1kHz. Basically we could use a synthesizer with a reference fre-
quency of 1kHz and a scaling factor in the range 75,000 to 75,999, but we
remember that such a circuit would be slow and would have bad noise per-
formance. Looking at the synthesizer in the lower part of the figure, we recog-
nize a synthesizer with reference 10kHz instead of 1kHz, creating a frequency
range from 50 to 59.990 MHz with channel spacing 10kHz. This synthesizer is
a factor of 10 faster than a synthesizer using a 1-kHz reference. An external
divide-by-10 counter scales down that range to 5 to 5.999MHz with channel
spacing 1kHz. A second mixer Mix2 is used now to add a frequency offset of
70MHz. Again Mix2 generates an upper and a lower sideband. The upper
ranges from 75 to 75.999MHz and the lower from 64.001 to 65 MHz. Because
we use only the upper sideband, it is filtered out by a bandpass filter with center
frequency of about 75.5MHz. The one-sided bandwidth must be somewhat
larger than about 0.5 MHz.

Multiloop synthesizers are frequently found in signal generators, receivers,
transmitters (e.g., short wave), and the like. Very sophisticated multiloop
designs have been described by Rohde.*®*

3.4 Noise in Frequency Synthesizers

Having designed a PLL frequency synthesizer that uses a highly stable quartz-
crystal reference oscillator, we may hope to get a nicely clean output signal with
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high frequency stability and no phase jitter. Mathematically, the spectrum of
the synthesizer’s output signal should consist of just one single line at the
desired frequency. Unfortunately, reality shows another picture: when measur-
ing the signal spectrum, we may observe quite some phase jitter, and moreover,
we can detect a couple of sidebands (so-called spurs) around the desired center
frequency. In this section we will investigate the sources of those undesired
noise components.

The mathematical analysis is quite cumbersome, but fortunately there are a
number of models available today that greatly simplify the analysis. Basically,
each part of the synthesizer circuit can contribute to output phase jitter.*® In
the following we will concentrate on the dominant ones. Figure 3.15 shows a
simplified model for the determination of output phase jitter and spurious side-
bands. Three sources of phase jitter and spurs can be recognized:

1. Phase jitter created by the reference oscillator. Even the highest-quality
reference oscillator is not free from output phase jitter. This perturbation is
denoted 6, .. in Fig. 3.15.

2. Phase jitter created by the VCO. Because the VCO 1is nothing else than an
oscillator, it also will contribute to phase jitter. This perturbation is denoted
enyvco n Flg 3.15

3. As we have seen in Chap. 2.3.1, the phase detector delivers an output signal
that is proportional to the phase error 6, of the loop. This signal is a “quasi-
dc” signal. In addition the phase detector creates ac components at higher
frequencies. Depending on the type of phase detector chosen, there may be
an ac signal component at the reference frequency or at twice the reference
frequency, which is the case for the EXOR. As we will see later in this section,
in case of the PFD there can even be an ac component that is a subharmonic
of the reference frequency. These unwanted ac components are partially
suppressed by the loop filter, but the residual signal still will frequency-

ref feedthrough

n,ref

PD

—®» LF —»  VCO

:N <

Figure 3.15 Model for analysis of output phase jitter 6,,, in a PLL frequency

synthesizer.
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modulate the VCO output. When the frequency of that ac signal is equal to
the reference frequency f.;, for example, we will observe “spurs” at a dis-
tance of #f,.;, 2f.., . . . from the carrier frequency f,. The signal causing those
spurs is denoted uy (ft = feedthrough) in Fig. 3.15.

All these noise sources contribute to output phase jitter (labeled 6, ., in Fig.
3.15) and spurs. This all may sound disappointing. But when we succeed in
quantifying the sources of trouble, we are in a position to minimize the unde-
sired disturbances. In the following we are therefore going to analyze the three
mentioned effects.

Phase jitter 6, of the reference oscillator

To analyze phase noise at the output of the reference oscillator, let us recall the
noise theory presented in Sec. 2.8.4. Fig. 2.44 has shown the relationships
between signal power P,, noise power P,, and input phase jitter 6,,. In Fig. 2.44a
the power spectral density (PSD) of noise power P, was shown. This power spec-
trum has one-sided bandwidth B;/2 and is symmetrical around the center fre-
quency fy of the PLL. Fig. 2.44b represented the PSD of input phase jitter 6,;.
This spectrum also has the one-sided bandwidth B,/2 and is symmetrical around
f=0. The input phase jitter has been shown to modulate the phase of the carrier
frequency f, (center frequency of the PLL); this was described by

u, (t) = Uy sin(wf + 0, () (3.4)

[see Eq. (2.2)]. When the input phase jitter contains a component at frequency
fn, we saw that this gives rise to two sidebands in the power spectrum P, (Fig.
2.44a), one line being at frequency f; + f,,, the other at f;, - f,.. Therefore the
spectra of input phase jitter and noise power are offset from each other by the
carrier frequency fy. Eq. (2.112) gave the relationship

[rad?] (3.5)

02, represents the mean square input phase jitter; this is identical with the
shaded area under the squared phase spectrum |0,,|*() in Fig. 2.44b. P, is

n(t), and noise power is given by P, = n(t)2. As we see from Fig. 2.44b, 6, is the
mean square input phase jitter resulting from the one-sided power spectrum
|©,1]%(f). But when there is a phase jitter component at frequency f,,, there is
a correlated component at -f,, also, and consequently the overall mean square
phase jitter becomes twice as large, i.e.

0%, = % rad? (3.6)

S



PLL Frequency Synthesizers 137

From now on we specify with 8%, the mean square phase jitter resulting from
the two-sided power density spectrum of input phase jitter.

Equation (3.6) tells us how large the phase jitter will be when signal power
P, and noise power P, are given. All variables in Eq. (3.6) represent power quan-
tities. This is very clear for the variables P, and P,, but the variable g2, can be
considered as power as well, because it is the mean square value of input phase
jitter 6,,(¢). When analyzing noise performance in Sec. 2.8.4, we started from
the premise that the noise spectrum would be “white”; i.e., that each frequency
interval of width 1Hz (within the input noise bandwidth B;/2) would contain
the same power (in W/Hz). When dealing with phase jitter in oscillators,
however, we will recognize that the corresponding noise spectra are not white
at all, but will be highly nonlinear functions of frequency. .

It is not sufficient therefore to know the mean square phase jitter 62, alone,
but the power spectral density of phase jitter 0,;(¢) must also be known. To
obtain the PSD of phase jitter, we will apply the PSD transform onto both sides
of Eq. (3.6), which yields

s

Soo(fon) = rad?/Hz (3.7

where Sg(f,) is the power spectral density of phase perturbation (jitter) 6,, at
(modulating) frequency f,,; the unit is rad¥Hz. S,.(f,) is the power spectral
density of the noise signal at a frequency that is displaced by the offset f,, from
the carrier frequency; the unit is W/Hz. Finally, the unit of signal power P, is
W.

Next we are examining the impact of phase jitter onto a carrier with power
P, =1mW and frequency f;. For this analysis the model in Fig. 3.16 is used. The
noise source is assumed to be thermal noise. Because the phase jitter modulates
the phase of the carrier, a phase modulator is shown at the left of the circuit.

n,in

noiseless

Figure 3.16 Model demonstrating the effect of phase jitter onto a carrier
signal having power P,. The phase jitter creates phase modulation of the
carrier (PM = phase modulator).
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One of its input signals is the carrier (P,); the other input is thermal noise. The
phase modulator is followed by an amplifier, which is assumed to be noise free.
(Later we will release this premise.) The power gain of the amplifier is assumed
to be 1. Because the amplifier does not add further noise, the PSD of phase jitter
at the output of the amplifier Sgg o () is identical with the PSD of phase jitter
at the input Sgein(fx). The PSD of thermal noise is defined by

S.(f)=kT  W/Hz (3.8)

with & = Boltzmann constant = 1.4- 1072 W-s/K and T = absolute temperature
in kelvins (K). At room temperature we have T = 293K, and the noise spectral
density becomes S, (f,,) = 0.41- 10 W/Hz. For Sgg0u:(f;,) we then get

See,out (fm) = I‘EPTT =041 10_17 radZ/HZ

s

Because this is an extremely small quantity, See.ui(f,.) 1s mostly expressed on
a logarithmic scale, i.e., in decibels. We therefore introduce a new variable
See,uut(fm)dB:

Seoout (f)gp = 1010810 Seoout(frn)  dBc/Hz (3.9)

The unit of Seseu(fn)as is dBc/Hz, and for the current example, the result is
Seo.out(f)ap = —174 dBc/Hz. This tells us that the noise power contained within
a bandwidth of 1 Hz (located at a frequency that is offset by f,, from the carrier
frequency) is 174dB below the power of the carrier. The letter c in the unit dBc
signifies that Segg.ui(f,n)as stands for noise power referred to carrier power. The
value Sggoulfin)an = —174dBc/Hz is the absolutely best result we could get from
an amplifier, since thermal noise is always present and real amplifiers create
additional noise. To get an idea of phase jitter to expect in this example, we
compute its rms value, i.e., the square root of Sggu:(f;,). This yields

Orrme = VSoom (frr) =V0.41-107 =2.02-10°° rad/Hz

Note The unit dBc/Hz is widely used in textbooks, data sheets, and application notes
on PLL frequency synthesizers. From a mathematical point of view, however, this unit
is not entirely correct for the following reasons. As we know, Se(f,) as defined in Eq.
(8.7) represents a ratio of noise power to carrier power. If total noise power is P, and
carrier power is P, a noise to carrier ratio (NCR) could be defined by

P,

NCR = W/ W

S

Note that the unit of NCR, W/W, is dimensionless. Usually one defines another noise
to carrier ratio NCRgp expressed in decibels:

PIL
NCRg4p =10log;i(NCR) =10log, ?

§
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Checking Eq. (3.7) once again, we recognize that the ratio S,.(f,,)/P, is not dimen-
sionless, since S,.(f,,) does not stand for power, but for power density, whose unit is
W/Hz. The variable P,, however, has the unit W, hence the ratio S,,(f,,)/P; has the unit
Hz™. Mathematically it is not correct to build the logarithm of a ratio that is not
dimensionless. [Try to find out what log(Hz™) is.] We can circumvent that dilemma
by introducing new variables P,,*(f,,) and Se*(f,,) as follows:

Snn*(fm):snn(fm)'B W
See*(fm)zsee(fm)'B rad2

B stands for bandwidth and is set B = 1Hz. As a result of multiplication with B, the
unit of S,,*(f,,) becomes W (and not W/Hz). The new variable S, *(f,,) now signifies
noise power (not power density) within a bandwidth B = 1Hz, located at an offset £,
from the carrier frequency. The new variable Sg*(f,,) is defined by

Snn* (fm)
P

8

See* (fm) =

and is now the ratio of two power quantities. Its unit is therefore rad® and not rad*/Hz.
Ses™(f) therefore represents no longer the power density of phase perturbations, but

rather the mean square value of phase perturbation 62, whose spectrum ranges from
fm <f < fn+ 1. It is now mathematically correct to build a logarithmic quantity from
Se*(f,.) by setting

SSG* (fm)dB = 1010g10 SOB* (fm) dBC

The unit of Sg*(f,)qg now becomes dBc¢ and not dBc/Hz. Let us make a numerical
example. Assume that the carrier power is P, = 1 mW, and that the noise power density
S.nlfin) is 100 W/Hz at an offset f,, = 10kHz from the carrier frequency. The noise
power S,,*(f,,) within a bandwidth of 1Hz at f,, = 10kHz is then given by

S,.*(10,000); = 1073 -:Il 1Hz=10"" W
Z

This is the noise power within the frequency interval from 10,000 to 10,001 Hz rela-
tive to the carrier frequency. Next Sg*(f,,) is to be computed. We get

Su*(f) 107 W
P 10°W

=102

See>l< (fm) =

Hence Sg*(f,,)as becomes
See™ (fm)qs = 10log,10712 =120 dBc

We conclude that the noise power within a bandwidth of 1 Hz at offset frequency £, =
10kHz is 120dB below carrier power. Furthermore we see that the mean square value
of phase perturbation within a bandwidth of 1Hz at modulating frequency f,. = 10
kHz is 107** rad® For the rms value of phase perturbation in that frequency interval
we get
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en],rms =\ 19_31 =N See* (fm = '10'12 = 10_6 rad

To avoid confusion with the standards used in practically all books and papers on
frequency synthesizers, we will use nevertheless the familiar unit dBc/Hz for power
density of phase jitter, although this unit has been shown to be somewhat incorrect.

As mentioned, real amplifiers add further noise. Noise performance of ampli-
fiers is specified by noise figure F, which is defined by

Poout/Prout
‘Ps,in /Pn.in
that is, F' is the ratio of signal-to-noise at the output to signal-to-noise at the

input. For a real amplifier Sgg,.(f,,) becomes larger than Sg..(f,.) by factor F;
i.e., we now have

F= (3.10)

kTF
S@Q,(:utf(m) = F : See.in(fm) = T

s

When we assume F' = 6dB, Sgou(f},)ar increases by 6dB:
Sesout (fu) = ~174 + 6 = —168 dBc/Hz

A much more disturbing effect in oscillators, however, is flicker noise. For a
noiseless amplifier the only source of input noise has been thermal noise (£T').
For each real amplifier, however, the equivalent input noise power increases
with 77! at frequencies below a corner frequency denoted f, (see Fig. 3.17). For
operational amplifiers, for example, £, can be in the order of 10 Hz to some kHz.
In oscillators £, can easily extend into the MHz region.

When flicker noise is present, we get for the PSD of the noise signal

Sm(fm):kTF(H;}:C—) W/Hz (3.11)

m

Now we get for the PSD of phase jitter the expression

St (fr) = k]fF (1 +fi] rad?/Hz (3.12)

s m

Still assuming F' = 6dB, we get for a modulating frequency f,, = £,/10 the value
Seoout (fon)gp = —174+6+10 = 158 dBc/Hz

At a modulating frequency f,, = £,/100 this would increase to ~148 dBc/Hz.

We are ready now to compute the phase jitter at the output of an oscillator.
The corresponding model is shown in Fig. 3.18.

The oscillator is represented by a closed loop having positive feedback. In the
forward path we have an amplifier with power gain G = 1. A resonator is placed
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nn

~f-1

m

kT

-

! £, £,

Figure 3.17 Power spectral density of input phase jitter 8, ;,. Noise below corner fre-
quency f. is called flicker noise. Noise above f, is thermal noise.

Resonator

Figure 3.18 Model for the analysis of phase jitter in an oscillator. PM = phase
modulator.
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in the feedback path. As a result of the feedback path, Sgq.u(f) no longer is
identical with Sgg;,(f,.) as in the model of Fig. 3.16, but is given by

Sesont (Fn) = Sein (Fr) - IGn(F) rad?/Hz (3.13)

Here G,(f,) is the closed-loop gain of the oscillator. As shown by Rohde,*® the
squared closed-loop gain is given by

2

2 ., 1(f
G, () _1+f,5(2(~2) (3.14)

where f; = resonant frequency of the oscillator
fn = frequency offset from resonant frequency (i.e., f,, = f —fi)
® = quality factor of the resonator

At frequencies far away from the carrier frequency f,, the closed-loop gain is
unity. The term fy/2Q is the one-sided bandwidth of the resonator. Below the
corner frequency fo/2Q, the closed-loop gain increases with f,,%. This is shown
in Fig. 3.196 for two cases, a low @ (& = @,) and a high @ (& = @,). Figure 3.19a
sketches once more the power density spectrum of the equivalent input noise.
In addition to thermal noise T, there is flicker noise below corner frequency
f.. The two values for @ have been chosen such that the corner frequency /2@,
is below f;, and the corner frequency f,/2@; is above. Let us discuss first the
high-@ case. The power density spectrum of the ouput phase jitter is obtained
by multiplying the appropriate curves in Fig. 3.19a and 6. The result is plotted
in Fig. 3.19c. For high @, Ses.u(f.) is constant versus frequency for f> f.. Under
ideal conditions, Sgpeu(fm)as approaches —174dB for a signal power of 1mW
(0dBm). Below f., Sgeou(f,) increases with f,,, and below corner frequency
fo/2Q;, it increases with £,,7%.

In the low-@ case, Sgqu is constant above f,/2@,. In the range between f, and
fo/2@,, it increases with f,,2, and below f, it increases with f,,®. What we see
dramatically from Fig. 3.19 is that the resonator @ has a tremendous effect on
the oscillator phase jitter. The higher the @, the lower the phase jitter. The spec-
tral density of oscillator phase jitter is greatest near the resonance frequency;
this could be expected because the noise gain of the oscillator is maximum at
resonance frequency f;.

Going back to the synthesizer noise model in Fig. 3.15, we now know how
large the phase jitter 8, . could be. But what is the impact of that phase jitter
on the synthesizer output 6, ,,? We know from Sec. 2.4.2 how the PLL reacts
onto phase signals 6,(¢) applied to the reference input. To compute the output
phase signal 6,'(¢) we found

_ 05(s)

(3.15)
0,(s)

H(s)
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Figure 3.19 Power density spectra of phase jitter in an oscillator. (@) Power density
spectrum of the noise applied to the oscillator input. (&) Squared closed-loop gain
1G.(#,.)|* of the oscillator. Solid line represents an oscillator having a resonator with
high @; dashed line represents an oscillator with a low-@ resonator (@, > @.). (¢)
Power density spectrum of the oscillator’s output phase jitter Segoulfn)-
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[see Eq. (2.29)]. In case of the frequency synthesizer, however, we are not inter-
ested in phase jitter 6,’(z) (which appears at the output of the divide-by-N
counter), but rather in the phase jitter 0,(t) at the output of the VCO. As is
easlily seen from the block diagram in Fig. 2.1, 8, and 6,” are related by 6, =
8,’N. For the power spectral density of the phase jitter at the output of the VCO
we consequently have

See,out (fm) = |H(fm )I2 : N2 ' See,re[(fm,) radZ/I_]:Z (316)

Here again, f,, is the frequency offset from the carrier frequency f. If £, lies
within the passband of the PLL (given by B; or fas), H(f,,) = 1; thus the syn-
thesizer multiplies the reference phase jitter by N2 In the stopband, however,
phase jitter is attenuated; the attenuation depends on the gain roll-off of H(f)
at higher frequencies, which will be treated in greater detail in Chap. 4.

In most cases the reference oscillator is not directly connected to the phase
detector input, but rather the frequency created by the reference oscillator is
scaled down by a reference divider, as shown in Fig. 3.1, for example. When the
reference divider scales down the frequency by R, it also attenuates the oscil-
lator phase jitter by R, which decreases the PSD of phase jitter by R*. When
both +R and =N dividers are used, the PSD of the VCO output becomes

NE , i
Seﬁwout(fm) :IH(fm )|2 ' "R—Z : See,ref(fm) radZ/HZ (31()

We note that the phase frequency response H(f) acts as a low-pass filter onto
the phase jitter caused by the reference oscillator. To mimimize VCO output
jitter, the loop bandwidth (B;) must be made as small as possible. But this
bandwidth cannot be chosen arbitrarily low, because a low B; also means a low
natural frequency w,, i.e., a large lock-in time.

3.4.2 Phase jitter 8,yco of the VCO

In Sec. 3.4.1 we investigated the phase jitter introduced by the reference oscil-
lator. Checking the phase jitter model of Fig. 3.15 once again, we recognize that
the VCO is nothing more than an oscillator, too; hence it will introduce addi-
tional phase jitter into the loop. This phase noise (denoted 6, yco in the block
diagram) enters the loop at the input of summator labeled X. If there were no
feedback, phase noise 8, vco would simply add to the ouput phase noise 8, qu.
Because we have a feedback path, we must compute the closed-loop gain G,
from the insertion point of the VCO phase noise 8, yco to the output terminal
0,.0u- FOr G, we obtain the very simple result

G,.(f)=H/f) (3.18)

i.e., is identical with the error frequency response as defined in Eq. (2.36). As
can be seen from the Bode diagram for H,.(w) in Fig. 2.23, H.(®) is a high-pass
function. The PSD of phase noise contributed by the VCO is given by
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Sevent (o) = 1Ho(F) - Seoveo () rad?/Hz (3.19)

with Sggveo(f,,) = PSD of phase jitter introduced by the VCO, Sgq uc(f,,) = PSD of
output phase jitter due to VCO phase jitter, and f,, = frequency offset from center
frequency f;. The bandwidth of high-pass function H.(f) is the same as the
bandwidth of the low-pass function H{(f), because H,.(s) = 1 — H(f), from Eq.
(2.37). If we assume that most of the VCO phase noise is flicker noise, most of
its power is concentrated around the center frequency f;. To minimize output
phase jitter it would be optimum to make the PLL bandwidth as large as
possible. This is in clear contradiction to the conclusion in Sec. 3.4.1 where we
stated that the loop bandwidth should be made small in order to reduce
reference phase jitter.

The theory on VCO phase jitter has another weak point. Although a VCO is
an oscillator, its output phase jitter cannot be analyzed by the model used for
the reference oscillator, Fig. 3.18. Whereas the reference oscillator could be
modeled by an amplifier in the forward path and a resonator in the feedback,
this is not valid for VCOs because the frequency created by a VCO is not deter-
mined by a resonant circuit but by the time interval required to charge a capac-
itor to some threshold level. Little is known about phase jitter created by VCOs;
what we know is that most of the noise power is concentrated near the oscil-
lating frequency and hence can be considered as a kind of flicker noise.

3.4.3 Reference feedthrough created by the phase detector

The frequency synthesizer shown in Fig. 3.1 generates an output signal whose
frequency is exactly N times the reference frequency. In the ideal case the VCO
would operate at its center frequency. The output signal of the loop filter would
then be exactly zero. Under these conditions the output signal of the VCO would
be a “pure” square wave, i.e., a signal without any phase jitter. The spectrum
of this signal would consist of a line at /= f; and—as is normal for a rectangu-
lar signal—a number of harmonics.

Under normal PLL operation, however, the phase detector delivers correction
signals as soon as the phase of the VCO output signal deviates from the ideal
phase. If an EXOR gate is used as phase detector, its output signal is a square-
wave signal whose frequency is twice the reference frequency, as shown in Fig.
2.6. Because the gain of every loop filter is nonzero at that frequency, a ripple
signal appears at the input of the VCO. The ripple signal modulates the output
signal of the VCO. As we will see, this can lead to spurious sidebands in the
VCO output signal, which affects its spectral purity, of course. The effects of
the ripple are different for the various types of phase detectors and must there-
fore be treated separately.

Let us look first at what can happen when the EXOR phase detector is used.
In a PLL frequency synthesizer (Fig. 3.1) with divider ratio N = 1, the instan-
taneous phase of the VCO output signal would be modulated by a signal whose
frequency is twice that frequency. Obviously this cannot have an impact on the
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VCO frequency. When N = 2, nothing happens again, because now the instan-
taneous phase of the VCO output signal is modulated by a signal whose fre-
quency is identical with the VCO frequency. But adverse effects start as soon
as N becomes 3 or larger. For general N, the frequency of the VCO output signal
is Nf..r, and the ripple signal has a fundamental frequency of 2f... For N = 3,
spurious sidebands appear at the VCO output whose frequencies are Nf.. + 2f,.,
Nfier T 4frer, ete. If the multiplier phase detector is used instead of the EXOR,
spurs will be created at the same frequencies. The situation is similar when the
JK-flipflop is used as phase detector. In the locked state the JK-flipflop gener-
ates an output signal whose frequency is identical with the reference frequency
(Fig. 2.9). If the divider ratio of the frequency synthesizer is 1, the ripple on
the VCO input signal only alters the duty cycle of the VCO output signal but
does not generate spurious sidebands. Spurious signals appear, however, when
N becomes 2 and greater. Then the spectrum of the output signal contains lines
at frequencies Nfior £ frety Nfvet T 2frery €tC.

When the PFD is used as phase detector, its output signal is theoretically in
the 0 state, when the VCO operates exactly on its center frequency, as shown
in Fig. 2.13a. Under normal PLL operation, however, the PFD will output cor-
rection pulses, as shown in Fig. 2.13b and ¢. The polarity of the correction pulses
will change periodically, so positive and negative correction pulses will appear
in succession. Fortunately the duration of the correction pulses is short when
the PLL is locked, so the ripple on the VCO input signal will be much smaller
than in the two former cases. It is of vital interest, of course, to know the power
of such sidebands. Because the amplitude of the first pair of sidebands is always
much greater than the amplitude of the higher ones, it is sufficient for practi-
cal purposes to have an approximation for the first sideband. In analogy to
noise signals, sideband suppression S; has been defined as the quotient of signal
power to the first sideband power:

Sl = PS (320)
P
where P, is the power of the synthesized signal and P, is the power of the first
spurious sideband. Mostly, a logarithmic quantity S, g, 1s specified:

Sl(dB) = 1010g Sl (321)
If the EXOR or the JK-flipflop is used, an approximation for S;gg, is given by"

Sl(dB) = ZOlOg‘I‘{&LF(ZTEfr )I (322)
2n*f,
Here f, denotes ripple frequency. F(2nf,) is the gain of the loop filter at the ripple
frequency, and Uy is the supply voltage of the phase detector. In the case of the
EXOR gate, f, equals twice the reference frequency.
When the JK-flipflop is used, however, f; is identical with the reference fre-
quency. For the PFD another approximation has been found':
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Sl(dB) = 2010g(K0UBT)[F(2TEfr )[ (323:

Here the ripple frequency f, is not necessarily identical with the reference fre-
quency but can be considerably lower, as will be discussed in the following. 1 is
the width of the correction pulses. The following consideration yields an approx-
imation for the quantity 1. When a PLL using the PFD as phase detector oper-
ates exactly on its center frequency, the output signal of the PFD is theoretically
in the 0 state all the time. The reference signal u; and the (scaled-down) output
signal u,” (refer to Fig. 3.20a) would then be exactly in phase. In reality, the fre-
quency of the VCO output signal will slowly drift away, which causes a time lag
between these two signals. When this time lag is 10ps, for example, the PFD
will theoretically generate a correction pulse whose duration is 10ps as well.
Because the logical circuits inside the PFD have nonzero propagation delays
and rise times, the PFD is never capable of generating such short pulses. It will
produce a correction pulse only when the delay between the u, and u," signals
has become greater than a time interval called backlash. For high-speed CMOS
circuits, the backlash is typically in the range of 2 to 3ns. The PFD never gen-
erates an output pulse shorter than the backlash interval.

Figure 3.206 shows the PFD output signal u, that has been generated just at
the instant where the positive edge of the u; signal led the positive edge of u,’
by an amount equal to the backlash, which is denoted 1, here. The width of the

o >

ouTl to VCO input

PFD

Uy 4

+1

(b)

Figure 3.20 The figure explains the backlash effect of the PFD and the effect
of parasitic capacitance at the phase detector output. (a) Schematic of the
PFD including parasitic capacitor C,. The loop filter is also shown. (b) Wave-
form of the uy signal. The duration 1; of the output pulse cannot be less
than the backlash interval.
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correction pulse is nearly equal to 1, in this case. Unfortunately, each real device
contains parasitic capacitances. In our example, parasitic capacitance C, (Fig.
3.20a) will charge to the supply voltage by the correction pulse, so the decay of
that pulse will slow down. Typically, C, is in the order of 5 to 10pE The time
constant of the decay is approximately 1, = R,C,. It can be made small by select-
ing a low value for resistor R;, but R, cannot be chosen arbitrarily low, because
this would overload the PFD output. Typically, R; must be higher than about
500Q. Thus 1, will also be in the order of 5ns or more. This means that the
value of T in Eq. (3.26) is approximately given by the sum 1; + 1, and is typi-
cally around 10ns. Because the correction pulses cannot be arbitrarily narrow,
the pulse as depicted in Fig. 3.20b alters the instantaneous frequency of the
VCO more than would normally be required. In the example of Fig. 3.206 the
frequency of the VCO is increased. Therefore, the time delay between the edges
of the u; and u,” becomes shorter in succeeding cycles of the reference signal.
After some cycles the delay crosses zero and becomes negative, so that u," leads
u; now. The PFD will produce a correction pulse (of negative polarity), however,
only when the time lag exceeds the backlash again. This leads to the unhappy
situation that the PFD generates a positive correction pulse at some instant,
stays in the zero state during a number of succeeding cycles (perhaps 10), pro-
duces a negative correction pulse then, and so forth. The frequency of the ripple
signal is therefore a subharmonic of the reference signal, and if the frequency
of this subharmonic is very low, the ripple is not attenuated by the loop filter,
which is undesirable, of course. (It is possible to calculate approximately the
subharmonic frequency, using the formulas given in Ref. 15. Usually the sub-
harmonic frequency is about 1/20 the reference frequency.) This undesired sub-
harmonic frequency modulation can be reduced in different ways.

One way would be to use a higher-order loop filter. For a first-order loop filter
the gain at higher frequencies does not decay towards zero (see the magnitude
response in Fig. 2.17) but stays constant, typically in the range 0.1 to 0.3. Choos-
ing the cutoff frequency of the filter very much lower than the reference fre-
quency does not bring any benefit because the filter gain does not roll off toward
zero. With a higher-order filter, however, the gain will roll off toward zero; for
a second-order filter, the slope of the magnitude response will be ~20 dB/decade,
with a third-order filter the slope will be —40 dB/decade, etc. (Note that the slope
of a second-order filter without a zero would be —40 dB/decade; because we need
a zero for reasons of stability, that slope is reduced to —20 dB/decade.) In Chap.
4 we will deal with higher-order filters in more detail.

There is still another way to eliminate subharmonic frequency modulation.
This is sketched in Fig. 3.20a by the dashed resistor R;. Normally, R; is a
high-value resistor that slowly but steadily discharges filter capacitor C toward
ground. If the discharging current is higher than the charging current produced
by the parasitic capacitance, the PFD is forced to generate positive correction
pulses in every cycle of the reference signal. The ripple frequency is now iden-
tical with the reference frequency. Because the cutoff frequency of the loop filter
is lower than the reference frequency in most cases, the ripple signal will be
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attenuated by the loop filter, which decreases the level of the spurious side-
bands. When resistor R is used, the spurious sidebands occur at frequencies
Nfref x fref7 Nfref x Zfref; etc.

Another way to force the PFD to output correction pulses in every reference
cycle has been realized in the PFD that is incorporated in the integrated circuit
type T4HCT9046A manufactured by Philips (see Sec. 2.7 and Table 10.1). The
data sheet of the 74 HCT9046A can be downloaded from http://www.philipslogic.
com/products/plls/9046/.>' This IC contains two phase detectors, an EXOR
and a PFD. The latter has a charge pump output as explained in Sec. 2.7. With
reference to Fig. 2.40c¢, the timing of both current sources is modified such that
the outputs of the upper and of the lower current source overlap during an
interval of approximately 15ns; i.e., both current sources are turned on during
at least 15ns in every reference cycle. The timing of the current outputs is
demonstrated by Fig. 3.21 for three cases:

1. The signal u, leads the signal uy".
2. The signal u, leads the signal u;.

3. Both positive edges of u; and uy” occur at the same time.

These cases are labeled 1, 2, and 3, respectively, in the figure. In case 1, the
leading edge of u; unconditionally sets the UP flipflop. On arrival of the leading
edge of uy’, the DN flipflop is also set unconditionally. Both flipflops are set now.
In a conventional PFD both flipflops would be reset immediately by the AND
gate that drives the Cp (clear direct) inputs of the D flipflops; hence the DN
flipflop would be set during an extremely short interval only. Delaying the reset
action by about 15ns makes sure, however, that both flipfiops remain in their
high state for 15ns after the leading edge of w,’. In case 2, where uy" leads v,
the leading edge of uy first sets the DN flipflop, and the UP flipflop is set later
on the leading edge of u,. Now a similar thing happens: delaying the reset of
both flipflops by 15ns lets both flipflops set for about 15ns after the leading
edge of u;. Now assume that both positive transients of u; and u,” occur at the
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Figure 3.21

Pulse timing of the PFD in the 74HCT9046A circuit. The shaded areas

characterize the overlapping interval (T,,), where T,, = 15ns.
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same time. Both flipflops are set immediately, and they remain set for about
15ns.

With this kind of PFD there is a guaranteed overlap of both current outputs
in every reference cycle. This virtually inhibits the backlash effect as described
for voltage output PFDs. To demonstrate this, assume that the positive edge of
uy is delayed by 1 ns against the positive edge of u;. In a conventional PFD this
time delay would fall below the backlash interval; hence the PFD would not
perform any reaction. In case of the 74HCT9046A, however, the upper current
source in Fig. 2.40c turns on on the positive edge of u;; 1ns later, the positive
edge of uy’ turns on the lower current source as well. From now on, both current
sources will be on for 15ns. Consequently, the upper current source i1s on for
16 ns, and the lower for 15ns. This results in a net positive charge supplied to
the loop filter. If the u,” signal would perform a positive transition 1ns before
the u; signal, the lower current source would be turned on first. The upper
current source would then turn on 1ns later. From this instant on, both current
sources would remain on during 15ns; hence the lower would conduct current
for 16 ns, the upper for 15ns, which results in a net negative charge delivered
to the loop filter. This demonstrates that even for the smallest time delay
between the leading edges of u; and u,” the PFD always feeds some charge into
the loop filter. The pulse widening due to parasitic capacitances (as shown in
Fig. 3.20) does not play any role for this type of PFD, because both current
sources are turned on in every reference cycle, thus canceling the widening
effect.
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Higher-Order Loops

4.1 Motivation for Higher-Order Loops

In Chaps. 2 and 3 we considered mainly second-order PLLs. These loops used
first-order loop filters as shown in Fig. 2.16. As can be seen from the Bode
diagrams of the loop filter transfer functions in Fig. 2.17 the gain rolls off at
—20dB/dec at higher frequencies but asymptotically approaches a nonzero value
for radian frequencies higher than 1/1,, where 1, is the time constant in the
numerator of the filter transfer function (see Eqs. 2.26 to 2.28). In the discus-
sion of spectral purity of PLL frequency synthesizers, we recognized that
reference frequency feedthrough becomes a problem. Spurious sidebands can
be intolerable if the loop filter does not sufficiently attenuate ac components at
the reference frequency (plus harmonics) that are created by the phase detec-
tor. To reduce reference frequency feedthrough we must use higher-order loop
filters, i.e., loop filters of order 2 or higher.

With higher-order loop filters, loop stability becomes an issue. Getting stable
operation with a second-order PLL was easy because the open-loop transfer
function had two poles and one zero. A pole creates a phase shift of —90° at
higher frequencies, and a zero creates a phase shift of +90°. When the poles and
the zeros are properly located the overall phase shift never comes close to --180°;
hence the loop stays stable. This goal was easily met by choosing time constant
T, of the loop filter such that a reasonable damping factor { was obtained. If the
loop filter has two or more poles, the phase shift can become larger than 180°;
hence the poles and zeros of the loop filter must be placed such that stability
is maintained. We will deal with stability of loops in the following section.

4.2 Analyzing Stability of Higher-Order Loops

: Control theory offers many mathematical methods for analyzing stability of
b feedback systems. Some are sophisticated and mathematically demanding, but
there is also a simple one, i.e., the Bode plot. Drawing a Bode plot is very easy
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for systems like the PLL; we will demonstrate that by the example of a third-

order PLL. The corresponding loop filter has order two. Assuming a passive

lead-lag, the filter transfer function becomes

_ 1+ STQ
1+sTy)A+sTy)

F(s) (4.1
where T, T, and T are time constants, and it i1s assumed that T, > T, > Ts.
The open-loop transfer function of a PLL built with this filter is given by

_KQKd (1+ST2)
N s +ST1)(1 +ST3)

(also refer to the PLL model in Fig. 2.21).

To analyze stability, the Bode diagram for G(s) is plotted. This is done by
replacing s by jo and plotting magnitude and phase of G(®w) versus radian
frequency . The magnitude plot is logarithmic on both axes; the phase plot is
logarithmic on the frequency axis, but linear on the phase axis. The Bode plot
is shown in Fig. 4.1. In the magnitude plot, the exact (dashed curve) and the
asympotitic diagram (solid curve) are shown. The asymptotic curve consists of
line segments and is an approximation to the exact magnitude function. The
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magnitude plot has three corners at radian frequencies o, = 1/7T, 0, = /T, and
3 = 1/T'5. The corners at ®, and ®; are created by the poles of the transfer furc-
tion, the corner at ®, by its zero. At low frequencies the magnitude is domi-
nated by the term 1/s. Because the magnitude (gain) rolls off with 1/, the slope
of the magnitude curve is —20dB/dec (dec = decade of frequency). Above m = w;
the first pole of the loop filter comes into play; now the asymtpotic value of slope
is increased to ~40dB/dec. At ® = w, the zero of the filter becomes active. The
term in the numerator of Eq. (4.2) causes the slope of the magnitude curve to
bend up toward —20dB/dec again. Above ® = w3, however, the slope becomes
—-40dB/dec because of the second pole of the loop filter.

Now let us look at the phase plot. For minimum phase networks, phase plot
and magnitude plot are closely related. (A system is minimum phase if all the
poles and zeros of its transfer function are in the left half of the s plane; this
is the case for all practical PLLs.) Under this condition the phase approaches
an asymptotic value of —-90° when the slope of the magnitude plot is ~20dB/dec.
The phase plot asymptotically approaches —~180° if the magnitude slepe is
~40dB/dec, etc. We see from the phase plot that the curve starts at -90° at low
frequencies. Above ® = ®; the phase bends down towards —180°. Above w = ®,,
however, the asymptotic value of phase becomes —-90° because of the onset of
the filters’ zero. Finally, above ® = w3 the asymptotic value of the phase becomes
—180° again. We note that the phase curve exhibits a “peak” between frequen-
cies o, and ws and therefore has a local maximum at some distinct frequency
within this range.

The magnitude curve crosses the 0dB line at a radian frequency named tran-
sition frequency wr. At the transition frequency the open-loop gain is exactly 1.
The system is stable if the phase of G(wr) is more positive than ~180°. Let us
denote that phase value by ¢(wr). The quantity 180° + ¢(wr) is called phase
margin ¢,. In control engineering, one attempts to get phase margins between
about 30 to 60°. When the phase margin is very low (a few degrees only) the
system is stable but heavily underdamped; hence its transient response is oscil-
latory and dies out slowly. When the phase margin is too large, the dynamic
response becomes aperiodic and can get sluggish. In the example of Fig. 4.1 the
phase margin is about 55°. It is clear that the phase in the range ®; < @ < w;
would closely approach —90° when this region would be chosen larger, i.e., would
span some decades of frequency. The closer the two frequencies w; and w; are
to each other, the smaller the “peak” in the phase curve becomes. For a proper
PLL design it is important to know where the local maximum of the phase curve
in the frequency range 0; < ® < ®; really is. A simple computation shows that
the phase function is maximum at a frequency ©,,, which is the geometric mean
of w, and ;,**

Ogpt = V02003 (4.3)

We wanted to have sufficient phase margin at the transition frequency; it is
therefore optimum to choose the transition frequency such that it is identical
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with ®,. In our example we have chosen ®, = 31,600s™ and w; = 316,000s7";
hence wris at 100,000s™. In real higher-order PLL designs it has proved useful
to set the ratio ws/w, approximately to 10; when doing so, we get sufficient phase
margin to provide stable operation.

The example in Fig. 4.1 was related to a third-order PLL. When building PLL
with order higher than 3, additional poles (and eventually zeros) must be placed.
In case of a fifth-order PLL, for example, the open-loop transfer function G(s)
has 5 poles and may also have up to 5 zeros. The gain roll-off at higher
frequencies has a slope which is given by

S=20(n,-n,) dB (4.4)

where ., = number of zeros and n, = number of poles of G(s). Because we want
the gain to roll off with maximum slope, the number of zeros should be chosen
as small as possible. In most higher-order PLL designs, only one zero is chosen.
This zero is placed exactly as demonstrated in the example of Fig. 4.1. If the
system has higher order than 3, additional poles have to be placed at frequen-
cies above ®; in Fig. 4.1. This will be described in the following sections.

As we have seen, the poles and the zero of the system have been placed with
reference to the transition frequency ;. Consequently the loop design should
start with an initial value for ®w;. Usually the designer of a PLL has an idea
about the desired loop bandwidth. There are a number of parameters related
to bandwidth, e.g., ®;45 [the 3-dB closed-loop bandwidth of H(w)], B, (the noise
bandwidth of the loop), and w, (the natural frequency). All these parameters,
including or, are close together, i.e., have about the same order. Because the
natural frequency is defined only for second-order systems (in a strict sense),
it seems more practical to start by setting wsgs. Often ;45 is chosen to be
around 1/20 the (scaled-down) center frequency w,. What we need now is a
mathematical relation between ws4s and ®;. For a second-order high-gain loop
with { = 0.707, it can be shown that wsgs = 2.06®, and ®r = 1.55 ®,. Hence we
have

@7 z(ﬂgdB/l.BB (45)

Experience has shown that this ratio stays nearly unchanged for higher-order
PLLs. This is a consequence of the fact that we always try to shape the
magnitude plot so that its magnitude curve crosses the 0-dB line with a slope
of about —-20dB/dec. The poles at higher frequencies than w, then have little
influence on the Bode plot in the vicinity of or; hence the ratio w;4g/®7 is mostly
in the range 1.3 to 1.5. :

In Sections 4.3 to 4.5 we will develop procedures for the design of loop filters
for PLLs having order 3 to 5. All of these methods can be automated, in Chap.
5 a computer program will be presented that allows design of mixed-signal PLLs
up to order 5 (and all-digital PLLs) automatically. This is a software tool devel-
oped by the author and is distributed with the book.
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4.3 Designing Third-Order PLLs

In a third-order PLL, a second-order loop filter must be chosen. In this section
we describe three variants of a second-order loop filter, a passive lead-lag, an
active lead-lag, and an active PI filter. We start the discussion with the passive
lead-lag.

4.3.1 Passive lead-lag loop filter

The schematic of this filter is shown in Fig. 4.2. Its transfer function is

1+ +
F(s)= srerT) (4.6)
14+8(T) + 1o+ T3)+S°T1 T3

with 1, = R,Cy, 1, = R,C,, 13 = RyC,. To place the poles and zeros of the PLL’s
open-loop transfer function G(s), it is more convenient to write this function in
factorized form:

_ 1+ST2
(1+sT)A+sTy)

The open-loop transfer function of the third-order PLL then becomes

Glsy=Kofta _ 1ysTh (4.8)
Ns (1+s71)1+sTy)
To get the Bode diagram we set s = jo and plot the magnitude |G(w)| versus
radian frequency o. This is shown by Fig. 4.3. To determine the corner fre-
quencies 0, 0, and s, the transition frequency o, must be known first. It has
proved most convenient to proceed as described in the following steps:

F(s) 4.7

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for ;4. A default value

C, Figure 42 Second-order passive

I lead-lag loop filter.
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Figure 4.3 Bode diagram (magnitude plot) of a third-order PLL using the passive
lead-lag loop filter.

could by 345 = 0.05- @y, where w, is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5) we compute ©r = ®345/1.33. With
the passive lead-lag filter there is an upper limit for or, however, which is given
by
KK,
N

When a larger value of w7 is specified, this later results in a negative value for
1, [see Eq. (4.6)]; hence that filter would be unrealizable.

(DT,max -

(4.9)

Step 3. Next the corner frequencies w, and ®; are chosen. To get sufficient
phase margin, it is recommended to set

®W; =wrV10
®y = wp /10

Step 4. Now the corner frequency ®, must be chosen such that the open-loop
gain at transition frequency wy bcomes 1. This leads to

KoK,

(4.10)
N(DT

0
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Step 5. The time constants T, Ty, T3 are computed from T, = 1/w,, Ty = 1/w,,
T3 = 1/(,03

Step 6. Given T4, Ty, T3 we can calculate the filter time constants 14, 1., T3 now.
By comparison of coefficients in Egs. (4.6) and (4.7) we get

T1 :71+T3—T2

=T, - — DT (4.11)
Tl +T3—T2

T3 :‘TZ—TQ

Step 7. (Optional) There are cases where the designer modifies the values
for 1, 15, 13 or adopts the values for 1, 1,, T; from an earlier design. When
these parameters have been directly set or altered, we certainly want to know
what is the effect on the quantities T, T3, T3, i.e., on the corner frequencies
®;, g, 3 in the magnitude plot. When solving the Egs. (4.11) for T, T, Ta,

we get
2
oDt T +\/(rl+rz +75) —41:7T3
1 2
T, =15+ 1; (4.12)
T, = T1T3
I

Step 8. Finally the filter components (R, C) are computed from the values for
T, Tz, T3, [See Eq. (4.6)]. The value of C, can be chosen arbitrarily. [t should be
set such that “reasonable” values for the resistors are obtained, i.e., in the
region of about 1 to 100kQ.

4.3.2 Active lead-lag loop fiiter

The schematic of a second-order active lead-lag filter is shown in Fig. 4.4. The
transfer function for this filter is given by

Fs) = K, — 55121 Ts) (4.13)
(1‘}‘311)(1 +ST3)

with 1, = R.Cy, 1, = R,Cy, 73 = R,C4, and K, = C,/C,. Because we must determine
the corner frequencies of the Bode plot, it is more convenient to write F(s) in
the standardized form as

1+ST2
CA+sT)A+5sTy)

The open-loop gain of the third-order PLL then reads

F(s)=K

(4.14)
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Figure 4.4 Schematic of the second-order active lead-lag filter.

 KK.K,  1+sT,
Ns  (1+sT)Q+sT3)

(4.15)

For this design the procedure is very similar to that for the passive lead-lag
filter. The Bode plot in Fig. 4.3 remains valid for this type of loop filter. The
design steps are as follows:

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for ;4. A default value

could be w34z = 0.05w,", where " is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5) we compute or = ©34/1.33. In
contrast to the passive lead-lag filter, there is no mathematical restriction on
the size of wy here, because we have an additional parameter K,, which always
can be specified such that the open-loop gain becomes 1 at the transition
frequency wy.

Step 3. Next the corner frequencies ®, and w; are chosen. To get sufficient
phase margin, it is recommended to set

W3 =WrV 10
Wy =Wy / V10
Step 4. It is recommended to set o, = w,/10; thus the open-loop gain rolls off

with —~40dB/dec over one full decade of frequency. K, must be chosen such that
the open-loop gain just becomes 1 at wy. For K, we get
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_ 10Nwr

K,=
KoK,

(4.16)

Step 5. The time constants T, Ty, T are computed from T, = 1/®,, Ty = 1/,
T3 = 1/(1)3

Step6. Given T, Ty, T35 we can calculate the filter time constants 1, 1., T: how.
By comparison of coefficients in Egs. (4.13) and (4.14) we get

Ty = T]
To = T2 - T3 :4[7)
13=T;

Step 7. (Optional) There are cases where the designer modifies the values for
Ty, T, T3 Oor adopts the values for 1,, T,, T3 from an earlier design. When these
parameters have been directly set or altered, it may be desirable to know also
the values for T}, T, T, i.e., the corner frequencies w;, ,, ®; in the magnitude
plot. When solving the Eqs. (4.17) for Ty, Ty, T5 we get

Tl =T
T, =1,+ 13 (4.18)
T3 ="T3

Step 8. Finally the filter components (R, C) are computed from the values for
T, To, T3. The value of C; can be chosen arbitrarily. It should be set such that

“reasonable” values for the resistors are obtained, i.e., in the region of about 1
to 100 kQ.

4.3.3 Active Pl loop filter

The schematic of a second-order active PI filter is shown in Fig. 4.5. The trans-
fer function of this filter is given by

_ 1+s(ty+15)

F(s) (4.19)

sT,(1+8T5)

with 1, = R,Cy, 1, = R,C,, and 15 = R,C,. Because we must determine the corner
frequencies of the Bode plot, it is more convenient to write F(s) in the
standardized form as

ST1(1 +ST3)

The open-loop gain of the third-order PLL then reads

(4.20)
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Figure 4.5 Schematic of second-order active PI loop filter.
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Figure 4.6 Bode plot of third-order PLL using the active PI loop filter.

KO Kd 1+s Tg

G(s) = (4.21)

Ns sTy(1+sTs)
The Bode plot (magnitude) for this system is shown in Fig. 4.6.

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for w; 4. A default value
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could be w345 = 0.050,", where @y is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5), we compute o7 = w345/1.33. There
is no mathematical restriction on the size of w;, because the parameter 7' can
be chosen such that the open-loop gain becomes 1 at ® = w;.

Step 3. Next the corner frequencies w, and w; are chosen. To get sufficient
phase margin, it is recommended to set

w; =0pv10
Wy :coT/x/IO

Step 4. Parameter T is chosen such that the open-loop gain is 1 at ® = oy.
This leads to

1, = Boke (4.22
Nowiv10
Step 5. The time constants T, T'; are computed from T, = 1/w; and T's = 1/s.

Step 6. Given T4, Ty, Ts we can calculate the filter time constants 1,, Ty, ts now.
By comparison of coefficients in Egs. (4.19) and (4.20) we get

=T
Ty = Tz “Tg (423)
T3 =T}

Step 7. (Optional) There are cases where the designer modifies the values
for 1y, 13, T3 or adopts the values for 1,, 15, 15 from an earlier design. When these
parameters have been directly set or altered, it becomes desirable to know the
effect on the values for T4, Ty, T, i.e., on the corner frequencies w, and ; in
the magnitude plot. When solving the Eqgs. (4.23) for T, T3, T; we get

=1
T, =15+ 13 (4.24)
Ty =13

Step 8. Finally the filter components (R, C) are computed from the values for
Ti, To, Ta. The value of C, can be chosen arbitrarily. It should be set such that

“reasonable” values for the resistors are obtained, i.e., in the region of about 1
to 100kQ.
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4.4 Designing Fourth-Order PLLs

441

To obtain a fourth-order PLL we must use a third-order loop filter. Of course
such a filter can be realized as a passive lead-lag, an active lead-lag, or an active
PI filter. All these filters will have three poles. It is common practice to build
third-order filters that have a complex-conjugate pole pair. A passive lead-lag
filter built from resistors and capacitors cannot realize complex poles, but all
the poles are located on the negative real axis in the s plane. To get complex
poles with this kind of filter, we would have to use inductors. Most designers
try to avoid inductors in filter design and resort to active RC filters. For this
reason we will drop the passive lead-lag filter and use active filters exclusively.

Active lead-lag loop filter

Third-order filters can be realized in many ways. One version of a third-order
lead-lag filter is shown in Fig. 4.7. The filter consists of two sections. Section 1
is a first-order lead-lag filter and is identical with the filter used to build second-
order PLLs (see Chap. 2). Section 2 is a second-order low-pass filter. It can be
realized with two real poles or with a complex-conjugate pole pair. When the
poles of the second filter section are real, it is most convenient to write the
filter’s transfer function F(s) in the form

F(S)::K 1+ST24 1

p (4.25a)

1+s1; (1+48T3){1+514)
with 1, = R,Cy, 1, = R,C,, and K, = C;/C,. When the poles of the second filter
section form a complex pair, it is more practical to use a different notation for

F(s):

1+s1, 1
F(s)=K,—=. 2 (4.25b)
1+s1,4 2sC, s
1+ —+—~
®; O

In the second case w; is the natural frequency and {; the damping factor of the
second-order frequency response. For the open-loop transfer function G(s) of

. L.
R,k & G g R4j§4 )
%{ l “T

Figure 4.7 Third-order active lead-lag filter.
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the fourth-order PLL we get two versions, one for real poles and one for complex
poles. For real poles, G(s) reads

G(S) _ KQKdKa . 1+ST2 . 1 (426@)
Ns 1+s1;, Q+s519)A+5T4)
For complex poles, G(s) reads
K\K,K, 1+s71 1
Glg)=—dme =222 : (4.26b)
Ns 1+s1, 2sC, s
14+ 5020 4 2
W,

Let us look at the magnitude plot now, Fig. 4.8. The first filter section has a
pole at s = —, and a zero at s = —, and therefore provides the break points of
the asymptotic magnitude plot at ®, and ®,. Suppose for the moment that the
poles of the second filter section are real and located at s = ~w; and s = -®,.
Then that filter section creates the two corners at w; and w,, as Fig. 4.8 shows.
At w3 and at o, the slope of the magnitude curve increases by —~20dB/dec. When
the poles of the second filter section are complex, however, there is only one
additional break point at ®,. At this point the slope increases by —40dB/dec.

We now have to provide a procedure for placing the poles and the zero of the
third-order filter. It includes the following steps:

G A
(dB)

—40

o (log)

W Wg

»  Figure 4.8 Bode plot for the fourth-order PLL. The solid curve represents the case
& where the poles of the second-order filter are real. The dashed curve shows the case
¥  where these poles form a complex pair.
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Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for w; 4. A default value

could be w345 = 0.05w,", where w,” is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5) we compute wr = ©345/1.33. There
is no mathematical restriction on the size of w; here, because we have an addi-
tional parameter K,, which always can be specified such that the open-loop gain
becomes 1 at the transition frequency ws.

Step 3. Next the corner frequency w; is chosen. To get sufficient phase margin,
it is recommended to set

0 = 07 /V10

Step 4. It is recommended to set ®; = w,/10; thus the open-loop gain rolls off
with —40 dB/dec over one full decade of frequency. K, must be chosen such that
the open-loop gain just becomes 1 at w;. For K, we get

1
K, = ONor (4.27)
K.K,

Step 5. The time constants 1, and 1, are computed from 1; = 1/®,;, Ty = 1/w,.

The parameters of filter section 1 are determined now. Next we must calcu-
late the parameters of the second section. The procedure depends on the type
of poles. When complex poles are desired, it continues with step 6, otherwise
with step 8.

Step 6. (Complex poles) We must choose a suitable value for natural frequency
o, and damping factor ,. For {; it is optimum to set {, = 0.707. Experience shows
that sufficient phase margin is obtained if o, is placed at 5oy; hence we set
= 5(1)T.

Step 7. Given o, and {; we can determine the elements (R, C) of the second
filter section.

Because there are more unknown elements than equations, C; can be chosen
arbitarily. It should be set such that we obtain “reasonable” values for the resis-
tors, i.e., in the range 1 to 100kQ.

The remaining components are computed from

C5 = 2€C2‘4

R, = —2 (4.28)
wZC,yCs

R5 = &
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Step 8. (Real poles) We must choose values for the break frequencies o, and
w, now; see Fig. 4.8. It is recommended to set w; = V10 and o, = 5w;. We now
can determine T; = 1/ws; and 1, = 1/m,.

Step 9. To determine the elements of section 2, it is most practical to convert,
the filter function in Eq. (4.25a) into the filter function given in Eq. (4.255);
i.e., we would compute ®, and , from given w; and w,. Comparing coefficients
in Egs. (4.250) and (4.25b) yields

1
N T3Ty4
Ty + Tq

&= 2N T3T4

Given o, and &, we now can compute the R and C values using Eqgs. (4.28).

W, =
{4.29)

4.42 Active Pl loop filter

Third-order active PI filters can be implemented in many ways. One version is
shown in Fig. 4.9. This filter also consists of two sections. Section 1 is a first-
order PI filter that has one pole at s = 0 and one zero at s = —;. Section 2 has
two poles. They can be either on the negative real axis in the s plane, or they
can form a complex pair. As was done previously, we will also use two forms for
the filter transfer function F(s), one for real poles and one for complex poles.
For the case of real poles F(s) is given by

Fle)= 15" L (4.30a)

st (1+s8T13)(1+5s14)

with 1, = R;C; and 1, = R,C,. When the poles of the second filter section form a
complex pair, it is more practical to use a different notation for F(s):

I+st, - 1 :
F(s)= 2. - (4.30b)
ST, 280, s
1+——+—
0, o

R4 lC )
4
“T

Figure 4.9 Third-order active PI loop filter.
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In the second case w, is the natural frequency and , the damping factor of the
second-order frequency response. For the open-loop transfer function G(s) of
the fourth-order PLL we again get two versions, one for real poles and one for
complex poles. For real poles, G(s) reads

1 1
G(s) = KoKq 14575 (4.31a)
Ns sty (L+sT3)1+81y)

For complex poles, G(s) reads

KoKy 1+s1 1
G(s)=—-2. 2. ; (4.31b)
NS ST 2’SCS S
I+ ——=+—
(OFI O p

Let us have a look on the magnitude plot now, Fig. 4.10. The first filter section
has a pole at s = 0 and a zero at s = -, and therefore provides the breakpoint
of the asymptotic magnitude plot at w,. Suppose for the moment that the poles
of the second filter section are real and located at s = ~w; and s = —»,. Then that
filter section creates the two corners at w; and ws, as in Fig. 4.10. At o, and at
w, the slope of the magnitude curve increases by —20dB/dec. When the poles of

G A
(dB)

—40

W2

Figure 4.10 Bode plot (magnitude) of fourth-order PLL. The solid curve represents
the case where the poles of the second-order filter are real. The dashed curve shows
the case where these poles form a complex pair.



Higher-Order Loops 167

the second filter section are complex, however, there is only one additional break
point at ®,. At this point the slope increases by —40dB/dec.

We now have to provide a procedure for placing the poles and the zero of the
third-order filter. It includes the following steps:

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for msgp. A default value

could be ws4z = 0.05m", where wy” is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5), we compute w7 = w345/1.33. There
is no mathematical restriction on the size of wr here, because time constant T,
can be set such that the open-loop gain becomes 1 at the transition frequency
7.

Step 3. Next the corner frequency w;, is chosen. To get sufficient phase margin,
it is recommended to set

[T Z(J\)T/\/'ﬁ

Step 4. Parameter 1, is chosen such that the open-loop gain is 1 at ® = wr. This
leads to

K.K4

T =—F (4.32)
Nwiv10

Step 5. Time constant 1, is computed from 1, = 1/w..

The parameters of filter section 1 are determined now. Next we must calcu-
late the parameters of the second section. The procedure depends on the type
of poles. When complex poles are desired, it continues with step 6, otherwise
with step 8.

Step 6. (Complex poles) We must choose a suitable value for natural frequency
o, and damping factor {,. For {; it is optimum to set {, = 0.707. Experience shows
that sufficient phase margin is obtained if w, is placed at 5wr; hence we set
W, = 5(,07‘.

Step 7. Given o, and {, we can determine the elements (R, C) of the second
filter section.

Because there are more unknown elements than equations, C, can be chosen
arbitarily. It should be set such that we obtain “reasonable” values for the resis-
tors, 1.e., in the range 1 to 100k<.

The remaining components are computed from
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2C
Cs= 24
2
R, = |——— (4.33)
‘ (D§C4C5
R5 = _134_
2

Step 8. (Real poles) We must choose values for the break frequencies ®; and
o, now; see Fig. 4.10. It is recommended to set w; = wr/10 and o, = 5w, We
now can determine T; = 1/w; and 1, = 1/o,.

Step 9. To determine the elements of section 2, it is most practical to convert
the filter function in Eq. (4.30a) into to filter function given in Eq. (4.30b}; i.e.,
we would compute ®, and {; from given ®; and w,. Comparing coefficients in
Eqgs. (4.30a) and (4.306) yields

(4.34)

Given o, and ,, we now can compute the R and C values using Egs. (4.33).

4.5 Designing Fifth-Order PLLs

4.5.1

When designing a fifth-order PLL, we must select a fourth-order loop filter. As
in case of the fourth-order PLL, we use active filters exclusively. The procedure
1s simular to that applied for the fourth-order PLL.

Active lead-lag loop filter

Fourth-order filters can be realized in many ways. One version of a fourth-order
lead-lag filter is shown in Fig. 4.11. The filter consists of two sections. Section 1
is a second-order lead-lag filter. It has two poles on the real axis in the s plane and
one zero. The poles are located at s = —®, and s = —s; the zero is at s = —,. Section
2 is a second-order low-pass filter. It can be realized with two real poles or with a
complex-conjugate pole pair. When the poles of the second filter section are real,
it is most convenient to write the filter’s transfer function F(s) in the form

1+s(ty +13) 1

F(s)=K (4.35a)

‘ {1+s1,)(1+5s13) ‘ 1+s1)(Q+5T5)
with 7, = R,C,, 1, = R,Cy, 13 = R,Cs, and K, = C,/C,. When the poles of the second
filter section form a complex pair, it is more practical to use a different
notation for F(s), such as
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Figure 4.11 Fourth-order active lead-lag filter.

F(s)=K, (11++S(;zl+ o) : 2 ! 2 (4.33b)
sT {1 +58T5) 14 sCs +s-2
('OS 0‘)8

In the second case ®, is the natural frequency and {, the damping factor of
the second-order frequency response. Because we want to determine break
frequencies (corners) in the asymptotic magnitude plot, it is more convenient
to write Egs. (4.35a) and (4.35b) in standardized form. For the real poles we get

Flo) =K, — 50 . (4.56a)
A+sTHA+8Ts) (L+s14)1+815)
and for the complex poles we have
1+8T; 1
F(s)=K, 2 - (4.36D)
1+sTHA+sTy) 2sl, s
I+——+——
®, O

For the open-loop transfer function G(s) of the fourth-order PLL, we get two
versions, one for real poles and one for complex poles. For real poles, G(s) reads

__KQKC{KG 1+ST2 1

G(s) = : : (4.36¢)
Ns Q4+sT)A+8Ty) (L+s14)L+8T5)
For complex poles, G(s) reads
K.K K, 1+sT 1 ,
G(s) = ————=. L SR 5 (4.36d)
Ns A+sT)A+sTy) 2sC, s .
I4—+—
(VN (O

Let us look at the magnitude plot now, Fig. 4.12. The first filter section has
poles at s = —w; and s = —w; and a zero at s = —w,. It therefore provides the
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Figure 4.12 Bode plot for the fifth-order PLL. The solid curve represents the case
where the poles of the second filter section are real. The dashed curve shows the case
where these poles form a complex pair.

breakpoints of the asymptotic magnitude plot at ®,, w,, and ws. Suppose for the
moment that the poles of the second filter section are real and located at
s = ~wy and s = —wz;. Then that filter section creates the two corners at w, and
ws, as in Fig. 4.12. At @, and at s the slope of the magnitude curve increases
by —20dB/dec. When the poles of the second filter section are complex, however,
there is only one additional breakpoint, at ®,. At this point the slope increases
by -40dB/dec.

We now have to provide a procedure for placing the poles and the zero of the
fourth-order filter. It includes the following steps:

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for w;4p. A default value

could be w34z = 0.05w", where w," is the down-scaled center (radian) frequency
of the PLL.

Step2. Using the approximation in Eq. (4.5) we compute ®r = s qs/ 1.33. There
is no mathematical restriction on the size of wy, because we have an additional
parameter K,, which always can be specified such that the open-loop gain
becomes 1 at the transition frequency wr.
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Step 3. Next the corner frequencies w, and ®; are chosen. To get sufficient
phase margin, it is recommended to set

0, :OJT/«/lo
w3 =w0rV10

Step 4. It is recommended to set ®; = ®,/10; thus the open-loop gain rolls off
with —~40dB/dec over one full decade of frequency. K, must be chosen such that
the open-loop gain just becomes 1 at w;. For K, we get

1ON(1)T

KK,

K, = (4.37)

Step 5. The time constants 7,, 7., and T3 are computed from T, = 1/m,,
Ts = 1/w,, and T3 = 1/ws.

Step 6. To realize section 1 of the filter we must also know the time constants
15, Ty, and 13. They are computed from

Tl = Tl
Ty = T2 - T3 (4:1;8)
Tsg = T3

Step 7. (Optional) Sometimes the designer alters the values 14, 15, T3 and wants
to know what is the effect on the quantities T, 75, Ts. The variables T, Ty, T
are then computed from 1, 1, 15 as follows:

T =1,
TZ = Tz + Tg (439)
Tg = Tg

The parameters of filter section 1 are determined now. Next we must calculate
the parameters of the second section. The procedure depends on the type of
poles. When complex poles are desired, it continues with step 8, otherwise with
step 10.

Step 8. (Complex poles) We must choose a suitable value for natural frequency
o, and damping factor ;. For , it is optimum to set {; = 0.707. Experience shows
that sufficient phase margin is obtained if @, is placed at 5wr; hence we set
W, = 5(1)7*.

Step 9. Given o, and {, we can determine the elements (R, C) of the second
filter section.

Because there are more unknown elements than equations, C, can be chosen
arbitarily. It should be set such that we obtain “reasonable” values for the resis-
tors, i.e., in the range 1 to 100kQ.
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The remaining components are computed from

2C,
5= CQ-
R, = 1/———2—— (4.40)
‘T (DEC4C5 )
R
R5 :?4

Step 10. (Real poles) We must choose values for the break frequencies w, and
w5 now; see Fig. 4.12. It is recommended to set w, = 5w; and w5 = 5»,. We now
can determine 1, = 1/w, and 15 = 1/w;.

Step 11. To determine the elements of section 2, it is most practical to convert
the filter function in Eq. (4.35a) into the filter function given in Eq. (4.35b);
l.e., we would compute ®, and {, from given w, and m;. Comparing coefficients
in Egs. (4.35a) and (4.35b) yields

1
W, =
V1475
(4.41)
C = T4+ Ts
’ 2NTTs

Given o, and {;, we now can compute the R and C values using Egs. (4.40).

4.5.2 Active Pl loop filter

Fourth-order active PI filters can be implemented in many ways. One version
is shown in Fig. 4.13. The filter consists of two sections. Section 1 is a second-
order PI filter. It has two poles, one the real axis in the s plane, and one zero.
The poles are located at s = 0 and s = —ws; the zero is at s = —®,. Section 2 is a

Figure 4,13 Fourth-order active PI loop filter.
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second-order low-pass filter. It can be realized with two real poles or with a
complex-conjugate pole pair. When the poles of the second filter section are real,
1t is most convenient to write the filter’s transfer function F(s) in the form

F(s):l+s(r2+13)- 1

4.42a)
sT;(T+s13) (Q+s14)A+8T5)

with 1, = R,C,, 13 = RyCy, and 13 = R,Cs. When the poles of the second filter

section form a complex pair, it 1s more practical to use a different

notation for F(s)

I+s(to+1 1
F(S‘) = : ((1 L 3)) . 9 Q 2 (442&')
STi\L+8T3 1+ SUs +;9§
W Wy

In the second case w, is the natural frequency and {, the damping factor of

the second-order frequency response. Because we want to determine break

frequencies (corners) in the asymptotic magnitude plot, it is more convenient

to write Eqs. (4.42a) and (4.42b) in standardized form. For the real poles we get
1+ STQ 1

F(s)= . (4.43a)
sTi(1+sTy) (A+st4)A+58T5)

and for the complex poles we have

1+ST2 1

F(s)= —
STI(1+8T3)

4.436
250, (4.436)
___.‘_lf_~

0,

1+

For the open-loop transfer function G(s) of the fourth-order PLL, we get two

versions, one for the real poles and one for the complex poles. For real poles,
G(s) reads

Gs)= Bofla 1Ty . (4.44a)
Ns Sn(1+ST3) (1+ST4)(1+ST54)
For complex poles, G(s) reads
1
G = Bofa  145T: (4.44b)

2
Ns  sTy(1+sTy) 1+28C5 L5

w, o
Let us look at the magnitude plot now, Fig. 4.14. The first filter section has
poles at s = 0 and s = —w; and a zero at s = —w,. It provides the breakpoints of
the asymptotic magnitude plot at w, and w;. Suppose for the moment that the
poles of the second filter section are real and located at s = —w, and s = -;.
Then that filter section creates the two corners at w, and ws, as shown in Fig.
4.14. At 04 and at ws the slope of the magnitude curve increases by —20 dB/dec.
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Figure 4.14 Bode plot (magnitude) of fifth-order PLL. The solid curve represents the
case where the poles of the second filter section are real. The dashed curve shows the
case where these poles form a complex pair.

When the poles of the second filter section are complex, however, there is only
one additional breakpoint at w,. At this point the slope increases by —40dB/dec.

We now have to provide a procedure for placing the poles and the zero of the
third-order filter. It includes the following steps:

Step 1. Normally the designer knows what should be the bandwidth of the
PLL; hence it is reasonable to start by choosing a value for wz 4. A default value

could be ws;4 = 0.05w,", where w,” is the down-scaled center (radian) frequency
of the PLL.

Step 2. Using the approximation in Eq. (4.5) we compute ©; = w345/1.33. There
1s no mathematical restriction on the size of or here, because time constant T,
can be set such that the open-loop gain becomes 1 at the transition frequency y.

Step 3. Next, the corner frequencies w, are chosen. To get sufficient phase
margin, it is recommended to set

[OT) :0.)T/\010
[V ZGJTV].O
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Step 4. Parameter T is chosen such that the open-loop gain is 1 at ® = wy.
This leads to

KK, _
7 - Boka (4.45)
' Neivio ?

Step 5. Time constants T, and T3 are computed from T = 1/w,, T3 = 1/w;.

Step 6. To realize section 1 of the loop filter, we must determine the values 1,,
T, T3. These are computed from T, Ty, T3 by

T, =T
Tg = T2 —Tg (446)
T3 =Ts

Step 7. (Optional) Sometimes the designer changes the values 1, 15, 75 and
wants to know how the values T,, T, T are altered. Then T, Ty, T can be
computed from 1,, 15, T3 from

Tl = Tl
T2 =Ty + T3 ('4:.47)
T3 =13

The parameters of filter section 1 are determined now. Next, we must calcu-
late the parameters of the second section. The procedure depends on the type
of poles. When complex poles are desired, it continues with step 8, otherwise
with step 10.

Step 8. (Complex poles) We must choose a suitable value for natural frequency o,
and damping factor ;. For £, it is optimum to set {, = 0.707. Experience shows that
sufficient phase margin is obtained if o, is placed at 5wr; hence we set o, = Swr.

Step 9. Given o, and {,, we can determine the elements (R, C) of the second
filter section.

Because there are more unknown elements than equations, C, can be chosen
arbitarily. It should be set such that we obtain “reasonable” values for the resis-
tors, i.e., in the range 1 to 100kQ.

The remaining components are computed from

C5 = 2€C2'4
2 .
R, =,——
4 0IC.C. (4.48)
R5 = E‘l‘
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Step 10. (Real poles) We must choose values for the break frequencies w; and
w, now; see Fig. 4.14. It is recommended to set w; = 3®; and w; = 5m,. We now
can determine 1, = 1/0, and 15 = 1/0s.

Step 11. To determine the elements of section 2, it is most practical to convert
the filter function in Eq. (4.43a) into the filter function given in Eq. (4.43b);
i.e., we would compute ®, and {, from given w, and ms. Comparing coefficients
in Egs. (4.43a) and (4.43b) yields

1
W, =
VT4Ts
(4.49)
0 = Ty +Ts
: 2NT4Ts

Given o, and {,, we now can compute the R and C values using Eqgs. (4.48).

4.6 The Key Parameters of Higher-Order PLLs

In Chap. 2 we derived a number of equations for computing parameters such
as lock-in range and pull-out range for second-order PLLs. The question arises
now how these parameters change with higher-order loops. As we have seen the
key parameters depend on quantities such as natural frequency, damping factor,
and gain factors such as K, and K,.

When checking the magnitude plots for third- and higher-order PLLs we note
that there are poles and zeros located at frequencies where the open-loop gain
is greater than 1; as an example that applies to the corner frequencies ®; and
w; in Fig. 4.3 (third-order loop). The additional poles are placed at frequencies
where the open-loop gain is markedly less than 1 (as in the corner at ®; in Fig.
4.3). These higher-frequency poles have therefore little impact onto the tran-
sient behavior of the loop, hence can be discarded for the calculation of lock-in
and lock-out processes. Without these higher-frequency poles the open-loop
transfer function G(s) looks very much the same as the corresponding transfer
function of a second-order loop. Consequently we still can use the formulas
listed in Tables 2.1 to 2.4 to compute key parameters such as lock-in range and
lock-in time.

Although terms such as natural frequency o, and damping factor { are defined
for second-order systems only, it has become customary to use such terms for
higher-order PLLs as well. Doing so, we purposely discard the poles at those
frequencies where the open-loop gain has dropped below 1. Because this is not
fully correct mathematically we should perhaps use the terms pseudo natural
frequency and pseudo damping factor for those quantities.
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4.7 Loop Filters for Phase Detectors with Charge Pump Output

4.7.1 Loop filters for second-order PLLs

In Sec. 2.7 we discussed phase-frequency detectors having a charge pump
(current) output. We recognized that the loop filter cascaded with a charge
pump PFD looks somewhat different from a loop filter that is used for voltage
output PFDs; check the circuit in Fig. 2.40c, for example. In this section we will
consider examples of higher-order loop filters suitable for cascading with charge
pump PFDs. To start, let us review briefly the configuration used in Fig. 2.40c
by the model in Fig. 4.15. This represents a passive first-order loop filter used
in a second-order PLL.

In this block diagram the charge pump PFD has been split into two blocks:

® A conventional (voltage output) PFD

= A voltage-to-current converter

The output signal of the PFD is given by the current i, of course. The signal
ugq 1s fictive only and will be used for the following computations. The voltage
signal u, would be given by

1y = K9, (4.50)

where the phase detector gain K, is computed as usual from Eq. (2.24) or (2.25).

For the output current i, we have

iout = ud/Rb

where R, is the transimpedance of the voltage-to-current converter, as explained
in Sec. 2.7. As noted there, R, is usually set by an external resistor. We row
express the loop filter output signal u, as a function of the (fictive) u, signal,
rather than as a function of the current signal i, and obtain

g 1

PFD § - u

C

L

Figure 4.15 Model for a charge pump output PFD cascaded with a passive first-order

lead-lag filter.
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_Us(s) 1+sRC
Ugi(s) sR,C

If us were computed as a function of iy, however, the filter transfer function
would have the dimension ohm, which is not very practical for numerical com-
putations. By computing u, from the fictive signal u,, the transfer function F(s)
becomes dimensionless. Setting 1, = R,C and 1, = RC, F(s) becomes

F(s) (4.51)

F(s)= 1+s1,

STy

This is identical with the transfer function of the active PI loop filter
[Eq. (2.28)]. In the following we will discuss loop filters of order 2 to 4, which
can be used in combination with charge pump outputs. The model shown in
Fig. 4.15 will be used for all computations.

4.7.2 Loop filters for third-order PLLs

A passive loop filter of order 2 is shown in Fig. 4.16. In a computation similar
to that for the first-order loop filter, the filter transfer function F(s) becomes

F(s) = 1+s1,
sty (1 +s1y)
with

T, =Ry (C1 +C2)

To = RCl (452)
1, =R C\C,
C,+C,

As we have seen in Sec. 4.3, the time constant t; is usally much smaller than
To, typically by a factor of 10; hence C, is much smaller than C,. Under this
condition, the expressions in Eq. (4.52) can be simplified to read

0. —Pp

P¥D

Figure 4.16

Uq U Lout
1 *—P u
: ‘E C,
C, I
b

Passive second-order loop filter to be used with charge pump PFD.
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Ty = RbC'1
TQ = RCl
Ty = RCQ

The loop filter transfer function F(s) is identical with that of the third-order
PLL using the active PI loop filter, Eq. (4.20). The loop filter considered here
can therefore be designed exactly like the second-order active PI filter.

4.7.3 Loop filters for fourth-order PLLs

A third-order passive loop filter is shown in Fig. 4.17. Its transfer function F(s)
is approximately given by

Fs) = 1+s1,
STy{(1+8T3){(1 +514)
with
To > T3> Ty
T, = R,C,
1, = R,C, (4.53a)
1, = R,C,4
T, = R.Cy

The approximation is valid under the assumptions

Ty >> Ty
Ty >> Ty

which are fulfilled in most applications. With this kind of filter, only real poles
of F(s) can be created. If complex poles are desired, the first-order passive loop
filter shown in Fig. 4.15 could be cascaded with an active second-order filter as
shown in the second section of the third-order filter in Fig. 4.9, for example.

Because the filter transfer function is identical with that of the fourth-order
PLL using a third-order active PI filter [Eq. (4.30a)], th:is loop filter can be
designed by using the design procedure given in Sec. 4.4.

Ug

. R2
1011
6.~ PFD |—pf U/ t I :_I_.> up
B C, C,

Gy

L

Figure 417 Third-order passive loop filter to be used with charge pump PFD.
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4.7.4 \Loop filters for fifth-order PLLs

A third-order passive loop filter is shown in Fig. 4.18. Its transfer function F(s)
is approximately given by

F(S) _ 1+STZ
sTi(1+8T5) (A +574)(1+8T5)
with

To > Ty > Ty > Ts

= Rbcl
Tg = R]Cl

4.53b

T3 = 1Cs ( )
Ty = RQCZ
Ty = R4C4

The approximation is valid under the assumptions

Ty >> Ty
Ty >> Ty
Ty >> T

which are fulfilled in most applications. With this kiad of filter, only real poles
of F(s) can be created. If complex poles are desired, the second-order passive
loop filter shown in Fig. 4.16 could be cascaded with an active second-order
filter, as shown in the second section of the third-order filter in Fig. 4.9, for
example.

Because the filter transfer function is identical with that of the fifth-order
PLL using a fourth-order active PI filter [Eq. (4.42a)], this loop filter can be
designed using the design procedure given in Sec. 4.5.

A Jarge number of passive and active loop filters that can be cascaded with
charge pump PFDs are listed in the EasyPLL design program, a Web applica-
tion created by National Semiconductor.*

8. —p

PFD

Uy R4

ur

r_» U I Oufﬁ
'

Cy

F—i—

[ ]

Figure 4.18 Fourth-order passive loop filter to be used with charge pump PFD.
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Chapter

Computer-Aided Design and Simulation

of Mixed-Signal PLLs

Overview

A CD is distributed with this book containing a program developed by the
author that enables the user to design and simulate PLLs of different kinds. It
is very easy to install the program. Just plug it into the CD player and instal-
lation will start automatically. If the install program does not start up, start
Windows Explorer, click on the D:\ drive (it is assumed that the CD uses drive
D) and double click on the SETUPEXE file in the right pane of Windows
Explorer. During installation follow the instructions on screen.

The program can be started now. On start-up it displays a PLL block diagram
which defines the symbols used throughout this applicatior.. In the toolbar (on
top of the screen) there are a number of speedbuttons that look like this:

con

Fie

oS
AAGNR

S

bl ot e

These buttons are used to call a number of options. Clicking the CONFIGG
button opens a configuration dialog (Fig. 5.1). This dialog hox will be used to
specify which category of PLL will be designed (LPLL, DPLL, or ADPLL). More-
over the user will have to tell the program which types of phase detectors, loop
filters, etc., will be used in a particular configuration. Hitting the DESIGN
speed button starts another dialog, the filter design dialog box (Fig. 5.2). Here
the user will have to enter key parameters such as 3-dB bendwidth (f3g5) and
the like. This dialog box is used to compute the parameters of the loop filter
(e.g., time constants 1, 1,). With the SIM (simulation) speedbutton the user
enters simulation mode (Fig. 5.5). Here the response of the loop to phase and
frequency steps applied to the reference input can be simulated. The dialog box
also allows you to add noise to the reference signal. By the OPT (options) speed-
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button, you start an options dialog where you can shape the appearance of the
graphical output frames and printouts individually. The user can, for example,
choose colors for curves, background, grid, axis tick labels, etc., and fonts, font
size, font style (italic, bold), etc. The speedbutton with the interrogation mark
starts a HELP file, which provides plenty of information on this program and
in addition an overview on PLL fundamentals and much more. The last speed-
button (EXIT) closes the program.

To see what the program can do, it is recommended that vou start the
program and perform a quick tour.

5.2 Quick Tour

Start the program. This will bring up the block diagram of the PLL. On top of
the screen there is a toolbar with six speedbuttons labeled CONFIG, DESIGN,
etc. Hit the CONFIG button to start system configuration.

5.2.1 Configuring the PLL system

The dialog box for the CONFIG dialog is shown in Fig. 5.1. On it there are three
radiobuttons, labeled LPLL, DPLL, and ADPLL. (See next page, top.) Click one
of these radiobuttons to select either an LPLL (linear PLL), a DPL/ (digital

PLL Configuiation

o
PLL Category |
i
& |
;
PLL Order SmmT : :
i : 2 : Co3o e [y,  F 9 R o
Center frequency.
n : hoooos g
: "';l‘i,Type : ’ o _ : LFType = o
e sy O Pawell |
o e ’ : ey Coagelt
| P Gl s L R
{IDE P s : i o il
s Sats i X} . USate
o USat. . i o1
: Supply Voltages. .
e f i O] e

Figure 5.1 Dialog box for PLL configuration.
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PLL), or an ADPLL (all-digital PLL). As you see, the program starts with a
default configuration when it runs the first time. When you close the program,
all settings will be saved to a file (PARAMS.TXT). When the program is started
again, it loads the last valid configuration from that file.

Below these three radiobuttons, there are another five radiobuttons specify-
ing the order of the PLL system under test.

The order number is identical with the number of poles of the system under
test. PLL theory says that the order of the PLL is given by the order of the loop
filter + 1. Hence, a first-order PLL doesn’t use a loop filter at all. A second-order
PLL uses a first-order loop filter, etc. For details, click the Help button in the
CONFIG dialog box.

Below the five radiobuttons there is an edit control specifying the center
frequency f0 of the PLL.

~ Center frequenc

e

Having selected the center frequency, proceed with entering the parameters
of the PLL’s building blocks. If you checked the DPLL radiobutton, for example,
you would now tell the program which type of phase detector to use:
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To do so, click the appropriate radiobutton in the groupbox labeled PD Type.
For a DPLL system you can specify one of three phase detector types: the EXOR
gate, the JK-flipflop, or the phase-frequency detector (PFD). Below the three
corresponding radiobuttons there are two edit controls where you can enter the
saturation limits of the phase detector circuit under test. Assuming that the
PLL is powered from a unipolar 5-V supply, the output of the phase detector
cannot reach up to the supply rails for most detector circuits, but stays clamped
at same limiting voltage. In the example shown, the upper limit is 4.5V, the
lower limit 0.5V,

To complete the CONFIG specification, enter appropriate values into the
other controls of the CONFIG dialog box. The last narameters to enter would
be the supply voltages, which are defaulted here by 5.0 and 0.0V, regpectively
(see Fig. 5.1). To close the box, hit the Done button.

Note: The CONFIG dialog box is a modal one; i.e., you can exit only by click-
ing the Done button. This makes sure that only valid parameters can be entered
into the edit controls: when the Done button is hit, a function is started that
checks every entry for validity. First, numbers are tested for correct format. If
a user erroneously entered, for instance, “1.b” instead of “1.6,” this is an illegal
floating format and is therefore rejected. Second, the ranges of all entries are
checked. For example, the positive saturation hmlt for the phase detector
cannot be greater than the positive supply voltage, etc.

5.2.2 Designing the loop filter

Having closed the CONFIG dialog box, we now start the DESIGN dialog. Hit
the DESIGN speedbutton. This displays the DESIGN dialog box as shown in
Fig. 5.2. On top there is a groupbox labeled Configuration showing the setup
that has been performed in the CONFIG dialog. Below there are another two
groupboxes. The upper is named Frequency params. the lower Filter params.
(See next page, top.)

When the DESIGN dialog box starts, the filter params (here 71 and 72) are
taken from the values that have previously been entered, or from the default
values when the program runs the first time. Moreover, the program computes
the frequency params (here f3db, phase margin, and damp factor) on the basis
of the given filter params 71 and 72. f3db is the 3-dB corner frequency of the
closed-loop gain of the PLL (i.e., the frequency where the gain is 3dB below the
dc gain). For details, see the Help file in the DESIGN dialog box.

You now can modify the filter in two ways:

® Enter an appropriate f3db value into the frequency params box, e.g., 5000
Hz, then hit the Calc filter params button. The program then calculates the
values for 71 and 72 required to reach that goal. In addition it also computes
the values for damping factor and phase margin (see Fig. 5.2).

® Alternatively you can set the filter params (r1 and 72) directly. Having
entered these values, hit the Calc frequency params button. The program
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Figure 5.2 Dialog box for loop filter design.
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then calculates the resulting values for f3db, phase margin, and damp factor.
If you don’t like that result, modify the filter params (71 and 72 in this
example) until the design is acceptable.

5.2.3 Analyzing stability of the loop

To analyze stability of the loop, hit the button labeled Plot Bode, which is
located at the bottom of the DESIGN dialog box, Fig. 5.2. This brings up Bode
plots for both open-loop and closed-loop phase transfer functions, Fig. 5.3.

This is an example of a fourth-order loop. On screen the curves are displayed
in colors. The red curve is the open-loop gain, and the green curve the closed-
loop gain. In this text, however, the curves are printed in gray scale. To avoid
confusion of open-loop with closed-loop, remember that the closed-loop magni-
tude curve starts with about 0dB. In the lower half the phases are plotted.
Because the system has 4 poles and 1 zero, the phase approaches —-270° at high
frequencies. Here the closed-loop phase curve starts with about 0°.

The transit frequency fr is obtained from the crossover of the open-loop mag-
nitude curve with the 0-dB line. fr is approximately 5000 Hz. At that frequency
the phase (open-loop) is approximately —135°; hence we have a phase margin of
roughly 45°. To the right of the curves, three edit windows are displayed. They
are labeled fmin, fmax, and Pts/Dec. (See next page, top.) fmin is the low end
of the frequency scale; fmax is the high end. The Bocle plot is always formatted
such that the low and high ends of the frequency scale are integer powers of
10. Thus if you enter finin = 4567 Hz, for example, this is rounded downward

" Bode ot i E3
0
v de (db) %»Mm e i b A e &Y e e DT e fiu
BOIRed: open ISEpH=ITT IR O FRNSRI : A SRR B T A O ) Mmoo Hri
4p}Green closed loop . . ; - e i ] Shaarin 0
JRUATE NEEE ,,‘,,‘_,4,:‘:‘,\\\1:" i } TN SN I SN ES I
= T T e T S Wy - Tl tmas TE50000
49 : NG
B0 .
B N
o0, S SR
0 S — -
Rhase [deq) B
i
a L :
i ]
C
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Figure 5.3 Bode plot for open-loop and closed-loop gain of the PLL.
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to 1000, and if you specify fmax = 300kHz, this is rounded upward to 1MHz.
Pts/Dec indicates how many points of the Bode curves are computed per decade
of frequency. Default is 50 points per decade.

fmin imr_m

{(Hz)
fmax h 0nogoo

(Hz)

Pts/Dec 50

Below the three edit controls there are four pushbuttons in the Bode diagram
dialog box:

Help

Rediaw

ot Print
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If you have entered different values for fmin, fmax, or Pts/Dec, hit the Redraw
button to recalculate and replot the new Bode diagram. You can print the Bode
plots by hitting the Print button. Hitting the Done button closes the Bode
diagram dialog box.

5.2.4 Getting the loop filter schematic

On bottom of the DESIGN dialog box there is a push button labeled Schematic.
Hitting that button opens the Schematic dialog box. The schematic of the loop
filter is shown on the left side in Fig. 5.4. This schematic shows a third-order
active lead-lag filter.

To the right of the schematic, there are some edit windows and some “static
text” windows, which are initially blanked:
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- Schematic

. Third-order active lead-lag filter e e '

Help i ’ Print Ji'yimalwlﬂ: B “i pone

Figure 5.4 Schematic of the loop filter with component values.

In this example, the user can select appropriate values for capacitors C, and
Cs. There are two items to enter: a value and the unit (F, mF, uF, nF, pF). Hitting
the Calculate button (Fig. 5.4) starts the computation of all other elements (R
and C). These values are rounded to the closest value in the standard R24 series.
(Note: the R24 series defines 24 standard values within one decade, so for resis-

tors there are standard values of 1, 1.1, 1.2, 1.3, 1.5, 1.6, 1.8, 2.0, 2.2, .. ., 8.2,
9.1Q, etc.)

After the Calculate button is clicked the display will look something like
this:
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The values of C, and C; should be set such that the resulting resistor values
have “reasonable values,” i.e., in the range of 1 to 100kQ. In the example above,
the user may wish to get larger values for R, and R; and would probably enter
a lower C, (e.g., 1 nF). The schematic, including element values, can be printed
out by using the Prirnt button (Fig. 5.4).

5.2.5 Running simulations

We are still navigating through the DESIGN dialog box. Having completed our
design, we can proceed to simulations. To do so, close the design dialog by
hitting the Dore button. Clicking the SIM speedbutton enters the simulation
dialog box, shown in Fig. 5.5.
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Figure 5.5 Simulation of frequency step applied to the reference input.
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Here a number of simulation parameters can be entered. First determine
whether a frequency step or a phase step should be applied to the input of the
PLL. Check the appropriate radiobutton. In edit control f0, the center frequency
of the PLL under test must be entered (100,000Hz in the example). Next, df
denotes the frequency step applied to the PLL (2000Hz in the example). The
next window specifies the phase step dphi (if used). nSamp specifies the number
of samples to be calculated within one cycle of the PLL simulation; this will be
discussed later in this section. T is the duration of the simulation, 1.66ms in
the example. Last, a zoom factor (ZoomFact) can be specified to zoom the results
of the simulation. When ZoomFact = 10, for example, the time axis is zoomed
by a factor of 10. You can browse through the results by moving the thumb of
a scrollbar (as in Fig. 5.13).

When the checkbox Add noise is checked, noise is added to the input signal
of the PLL under test. This will be explained at the end of this section. To start
the simulation, hit the Run button. The result of that simulation is shown in
Fig. 5.6. This is the response of the PLL to a frequercy step df = 2kHz applied
to the reference input. The signals u, and u, are displayed versus time. On the
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Figure 5.6 Response of the second-order PLL to a frequency step, df = 2kHz.
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screen the curves are in color; in the book they are printed in gray scale. To
indicate which curve represents u,; and which uy, the u, signal is plotted with a
larger line width. This convention will be used in the following simulations.
The quick tour ends now. To see what happens when you specify different
types of phase detectors, loop filters, etc., go back to the CONFIG and/or
DESIGN dialog boxes, make modifications, and return to SIM again.

5.2.6 Getting help

The help text in this program is context sensitive. When the speedbutton with
the interrogation mark in the toolbar is clicked, the content page of the help
file is displayed. Help can be called from a number of different locations. For
example, if the Help button in the Bode window is clicked (Fig. 5.3), the corre-
sponding help item is immediately shown.

5.2.7 Shaping the appearance of graphic objects

The user can select a number of options for displaying and printing results of
simulations. When the speedbutton labeled OPT is clicked, an options window
is displayed, Fig. 5.7. At top left there is a list box containing six items. In the
example, AxisTickLabels is highlighted. For these tick labels the user can select

| AxisTicklabels

Curvel

Curve2 !

FrameB ack ground

AGnd : SelectColor

PrinterFont

1in this dialog you car set optiors for plotting and printing simulatior results. g G B
1 Select AmsTickLabels to set font and color of the lick labels. : SelectFont:
4" Select Curvel to set the colof of curve 1 St S

1% Select Curve? to set the color of curve 2

A" Select FrameB ackground to sel the backarourd color.
b Select Giid to set the color of the qiid

i1 Select PrinterFont to set the font of the * printed protocol

ok

Cancel

Figure 5.7 Options window.
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the color and the font (with all its attributes such as font size, font style, etc.).
Option Curvel refers to the display of uy versus time. Here the operator can
select line color, line width, etc. All selected parameters are stored in the con-
figuration file when you exit the program. They remain valid when the program
is started next.

5.3 Case Study: Design and Simulation of a Second-Order Pi.L

To see what the program is able to do, we perform a full-fledged PLL design
and evaluate its key parameters (lock-in time, lock-out range, etc.) by simula-
tion. Let us start the program and click the CONFIG button (Fig. 5.1). In the
CONFIG dialog box, enter the following parameters:

PLL Category DPLL
PLL Order 2
Center frequency f0 100,000 (Hz)
PD Type EXOR
Usat+ 4.5 (V)
Usat— 0.5 (V)
LF Type: Passive LL
Oscillator Type: VCO (N=1)
Usat+ 4.5 (V)
Usat- 0.5 (V)
Supply Voltages
U+ 5.0 (V)
U- 0

Click the Done button to close the CONFIG dialog and hit the DESIGN speed-
button. We are now in the DESIGN dialog box, Fig. 5.2. Let us assume that we
want to have a 3-dB bandwidth of 5000Hz. Thus we enter 5000 in the f3db edit
window and hit the Calc filter params button. The program computes the filter
parameters 71 and 72 required to achieve this goal. We get 1, = 707us and 1, =
126 us. At the same time, the resulting damping facter is computed; we get { =
0.932. Now we may prefer a lower damping factor; e.g., { = 0.7. This can be
achieved by entering a smaller 1, value; with 1, changed to 90 us the damping
factor becomes 0.692. This is OK, but we realize that the 3-dB bandwidth has
also decreased; i.e., it is 4415Hz now. To get the planned value of 5000Hz,
we can make 1, smaller, too. After reducing 1; to 560us we finally get fapp =
4977Hz and { = 0.755, which is almost perfect. We can exit the DESIGN dialog
now. If you like, have a look on the Plot Bode or on the Schematic. You also
may let the program calculate the R and C values in the schematic, and you
may print out your filter design.

Knowing all the parameters of the second-order loop. we first compute the rel-
evant key parameters, just to see how the parameters obtained from the simula-
tions agree with the predicted ones. Using Table 2.2, we get the following results:
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Detector gain K, (from Eq. 2.19) 1.27 V/rad

Natural (radian) frequency o, 15,697 57!
Damping factor 0.754
Lock-in range Aw, 37,163 s
Aft 5917 Hz
Lock-in time 77, 400 ps
Pull-in range Awp 98,148 57
Afp 15,628 Hz
Pull-out range Awpq 54214 5!
fro 8632 Hz

We start simulations by clicking the SIM speed button (Fig. 5.5). Knowing
that the lock-out range is in the order of 8.6 kHz, we suppose that nothing dra-
matic happens when we apply frequency steps smaller than about 8kHz. Let
us start with a step df = 2kHz. The result looks like the transient response of
a linear second-order system, Fig. 5.8. Again the thicker curve represents u,,
the thinner u; After increasing the frequency step df tc 8.8kHz and starting
another simulation, we see a dip in the u; waveform, Fig. 5.9. This represents
the situation where the pendulum in the mechanical analogy (Fig. 2.27) made
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Figure 5.8 Response to frequency step df = 2kHz.
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a peak deflection greater than 90° but less than 180°. Because the gain of the
phase detector becomes smaller for phase errors greater than 90°, the output
signal u, of the phase detector decreases but remains positive. Increasing the
frequency step to 8.9kHz causes the pendulum to tip over now, Fig. 5.10.

The computed value for Afpg was 8632 Hz, which is quite close to the result
of the simulation (8900 Hz). In this simulation the PiLL temporarily locked out
(the pendulum performed exactly one rotation), but became locked again after
a short time. When the frequency step is made even larger (but less than the
pull-in range), for example, df = 14kHz, the pendulum tips over for a number
of revolutions, Fig. 5.11.

The pendulum performed about 11 revolutions before coming to rest. The
pumping of the i, signal is very characteristic, as seen from the thinner curve.
After a number of trials we find that the loop no longer pulls in when the fre-
quency step is increased to df = 17kHz. The computed value was 15.6kHz; i.e.,
the prediction error is about 9 percent.

We did not speak about lock-in range and lock-in time hitherto. It is not easy
to measure or simulate the lock-in range. To get the lock-in range we first must
force the PLL to unlock by making the difference Af between (scaled-down)
center frequency f,” and reference frequency f; larger than the pull-in range.
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Figure 5.10 Response to step df = 8.9kHz (lock-out).

Then we would suddenly reduce the frequency offset Af to a value between pull-
in range and lock-in range. The loop now reacquires lock. When Af is larger
than the lock-in range, the acquisition process is a slow pull-in process: the pen-
dulum performs a number of revolutions. When Af becomes less than the pull-
in range, however, the acquisition process is a fast lock-in process: the pendulum
makes one revolution at most. With this program, it is not possible to simulate
this process. The best we can do is a very crude estimation of lock-in range.
Look again at the transient response on the 14-kHz step, Fig. 5.11. This fre-
quency step was slightly less than the pull-in range but larger than the pull-
out range. Consequently the loop locked out initially. It pulled in with a slow
transient (observe the pumping from 0 to 1.3ms). At the end of this process (¢
=~ 1.3 ms) the filter output signal u,reached a value of about 2.9V. Beginning at
t = 1.3ms the loop locked rapidly, i.e., performed a lock-in process. During that
interval of time (about 1.3 to 1.8ms), u, was pulled from 2.9 to 3.2V. A varia-
tion in u, of 1V corresponds to a frequency variation of Ko/2n =~ 20kHz. The
variation of 0.3V corresponds to a frequency variation of about 6 kHz. This can
be used as a prediction of the lock-in range. The computed value was 5917 Hz.

It must be stated, however, that this method is rather crude and cannot yield
precise results. The lock-in time T'; can be estimated quite easily from this kind
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Figure 5.11 Response to step df = 14kHz.

of simulation. Theory says that T, corresponds to roughly one period of the
transient response (for { < 1). Because the transient response is a damped oscil-
lation whose frequency is the natural frequency, 7', can be estimated from
the settling time of the PLL in the case when the frequency step df is less than
the pull-out range. From the response of the PLL for df = 2kHz, we see that
the loop settles in about 400us, which agrees well with the predicted lock-in
time.

You probably became aware that the curves obtained from the simulations
look “nicer” than those you would get when measuring transients of a real PLL
system with an oscilloscope. Because the designer of & PLL is mainly interested
in the average u,; and u, signals, the higher-frequency components are
discarded in most cases. The simulation program also discards those ac com-
ponents: under normal operation it filters out the higher-frequency terms.
Checking again the SIM dialog box (Fig. 5.5) we recognize a button labeled
nSamp, whose default value is 4. nSamp denotes number of samples computed
in one reference period. This means that the program computes four values for
uy and uf in each reference period. The value 4 is dictated by Nyquist’s sam-
pling theorem. Assuming that the frequency of the reference signal is f; and the
multiplier type phase detector is used, the output signal of that phase detector
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contains an ac component at 2f;. To satisfy the sampling theorem we must
sample that signal at 4f; at least.

When the checkbox labeled Filter (Fig. 5.5) is checked (which is the default)
and nSamp = 4, the program computes the average of the four values u, and u;,
in every reference period. Doing so, it suppresses the ac signals. There are cases,
however, where the user wants to see how the waveforms look in reality. This
is done by unchecking the Filter checkbox. When only four samples are com-
puted in each reference period, however, this gives a very crude approximation
of the real waveform. To get better signals we would increase the number of
samples, setting nSamp in the range 4 to 64. We repeat the simulation with df
= 14kHz with nSamp = 32 and get the result shown in Fig. 5.12.

That looks pretty bad indeed! The curves are smeared over the full window.
To see what really happens we will zoom the display. With a zoom factor of 16,
the time scale is expanded by a factor of 16. Below the frame window, there is
a scrollbar that allows you to scroll through the time window. Now we clearly
see what the waveforms really are, Fig. 5.13.

The simulation program also allows you to add noise to the reference signal.
To do so check the Add noise checkbox, as shown in Fig. 5.14. This opens two
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Figure 5.13 Response to df = 14kHz, no filtering, nSamp = 32, zoom

factor = 16.

additional edit controls labeled SNR (dB) and NoiseBW (rel). SNR (dB) is the
signal-to noise ratio at the reference input, and NoiseBW (rel) is the (one-sided)
noise bandwidth related to the (scaled-down) cenfer frequency fy'. In the
example shown, SNR is chosen as 20dB. NoiseBW (rel) is set at 0.5. Because
the scaled-down center frequency is 100kHz, the one-sided noise bandwidth is
50kHz now, which means that there is broadband noise whose power density
spectrum reaches from 50 to 150kHz. The Help file contains a lot of additional
information on noise. For the parameters entered in this window, the result of
the simulation is shown in Fig. 5.15.

The curves have become jittery now, but it is clearly seen that the PLL
perfectly locks nevertheless. The noise on the u,; waveform is much larger than
the noise on the filtered signal u;, because the filter bandwidth is much less
than the bandwidth of the noise spectrum.
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5.4 Suggestions for Other Case Studies

Now that you are familiar with the simulation program, try to simulate other
kinds of PLLs. Here are some suggestions:

Case study 1: Influence of loop filter type. Use the active lead-lag instead of the
passive, specify a de gain K, greater than 1, and see how the key parameters
such as pull-out range and pull-in range are influenced. Use the active PI fiiter
then. What is the major difference compared with other filter types? What
happens to the pull-in range?
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5

Case study 2: Phase step. Apply a phase step to the reference input. Vary the
size of the phase step.

Case study 3: VCO with divide-by-N counter. Simulate a PLL whose output fre-
quency is N times larger than the reference frequency. Check how the damping
factor { depends on the scaling factor N.

Case study 4: Pull-in processes. Using different types of loop filters, measure
the pull-in time of the PLL under various conditions (different values for , K,
K,, K,, different size of frequency step Af;). Compare the results of the simula-
tion with the values predicted by theory; use the formulas in Tables 2.1 to 2.4
to compute pull-in time T». Where can you find the largest deviations between
theory and practice?

Displaying Waveforms of Tristate Signals

As we know, the output signal of the PFD is a tristate signal. It can be either
high or low, or it can be in the high-impedance state (high Z). Logical high and
low levels can easily be displayed, but what about the high-Z state? In the sim-
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ulation program, the high-Z state is represented by a signal level that is the
mean of positive and negative supply voltages. When a circuit is powered fram
a unipolar 5-V supply, for example, the high-Z state is represented by 2.5V.
Figure 5.16 shows an example. The time axis is zoomed by a factor 16 here. The
signal ug is in the high-Z state most of the time. At the left, of the time scale, it
temporarily switches to the high state; at the right it switches to the low state.
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All-Digital PLLs (ADPL.Ls)

6.1 ADPLL Components

As we have seen in Chap. 2, the classical “digital PLL’ (DPLL) is a semianalog
circuit. Because it always needs a couple of external components, its key param-
eters will vary because of parts spread. Even worse, the center frequency of a
DPLL is influenced by parasitic capacitors on the DPLL chip. Its variaticns can
be so large that trimming can become necessary in critical applications. Many
parameters are also subject to temperature drift and aging.

The all-digital PLL does away with these analog-circuitry headaches. In con-
trast to the older DPLL, it is an entirely digital system. Let us note first that the
term digital is used here for a number of different things. First of all, digital means
that the system consists exclusively of logical devices. But digital also signifies that
the signals within the system are digital, too. Hence a signal within an ADPLL
can be a binary signal (or “bit” signal), as was the case with the classical DPLL,
but it can as well be a “word” signal, i.e., a digital code word coming from a dats
register, from the parallel outputs of a counter, and the like. When discussing
the various types of ADPLL, we find the whole palette of such digital signals.

To realize an ADPLL, all function blocks of the system must be implemented
by purely digital circuits. Digital versions of the phase detector are already
known, but we now have to find digital circuits for the loop filter and for the
VCO, too. As we will see in Sec. 6.1.3, the digital counterpart of the VCO is the
digital-controlled oscillator (DCQ). There are an almost unlimited number of
purely digital function blocks for the ADPLL; to save space, we concentrate on
the most frequently used.

6.1.1 All-digital phase detectors

The three most important digital phase detectors have already been discussed
in Sec. 2.3.1. When digital word signals instead of bit signals are used, a number
of additional phase-detector circuits become available.

205
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A logical evolution of the simple JK-flipflop PD is the FF-counter phase detec-
tor illustrated in Fig. 6.1a. The corresponding waveforms are shown in Fig. 6.15.
The reference (input) signal u; and the output (or scaled-down output) signal
u, of the DCO (or VCO) are binary-valued signals. They are used to set or reset
an edge-triggered RS flipflop. The time period in which the @ output of the
flipflop is a logic 1 is proportional to the phase error 8,. The @ signal is used to
gate the high-frequency clock signal into the (upward) counter. Note that the
counter is reset on every positive edge of the u, signal.

The content N of the counter is also proportional to the phase error 6,, where
N is the n-bit output of this type of phase detector. The frequency of the

N = content~6,

u; S Q ——————%Enable
Flipflop Counter

Up R Clock Reset
High frequency Clock
(a)
u
R )t
u, _—" .
Q e
~8,
N
content )t

) 4

Figure 6.1 Flipflop-counter PD. (a) Block diagram. (b) Corresponding waveforms.
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high-frequency clock is usually Mf,, where f; is the frequency of the reference
signal and M is a large positive integer.

Another all-digital phase-detector circuit has become known by the name
Nyquist-rate phase detector (NRPD).® The name stems from the well-known
Nyquist theorem, which states that a continuous signal can be reconstructed
from a sampled version only if the sampling rate is at least twice the highest-
frequency component of the signal. The block diagram of the NRPD is shown
in Fig. 6.2a, and the corresponding waveforms are seen in Fig. 6.2b.

o (analog) ADC uy (digital)
| ) E——
sampled

Digital :1) g
multiplier €
Clock

P —

(a)

4
LA AN,

v

ose LLLLLLLLLL LD,

b}
Figure 6.2 Nyquist-rate PD. (@) Block diagram. (b) Corresponding waveforms.
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The input signal is supposed to be an analog signal. It is periodically samplec
and digitized at the clock rate. In the example shown, the clock rate chosen is
16 times the signal frequency, which is 8 times more than required by the sam-
pling theorem. The signal u, is an N-bit digital word, generated by a DCO. (Refer
also to Sec. 6.1.3.) Furthermore, the signal u, has been drawn as a sine wave
in Fig. 6.2b; another waveform (such as a square wave) could be used as well.
The digitized signal u, and the signal u, are multiplied together by a digital
multiplier. Thus the NRPD operates similarly to the multiplier PD (type 1), as
discussed in Sec. 2.3.1. This multiplier can be a hardware device, or the multi-
plication can be done by software, for example, in a microcontroller. The result-
ing phase error signal 8, is also shown in Fig. 6.2b. Its average value will have
to be filtered out by a succeeding digital loop filter, as will be demonstrated in
Sec. 6.1.2. :

Still another method of measuring the phase error is the zero-crossing tech-
nique.® The simplest zero-crossing phase detector is illustrated in Fig. 6.3a; its
waveforms are shown in Fig. 6.3b. The reference signal u, is supposed to be
analog; u, is a binary signal. The positive transitions of u, are used to clock the
analog-to-digital converter (ADC), so u; is sampled once during every reference
period. The digital output signal of the ADC is then proportional to the phase
error. Usually this signal is held in a buffer register until the next conversion
is completed; thus the phase-error signal 9, is a quasi-continuous signal, as
shown by the dashed line in Fig. 6.35.

Figure 6.4 shows another variant of digital PD, the so-called Hilbert-
transform PD. The key element of this PD is a Hilbert transformer. This is a
special digital filter that shifts the phase of a sinusoidal input signal by exactly
—90° irrespective of its frequency.’®* Moreover, the gain of the Hilbert trans-
former is 1 at all frequencies. In the block diagram of Fig. 6.4a, the Hilbert
transformer is shown in the top left corner and is marked by the symbol —n/2.
Assuming the input of the device is a digital word signal of the form

u; (t) = cos(wet +96,) (6.1)

the output signal of the Hilbert transformer is given by

() = cos(coot +0, - —;E) = sin(wet +6,) (6.2)

The Hilbert-transform PD extracts the phase error 6, by trigonometric
computations, which are shown in the following. The DCO used in this type of
phase detector is supposed to generate two output signals, an in-phase signal
I = cos(®yt) and a quadrature signal @ = sin(wgt).

By the trigonometric operations

cos9, = Iy, + Qi 6.3)
sin®, = I, — Qu, '
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Figure 6.3 Zero-crossing PD sampling the phase error at the positive transitions of
the reference signal. (a) Block diagram (PED = positive-edge detector). (b) Corre-
sponding waveforms.

the sine and cosine of the phase error 6, are computed. Dividing the sine by the
cosine term yields the tangent of phase error; by using & digital algorithm for
the inverse tangent (tan™), the phase error is obtained. The double lines in Fig.
6.4a signify that all signals within this device are digital word signals. The
signals of the Hilbert-transform PD are shown in Fig. 6.46. As in the NRPD,
all mathematical computations are performed under the control of a clock signal
whose frequency is usually M times the signal frequency i = ©y/2rn. The variety
of mathematical operations required by the Hilbert transform strongly suggests
implementation of this method by software.
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Figure 6.4 Hilbert-transform PD. (a) Block diagram. (8) Corresponding waveforms,

A similar but simpler way to calculate the phase error is given by the digital-
averaging phase detector (Fig. 6.5). As in the method discussed previously, the
DCO is also required to generate in-phase and quadrature signals I and @,
respectively. These are again multiplied by the digital reference signal u-(¢), but
the signals cos0, and sin6, are obtained by simply averaging (or integrating)
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Figure 6.5 Digital-averaging PD.

the output signals of the multipliers over an appropriate period of time.* Nate
that this arrangement already includes a filtering function, defined by the
impulse transfer function of the averaging filter used.’® This method, too, lends
itself particularly to implementation by software.

6.1.2 All-digital loop filters

As seen in the preceding section, different all-digital PDs generate different
types of output signals. The PDs discussed at the end of Sec. 6.1.1 produce
N-bit digital output signals, whereas simpler types, such as the EXOR or the
phase/frequency detector deliver one or two binary-valued output signals (or a
tristate signal). It becomes evident that not every all-digital loop filter is coni-
patible with all types of all-digital PDs. We have to consider which types of loop
filters can be matched to the various PDs discussed previously.

Probably the simplest loop filter is built from an ordinary up/down counter
(Fig. 6.6a). The up/down counter loop filter preferably operates in combination
with a phase detector delivering UP or DN (DOWN) pulses, such as the PFI.
It is easily adapted, however, to operate in conjunction with the EXOR or JK-
flipflop phase detectors and others. As shown in Fig. 6.6a, a pulse-forming
network is first needed to convert the incoming UP and DN pulses into a count-
ing clock and a direction (UP/DN) signal (as explained by the waveforms in Fig.
6.65).

On each UP pulse generated by the phase detector, the content N of the
up/down counter is incremented by 1. A DN pulse will decrement N in the same
manner. The content N is given by the n-bit parallel output signal u, of the loop
filter. Because the content N is the weighted sum of the UP and DN pulses (the
UP pulses have an assigned weight of +1, the DN pulses, —1) this filter can
roughly be considered an integrator having the transfer function

H(s) L (6.4)

sT;
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Figure 6.6 Up/down counter loop filter. (a) Block diagram. (b) Corresponding

waveforms.

where T, is the integrator time constant. This is, however, a very crude approxi-
mation, since the UP and DN pulses do not carry any information {in this
application at least) about the actual size of the phase error; they only tell
whether the phase of «, is leading or lagging u,.

One of the most important digital loop filters is the K counter (Fig. 6.7). This
loop filter always works together with the EXOR or the JK-flipflop phase detec-
tor. As Fig. 6.7a shows, the K counter consists of two independent counters,
which are usually referred to as “up counter” and “down counter.” In reality,
however, both counters are always counting upward. K is the modulus of both
counters; i.e., the contents of both counters are in a range from 0 to K - 1. K
can be controlled by the K modulus control input and is always an integer power
of 2. The frequency of the clock signal (K clock) is by definition M times the
center frequency f; of the ADPLL, where M is typically 8, 16, 32, . ... The oper-
ation of the K counter is controlled by the DN/UP signal. If this signal is high,
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Figure 6.7 K counter loop filter. (a) Block diagram. (b) Corresponding waveforms.
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the DN counter is active, while the contents of the UP counter stays frozen. In
the opposite case, the UP counter counts up but the DN counter stays frozen.

Both counters recycle to 0 when the contents exceed K — 1. The most signif-
icant bit of the UP counter is used as a carry output, and the most significant
bit of the DN counter is used as a borrow output. Consequently, the carry is
high when the contents of the UP counter are equal to or more than K/2. In
analogy, the borrow output gets high when the contents of the DN counter are
equal to or more than K/2. As will be shown in Sec. 6.3, the positive-going edges
of the carry and borrow signals are used to control the frequency of a digitally
controlled oscillator.

Figure 6.7b shows the signals of the K counter. The DN/ UP input is controlled
by the output of a phase detector. In this example, it was assumed that a JK-
flipflop is used and that the ADPLL operates on its center frequency As
explained by Fig. 2.9, input signal u, and output signal w,” of the PLL are in
antiphase then, and the output signal u, of the phase detector is a square wave
having exactly 50 percent duty cycle. Hence the DN/UP signal is high in one
half-cycle of the u, signal and low in the other. The frequency of the K clock is
assumed to be 16 times the center frequency (M = 16). The counter modulus K
has been arbitrarily set to 8. Looking at the waveforms in Fig. 6.7, we see that
the UP counter counts on the first 8 K clock pulses, and the DN counter counts
on the next 8 pulses. Under these conditions, the UP counter generates exactly
one carry pulse within each cycle of the u; signal, and the DN counter gener-
ates exactly one borrow pulse in the same interval. As will be seen later, the
carry and borrow pulses then cancel. We assume now that there exists a phase
error in the loop; thus the duty cycle of the DN/UP signal becomes asymmet-
ric. When this signal is low during a longer fraction of one u, cycle than it is
high, the UP counter gets more clock pulses on average than the DN counter.
The average number of carries then becomes larger than the average number
of borrows per unit of time. When the DN/UP signal is permanently low, the
UP counter is active all the time. When the DN UP signal is permanently high,
however, the DN counter is working continually. The K counter is part of the
popular type 74xx297 ADPLL, which will be treated in Sec. 6.3.

Another digital loop filter is the so-called N-before-M counter (Fig. 6.&). The
performance of this filter is very nonlinear. In Fig. 6.8 it is suggested that the
N-before-M filter operates in conjunction with a phase detector generating UP
and DN pulses, as was the case with the PFD. The N-before-M filter uses two
frequency counters scaling down the input signal by a factor N and one counter
scaling down by M, where M > N always. The +M counter counts the incoming
UP and DN pulses, as shown in Fig. 6.8. As also seen in the diagram, the upper
+N counter will produce one carry output when it has received N UP pulses.
But it will generate this carry only when the +M counter does not receive M
pulses. Otherwise, the +N counter would have been reset. We can say that the
upper +N counter will produce a carry pulse whenever more than N pulses of
an ensemble of M pulses have been UP pulses. A similar statement can be made
for the lower +N counter in Fig. 6.8, which will output borrow pulses only when
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Figure 8.8 Block diagram of the N-before-M loop filter.

a majority of incoming pulses are DN pulses. The outputs of the N-before-M
filter can be used in a similar way to control a DCO, as indicated for the K
counter.

We will now deal with digital loop filters compatible with an N-bit parallel
input signal. The obvious solution for this case is the digital filter, which oper-
ates by itself with N-bit input and N-bit output signals. With digital loop filters,
any desired transfer function performed by an analog loop filter (and many addi-
tional ones) can be realized.

As we know, the performance of an analog loop filter is described by its trans-
fer function Fi(s):

Uyls)
Ud(S)

which is the ratio of the Laplace transforms of the signals u, and u, (for signal
definitions, refer to Fig. 2.1). When a digital filter is realized, the transfer func-
tion F(s) of a prototype analog filter is transformed into the z domain, yielding
the so-called z transfer function F(z), where z is the z operator. An introduction
to digital filtering is given in App. C. F(z) is the ratio of the z transforms of the
signals u;and uy; ie.,

(6.8)

F(s)=

_ U@
Ud(Z)

In implemention of the digital filter, this equation is transformed back into the
time domain, which yields a recursion of the form *1#1419

F(z) (6.6)
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ur(nT) =bouy(nT) + biuy(n - 11T) + bouy(n - 21T) + - -

~ awy(n-1UT) - agu;(n— 20T~ (6.7
The signals u;and v, are sampled signals now, which means that they exist only
at discrete time instants £t = 0, T, 27, ..., nT, where T is the sampling inter-
val. The a; and b, terms are called filter coefficients.

The sampling frequency f, = 1/T must be chosen much larger than the 3-dB
corner frequency of the filter, typically 10 to 20 times the corner frequency.’*!
The terms u,(nT), uy [(n — DT, . .. denote the values of the sampled signal u;,
at sampling instants ¢ = nT, (n — 1)T, . . .. The recursion formula calculates the
output signal u{nT) in the nth sampling instant from the value of u, sampled
at this instant and from one or more previously sampled values of u,.

Furthermore, in a recursive digital filter, u{nT) depends on values of u; cal-
culated in previous sampling instants. The number of “delayed” samples of u,
and u, that have to be taken into account is equal to the order of the digital
filter. (For a first-order digital filter, for example, only the filter coefficients a,,
by, and b; do not vanish.)

6.1.3 Digital-controlled oscillators

from
loop filter

N modulus

A variety of DCOs can be designed; they can be implemented by hardware or
by software. We consider the most obvious solutions here.

Probably the simplest solution is the +N counter DCO (Fig. 6.9). A =N counter
is used to scale down the signal generated by a high-frequency oscillator oper-
ating at a fixed frequency. The N-bit parallel output signal of a digital loop filter
is used to control the scaling factor N of the +IN counter.

Another DCO type is the so-called increment-decrement (ID) counter shown
in Fig. 6.10a.>'® This DCO is intended to operate in conjunction with those loop
filters that generate carry and borrow pulses, such as the K counter or the N-
before-M filter discussed in Sec. 6.1.2. The operation of the ID counter follows
from the waveforms shown in Fig. 6.10b6. As Fig. 6.10a shows, the ID counter
has three inputs, a clock input (ID clock), an incremernt (INC), and a decrement
(DEC) input.

control

+ N counter _OI_J_T___} J l

Fixed high-frequency oscillator

Figure 6.9 Block diagram of a +N counter DCO.
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Figure 6.10 ID counter DCO. (a) Block diagram. (b) Waveforms for the case where no
carries and no borrows are applied to the INC and DEC inputs, respectively. (¢) Wave-
forms for the case where a carry input is applied when the toggle flipflop is in the 0
state. (d) Waveforms for the case where a carry input is applied when the toggle flipflop
is in the 1 state. (¢) Waveforms for the case where a borrow input is applied to the
DEC input.
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Figure 6.10 (Continued)

Carry pulses (as delivered, for example, by a K counter, Fig. 6.7) are fed to
the INC input and borrow pulses to the DEC input. The ID counter is sensitive
on the positive-going edges of the carry and borrow inputs; the duration of these
signals is not of concern here. In the absence of carry and borrow pulses, the
ID counter simply divides the ID clock frequency by 2; it produces an output
pulse (IDout) on every second ID clock; see the waveforms in Fig. 6.105.

To understand the function of the ID counter, one must know that this circuit
contains a toggle flipflop, which is not shown in the schematic diagram of Fig.
6.10a. As the waveform Toggle-FF in Fig. 6.10b shows, the toggle flipflop toggles
on every positive edge of the ID clock if no carries and borrows are present.
The output of the ID counter (IDout) is obtained by the logical function IDout
= IDclock - Toggle —- FF. Now we assume that a carry pulse appears at the INC
input of the ID counter. The carry signal is processed only in the period where
the toggle flipflop is set high. If the carry gets “true” when the toggle flipflop
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is in the low state (Fig. 6.10c¢), the toggle goes high onto the next positive edge
of the ID clock. It stays low, however, during two ID clock intervals thereafter.
This means that the next IDout pulse is advanced in time by one ID clock period.
If the carry becomes true when the toggle flipflop is set high, this flipflop is set
low on the next ID clock and remains low during two ID clock periods, as shown
in Fig. 6.10d. Because the carry can be processed only when the toggle flipflop
is in the high state, the maximum frequency of the IDout signal is reached when
the toggle flipflop follows the pattern high low low high low low. ... Conse-
quently, the output frequency of the ID counter cannot be as high as the fre-
quency of the ID clock, but at most only two-thirds of that value. This of course
limits the hold range of the ADPLL, as will be shown in Sec. 6.3.

Figure 6.10¢ demonstrates what happens when a borrow pulse is generated.
In analogy, a borrow is processed only when the toggle flipflop is in the low state.
As soon as a borrow is sensed, the toggle flipflop is set high onto the next pos-
itive edge of the ID clock and remains high during two 1D clock periods. The
next IDout pulse is therefore delayed by one ID clock period. The ID cournter
delivers the minimum output frequency when the toggle flip-flop shows the
pattern low high high low high high. ... Thus the minimum output frequency
of the ID counter is one-third the ID clock frequency. As we will see in Sec. 6.3,
the limited output frequency range of the ID counter restricts the realizable
hold range of the ADPLL. (Note that the explanation of ID counter perform-
ance has been slightly simplified; the actual ID counter circuit consists not only
of the mentioned toggle flipflop, but also contains eight more flipflops and a
number of gates. The exact operation of the ID counter can be deduced from
the data sheet of the 74HC/HCT297.) Because the ID counter needs three 1D
clock periods to process one carry or one borrow, the maximum frequency of
carry or borrow pulses must not be higher than one-third the frequency of the
ID clock. If more carries or borrows are delivered, some are “overslept.” When
the average frequency of the carries is such that all are processed, the instan-
taneous frequency of the IDout signal is increased by n/2 hertz when n carries
are detected in 1 second. This is most easily understood if we assume that the
frequency of the ID clock is 32Hz, for example.

Without any carry, the output frequency would be 16Hz. If 8 carries are
detected within 1 second, the “next” IDout pulse is advanced eight times in 1
second by 1/32 second. The number of output pulses is therefore increased frorn
16 to 20Hz during that period, and not from 16 to 24 Hz. Generally, one carry
pulse causes Y cycle to be added to the IDout signal, and one borrow pulse
causes % cycle to be deleted correspondingly.

The two DCO circuits discussed hitherto are better suited for hardware than
for software implementations. The waveform-synthesizer DCO-—the third and
last DCO to be considered here—lends itself almost ideally to implementation
by software. We will discuss software implementations of the PLL in Chap. &.
This type of DCO generates sine and/or cosine waveforms by looking up tables
stored in read-only memory (ROM).*® The block diagram of a waveform-
synthesizer DCO is shown in Fig. 6.11a.
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The waveforms in Fig. 6.115 demonstrate how the synthesizer generates sine
waves of different frequencies (1Hz and 0.5Hz in this example). It operates at
a fixed clock rate (i.e., it calculates a sample of the synthesized signal at the
sampling instants t = 0, T, 27T, ..., nT, irrespective of the desired frequency).
Lower-frequency signals are generated with higher resolution than higher-
frequency signals.

In the example of Fig. 6.11b it has been arbitrarily assumed that the sam-
pling period is 50 ms; most actual waveform synthesizers operate much faster,
of course. It shows that a 1-Hz sine wave is generated with a resolution of 20
samples for a full period. In the case of the 0.5-Hz sine wave, twice as many
samples (40) are produced within a full period. When generating a 1-Hz sine

. control Waveform
from loop filter ————> synthesizer F————{> synthesized output
pco
TClock
(a)
f°m=1HZ
T=005s
} | Y
0T s
fout:“.SHZ
! l ‘;5 )
0T s |
e
fTa '

(®)

Figure 6.11 Waveform-synthesizer DCO. (a) Block diagram. (b) The waveforms show
how sine waves with frequencies of 1Hz and 0.5 Hz, respectively, are synthesized.
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wave, the synthesizer calculates the sine function for the phase angles ® = 0
(initial value), 2r/20, 2(27/20), 3(21/20), ..., and the phase angle ® is incre-
mented by an amount A® = 21/20 at every clock period.

If an arbitrary frequency f is to be produced, the increment A® is given by

AD = 27fT (6.8)

where 7' is the sampling period.

As shown in Fig. 6.11a, the loop filter preceding the waveform synthesizer
must deliver the digital signal f; this signal is labeled control on the left of
the figure. It is no problem to generate “simultaneously” a sine and a cosine
function, as required, when a Hilbert-transform phase detector is used with
an ADPLL system (refer to Fig. 6.4a).

Digital waveform synthesizers are easily implemented by using single-chip
microcomputers.”® The speed of trigonometric computations can be greatly
enhanced by using table-lookup techniques rather than by calculating a sine
function with a Taylor series or Chebyshev polynomials.

An example of the application of a waveform-synthesizer DCO is presented
in Sec. 6.2.

6.2 Examples of Implemented ADPLLs

Based on the numerous variants of all-digital PDs, loop filters, and DCOs, an
almost unlimited number of ADPLLs can be built by combining compatible
functional blocks. There is an extended literature on this subject, and a review
of the most important systems is found in Ref. 8. A detailed discussion of every
possible ADPLL system would go beyond the scope of this book; we therefore
consider only three typical ADPLL implementations.

The first two are hardware implementations. There is no reason why they
could not be designed to use software as well. The last example to be discussed
is a typical software-based system, which encompasses a large variety of math-
ematical operations. A hardware implementation of this type of PLL is certainly
not impossible, but the hardware would be very complex.

6.2.1 ADPLL example 1

The first example of an ADPLL is depicted in Fig. 6.12a.*° In this circuit, the
input signal u; is first preprocessed by a pulse-forming network (see the dashed
box on the left). The generated signals are shown in Fig. 6.126. First, D-flipflop
FF1 scales down the frequency of the input signal by a factor of 2. The down-
scaled signal is denoted u,*. By AND-ing 1, and u,*, a clock signal CK is gen-
erated that is applied to the counting input of an up/down counter. The signal
u,* is used to set the state of D-flipflop FF3, which serves as a phase detector.
The duration of CK is one-quarter of the period of u;*. Moreover, the negative-
going edges of u,* trigger a monoflop which generates very short pulses. These
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Figure 6.12 (Continued)

pulses are labeled Start. Their duration must be shorter than the period of the
high-frequency clock f,, which will be discussed in the following paragraph. The
dashed enclosure on bottom right of Fig. 6.12a represents a DCO (digital-
controlled oscillator). It is built from a cascade of two counters, a variable
modulo-N divider and a fixed modulo-M counter.

The variable modulo-N divider is a down counter. Its content starts with the
number N, which is loaded in parallel by the Load input. The clock signal /.
causes the divider to count down. When it reaches the terminal count (TCi—
which is 0 in this case—a pulse is delivered at the TC output. This immediately
reloads the content N (see the OR gate at the Load input), and the modulo-IV
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divider continues counting down. The fixed modulo-M counter is an up counter.
Its content is reset to 0 on application of a Reset signal. The pulses applied to
the CP input ramp up its content until it reaches the terminal count, which is
a positive number here. As soon as the terminal count is reached, a pulse is
delivered at the TC output, and the content wraps around to zero again. The
counter then continues counting up.

When the circuit is locked, the clock frequency f, should be

f. = NMf, (6.9)

where f) is the frequency of the input signal w«,. If this condition is met, the
high-frequency clock delivers exactly NM pulses during one cycle of the input
signal u,, whose period is marked T in Fig. 6.12b. In this case the frequency of
u, equals the frequency of u,*, that is, fi/2. When the locking process starts, the
modulus N of the variable modulo-N divider can have an arbitrary value; thus
N is either too high or too low. The phase detector must adjust the value of N
by increasing or decreasing the content of the UP/DN counter, shown on right
top of Fig. 6.12a, until N has the correct value. Because the UP/DN counter
immediately controls the frequency of the DCO, this counter acts as a loop filter.
To see how the loop becomes locked, we want to check the waveforms in Fig.
6.12b.

The Start pulse resets the modulo-M counter on each high-to-low transition
of signal u,* (see the waveform “Content of +M counter”). As mentioned above,
the duration of the Start pulse must be shorter than the period of the f; clock.
If its pulse width were chosen larger, the LOAD pulse of the modulo-N divider
would last during several cycles of the f, clock, thus inhibiting the counter to
change its content. If N already had its correct value, the terminal count of the
modulo-M counter would be reached exactly T, seconds after reset. In Case 1:
early it 1s assumed that N is smaller than required; thus the clock frequency at
the CP of the modulo-M counter is too high, and the terminal count is reached
in shorter time, i.e., before the next low-to-high transition of u,*. The positive-
edge-triggered JK-flipflop FF2 was initially set to its 1 state by the Start pulse.
Now the TC output of the modulo-M counter resets FF2 before the low-to-high
transition of u;* occurs. Consequently, the next positive edge of w;* resets
D-flipflop FF3, whose output is labeled v, (phase detector output) in Figs. 6.12a
and 6.12b. Note that the state of u, has been indeterminate at the start of the
locking process; hence its waveform is drawn by the shaded area in Fig. 6.12b.
Because uy is low now, the next CK (clock) pulse causes the UP/DN counter
to increase its content (N) by 1. This lowers the instantaneous frequency of
the TC output of the modulo-N divider, and the terminal count of the modulo-
M counter will be reached later in the next cycle of u,*. This process repeats
until the modulo-M counter reaches TC after occurrence of the positive edge
of u*.

In Case 2: late, N is too large initially so that the modulo-M counter requires
a pertod longer than T, to reach TC. Under this condition, D-flipflop FF3 will
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be set 1 on the next low-to-high transition of u,*. This causes the next CK pulse
to decrease the content N of the UP/DN counter. Consequently, the instanta-
neous output frequency of the modulo-N divider will become higher. When the
lock process has been completed, the content N of the UP/DN counter will
usually toggle between two adjacent values N and N + 1 in successive cycles
of u,*. As a numerical example, assume that the high-frequency clock is f. =
10MHz and the input frequency is f; = 10.1kHz. The overall divider ratio of
the cascade of both counters (modulo-M and modulo-N) then should be NM ==
990.1. Supposing that M = 100 (i.e., two cascaded decade counters are used
for the modulo-M counter), N will toggle between 9 and 10 in alternate cycles.
This obviously results in a phase jitter of the ADPLL’s output signal u,. The
phase jitter can be made arbitrarily small by increasing the frequency f. of
the clock signal. N will then settle at higher values. Note, however, that the
lock-in process will be become slower then, because the UP/DN counter would
probably have to change its initial content much more hut can increase or
decrease it only in increments of 1 in one cycle of u,*.

Basically, this circuit is highly nonlinear, but it turns out that its inherent
stability is just a consequence of this nonlinearity. When trying to model the
circuit, we become aware that the UP/DN counter, which acts as a loop filter,
also behaves like an integrator. If a phase error persists for an extended period
of time, the content of the UP/DN counter ramps up or down depending on the
sign of the phase error, the counter thereby performing like an integrator. As
we know from the theory of the PLL, a VCO is also modeled as an integrator,
because its output phase 8, is proportional to the integral of applied control
signal u; [Eq. (2.33a)]. An analogous statement can be made for a DCO; hence
our circuit contains a cascade of two integrators, which implies that its phase
transfer function H(s) has two poles at s = 0. Because there are no compensat-
ing zeros in this system, it would get unstable. Most happily, this does not occur,
because the contents of the counters within the DCO are reset on every Stcrt
pulse, as described above. In other words, the “integral” term at the output of
the DCO is not allowed to wind up. Because of the nonlinearities of the circuit,
it becomes very difficult to establish a mathematical model. No such model has
been developed to the author’s knowledge.

6.2.2 ADPLL exampie 2

The second ADPLL system described here is shown in Fig. 6.13. This is the
most often used ADPLL configuration; it is available as an integrated circuit
with the designation 74xx297, where xx stands for the family specification (HC,
HCT, LS, S, etc.). We will analyze this ADPLL in greater detail in Sec. 6.3. The
IC contains two phase detectors: an EXOR gate and a JK-flipflop. In the
schematic of Fig. 6.13, the EXOR is used. The loop filter is formed by the pre-
viously discussed K counter (Fig. 6.7), and the already known ID counter (Fig.
6.10) is used as DCO. This ADPLL system requires an external divide-by-N
counter.
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Figure 6.13 All-digital PLL, example 2. This circuit is based on the familiar IC of type
74HC/HCT297. The EXOR phase detector is used here. For the external +N counter,
an IC of the type 74HC/HCT4040 can be used.

The system is supposed to operate at a center frequency f; referred to the
input u,. The K counter and the ID counter are driven by clock signals having
frequencies of M times and 2N times the center frequency f;, respectively. Nor-
mally both M and 2N are integer powers of 2 and are mostly derived from the
same oscillator. In many cases, M = 2N, so both clock inputs can be tied together.

Assume for the moment that the EXOR phase detector is used and that the
ADPLL operates on its center frequency. Then the II) counter is required to
scale down the ID clock precisely by 2. The average number of carry and borrow
pulses delivered by the K counter must therefore be the same, too. This is pos-
sible only when the phase difference between the signals u«, and u,” is 90°. In
this case, the output signal of the EXOR gate is a symmmetrical square wave
whose frequency is twice the center frequency. Consequently, the up counter
will count during two quarters of the reference cycle and the down counter will
count in the remaining two quarter periods. Because the average number of
carries and borrows precisely matches, no cycles are added to or deleted from
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the ID counter. If the reference frequency is increased, however, the output
signal of the EXOR phase detector must become asymmetrical in order to allow
the K counter to produce more carries than borrows on average.

6.2.3 ADPLL example 3

The last example of an ADPLL is illustrated in Fig. 6.14. A similar system has
been implemented by software on a TMS320 single-chip microcomputer (Texas
Instruments).*® The system of Fig. 6.14 is built from functional blocks intro-
duced previously:

1. A Hilbert-transform phase detector (Fig. 6.4)
2. A first-order digital loop filter
3. A waveform-synthesizer DCO (Fig. 6.11)

As indicated in the block diagram, the arithmetic and logic operations within
the functional blocks are performed under control of a clock. This means that
all routines calculating the output variables of the blocks are executed period-
ically. The DCO generates the in-phase and quadrature signals I and @ required
by the Hilbert-transform PD to calculate the phase error, uy; ~ 6.. The output
signal uy is digitally filtered by the loop filter, which performs the operation

[T 7 Tistorder digital loop filter |
| |
l l
Hilbert | a=b |
u; — transform I ug Mul ’ l
phase detector !

COS (ot B |
] Clock I Uy l
N T 4 | Adder |
Q | l
. l b—> —— I
Ug Yoptional quadratufﬁz _ | Mul |
output == F=T=3 I '
| |
| l
| l
Clock JCloc o I
| z S E— |
| |

1 Q
g e —

cosw,t Clock sinat
{ control K:r

Waveform
synthesizer DCO

Figure 6.14 All-digital PLL system, example 3. This system is best implemented by
software.
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6.3 Theory

ur(nT) = byug(nT) — ayur[(n —1DT] (6.10)

where a; and b, are filter coefficients as defined in Eq. (6.7). The mathematical
operations performed by the digital filter are represented by the dashed block
in Fig. 6.14.

One of the major benefits of the software implementation is the simplicity of
changing the structure of the ADPLL system. With cnly minor program modi-
fications, the first-order loop filter could be turned into a second-order one.*
This would yield a third-order PLL.

of a Selected Type of ADPLL

Because there are so many variants of purely digital phase detectors, loop filters,
and controlled oscillators, an enormous number of different ADPLL systems
can be built. Among these variants, some will perform like LPLLs. Others will
operate like classical DPLLs, but the functioning of many ADPLILs will have
almost nothing in common with LPLLs and DPLLs. For this reason it is
absolutely impossible to create a generalized theory of the ADPLL. To investi-
gate the behavior of a particular ADPLL type, the user is forced to look for
appropriate models of the corresponding function blocks and then try to get a
reasonable description in the form of transfer functions (e.g., phase-transfer
functions), Bode diagrams, or the like. In many cases, application of standard
tools (like linear control theory) will fail, because the systems to he analyzed
are mostly nonlinear.

To demonstrate that analyzing an ADPLL is not an entirely hopeless job, we
investigate the dynamic performance of the most popular ADPLL type, the
familiar 74xx297, which was already shown in Fig. 6.13.

6.3.1 Effects of discrete-time operation

It is our aim to investigate the most important key parameters such as hold
range, lock range, and lock-in time. We assume for the moment that the EXOR
is used as phase detector, as shown in Fig. 6.13. Performance of the ADPLL is
most conveniently analyzed by the waveforms of the circuit, which are shown
in Fig. 6.15. The signals are plotted for the simple case that the reference fre-
quency /1 equals the center frequency f;. The frequency of the K clock has been
chosen 16 times the clock frequency (M = 16). The K counter modulus is
assumed to be 4 (K = 4). (Note, however, that the mirimum value of K for the
74HC/HCT297 1s 8). The divider ratio of the +N counter is 8 in this example
(N = 8), so the K clock and the ID clock can be taken from the same generator.
One cycle of the reference signal u; consists therefore of 16 cycles of the K clock.
The contents of the up and down counters are denoted Kup and Kdn, respec-
tively. As can be seen from the data sheet of the 74HC/HCT297, these two coun-
ters are reset when power is applied to the circuit. When it has been operating
for an undefined period of time, the contents will be arbitrary at a given time.
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Figure 6.15 Waveforms of an ADPLL system using the IC type 74HC/HCT297. The
ADPLL operates at its center frequency. The EXOR PD is used, and the parameters
of the circuit are M = 16, K = 4, and N = 8. Note that K has been chosen small to sim-
plify the drawing; in a real application, however, K cannot be less than 8.

At the instant where the first (0th) K clock occurs (Fig. 6.15), Kup and Kdn can
therefore be assigned arbitrary numbers. For the polarities of the clock pulses
the following conventions are made:

= Both counters of the K counter count onto the negative edges of the K clock.

= The toggle flipflop within the ID counter toggles onto the positive edge of the
ID clock.
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= All flipflops of the +N counter count onto the negative edge of the corre-
sponding clock signal; i.e., the first stage of the +N counter {denoted IDout -
2 in Fig. 6.15) counts onto the negative edge of IDout, the second stage
(denoted IDout + 4) counts onto the negative edge of the IDout + 2 output
signal, etc.

As we see from the Kup and Kdn waveforms, the up counter is active during
the first and third quarters of the reference cycle, whereas the down counter is
active during the second and fourth. Hence carries appear on ID clocks 2 and
10, while borrows are detected on ID clocks 6 and 14. (Remember that the carry
and borrow signals depicted in Fig. 6.15 are simply the outputs of the most sig-
nificant bit of the corresponding counter. Hence the carry becomes high when
the content of the up counter has reached K/2.) As the IDout waveform shows,
its pulses are periodically advanced and delayed by one cycle of the II) clock.
The bottom-most two signals represent the scaled-down IDout signal, where the
scaling factors are 2 and 4, respectively.

Because of the carry and borrow pulses, the output of the toggle flipflop
becomes asymmetric. Therefore, the IDout signal does not have constant fre-
quency but rather exhibits phase jitter. The output signals IDout + 2 and IDout
+ 4 are also asymmetrical, but the output signal w,” (which corresponds to IDout
+ 8) is symmetrical again. The reason for this is that there is exactly one carry
and one borrow in the period where uy” is high, and there is exactly one carry
and one borrow in the period where uy" is low. The ripple introduced by delay-
ing and advancing the IDout pulses is therefore canceled at the output of the
=N counter.

It would be premature, however, to conclude that there is never ripple in the
output signal u,” of this type of ADPLL. Let us choose a larger value for K in
the next example, e.g., K = 8. All other parameters remain unchanged. Figure
6.16 shows what happens now.

When the ADPLL operates at its center frequency again, the up counter
counts up by 4 in one quarter-period of the reference signal u, on average, and
the down counter counts up by 4 in one quarter-period of u, on average. Carries
and borrows are now generated only in each second up-counting or down-
counting interval. Figure 6.16 shows two periods of the reference signal, which
correspond to 32 K clock cycles. Carries are produced onto K clocks 1 and 18,
and borrows are produced onto K clocks 11 and 23. Because advancing and
delaying of the IDout pulses no longer cancel in a particular half-cycle of uy/,
this signal shows ripple; note the half-cycle of uy’, for example, which goes from
K clock 4 to 11. Its duration is 7 K clock pulses instead of 8. In succeeding ref-
erence periods (not shown in this figure) there must be half-cycles of w," that
have a duration of 9 K clock pulses. We conclude that there is no ripple on the
output signal if the K modulus is chosen such that it produces exactly one carry
(or one borrow) in a quarter-period of the reference signal. Choosing

K=M/4 (6.11)
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Figure 6.16 Conditions are like those is Fig. 6.15, but the parameters of the ADPLL
are M = 16, K = 8, and N = 8. The ADPLL operates at its center frequency. Note that
the up counter and down counter of the K counter recycle only on every second up-
counting or down-counting period, respectively.

provides zero ripple when the EXOR phase detector is used. An ADPLL having
K = M/4 is therefore called a minimum ripple configuration. As we will see later,
every ADPLL exhibits some ripple if it operates at other frequencies.

If K > M/4, ripple is produced. It is easy to calculate the amount of ripple to
be expected under this condition. Ideally, the duty factor 3 of the output signal
uy’ is 8 = §, = 0.5. If carries and borrows in succeeding up- and down-counting
periods do not cancel, the edges of the signal u," can be advanced or delayed by
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at most one ID clock cycle, i.e., by a time interval of 1/(2Nf;). Consequently, the
actual duty factor can vary in the range

0.5[1——1—j<8<0.5 (1+—}~) (6.12)
N N

i.e., the relative duty factor deviation is 1/N at worst. It will be demonstrated
later that ripple can be suppressed by the addition of only a few components.

Let us check what happens if K is chosen smaller than M/4. If we consider
Fig. 6.15 again and assume K = 2 now (which is not possible, however, with
the 74HC/HCT297 IC), the up counter would generate 2 carries in one up-
counting period, and the down counter would generate 2 borrows in one down-
counting period. Because 2 carries and 2 borrows would cancel in succeeding
up-counting and down-counting periods, there should theoretically be no ripple
in the u,” waveform. This is true, however, only when the ID clock frequency is
chosen large enough so that the ID counter is able to process all carries and
borrows.

When the up counter is counting up for an extended period of time, it pro-
duces a carry every K/(Mf,) seconds. If a number of carries have to be processed
in succession by the ID counter, the delay between any two carries should be
larger than 3 ID clock periods, as shown in Sec. 6.1.3 (see also Fig. 6.10).
Because the duration of one ID clock cycle is 1/(2Nf,) seconds, we have no over-
slept carries (or borrows) when the condition

M .
N>Npp =k (6.13)
2K
is met. Now M, K, and N are mostly integer powers of 2, so in practical appli-
cations the minimum N will be chosen

N> Ny =M1 (6.14)
K
where N, is also an integer power of 2. In this example, we have N, o =
2-16/2 = 16. Because we have chosen N = 8, the frequency of the carries and
borrows would clearly be too high, so the ADPLL would not work properly.
Generally, we can conclude that for an ADPLL using the EXOR phase detec-
tor we have minimum ripple when M is chosen to produce at least one carry
in a quarter-cycle of u; (K < M/4) and when N is chosen such that all carries
and borrows can be processed (N > 2M/K). When K is chosen greater than
M/4, less than one carry (or borrow) is generated within one quarter-period of
u; on average, so ripple will be created. The amount of ripple is given by Eq.
(6.12).
Now we have to investigate how the ADPLL performs when the JK-flipflop
phase detector is used. We suppose that the signals u; and u;" are connected to
the J and K inputs of the flipflop in Fig. 6.13, respectively, and that the @ output
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of this flipflop is tied with the DN/UP input of the K counter. As we know from
theory of the DPLL, the signals u, and u,” should be in antiphase when the PLL
operates at its center frequency. The waveforms for this example are shown in
Fig. 6.17 for the parameters M = 16, K = 8, and N = 8. If both signals «; and
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Figure 6.17 Conditions are like those in Fig. 6.15, but the JK-flipflop phase detector
is used. The ADPLL operates at its center frequency. The parameters of the circuit
are M =16, K =8, and N = 8.
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uy were precisely symmetrical, the down counter would be active in the first
half of the reference cycle, and the down counter would be active in the second
half. On average, both up and down counters would overflow once in a count-
ing period. As the waveforms show, the down counter is active in the first half
of the cycle. Because the borrow causes one of the IDout pulses to be delayed
by one ID clock, the waveform for u,” becomes asymmetric. The asymmetry is
easily calculated in this case, too. In one upward-counting period, the up counter
overflows M/(2K) times, and hence produces M/(2K) carries. The same number
of borrows are generated by the down counter as well. The M/(2K) carries cause
the next positive edge of the u,” signal to be advanced by M/(2K) ID clock cycles,
where one ID clock cycle lasts for 1/(2Nf;,) seconds. It follows that the duty cycle
of uy’ can vary in the range

0.5(1- M )<6<O.5(1+ M

2KN 2KN
When K is chosen smaller than M/2, the up counter produces more than one
carry in one up-counting period, which of course increases the ripple on the

output signal. To get minimum ripple, we should choose

J (6.15)

x-M (6.16)

2

for the JK-flipflop PD. In contrast to the EXOR phase detector, the waveform
of uy” is unsymmetrical even if K is specified for minimum ripple. In many cases,
M = 2N i.e., the K clock and the ID clock are taken from the same generator.
Then the duty cycle is in the range

0.5(1——1—]<6<O.5(1+Lj (6.17)
. 2K 2K

Selecting a large value for K reduces the ripple accordingly.

6.3.2 The hold range of the ADPLL

It is time now to see what happens if the frequency f; of the reference signal
deviates from the center frequency f;,. We assume first that an EXOR is used as
phase detector. Furthermore, let the reference frequency be f, = 1.25 f,. Figure
6.18 shows the waveforms for the case M = 16, K =4, and N = 8. For the ADPLL
to generate a higher frequency, the up counter must operate during longer time
intervals than the down counter. The phase error must therefore become posi-
tive. As Fig. 6.18 shows, the signals u, and u,” are nearly in phase now, which
corresponds to a phase error near 90°. The up counter is active most of the time,
and many more carries than borrows are produced. This forces the ID counter
to increase its output frequency.

A simple consideration yields the range of frequencies the ADPLL can work
with. It is clear that the ADPLL generates the maximum output frequency
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Figure 6.18 Conditions are like those in Fig. 6.15. The reference frequency is 1.25 times the
center frequency here. Consequently, the up-counting section of the K counter is active most
of the time, and more carries than borrows are generated on average.

when the K counter is continually counting up. The frequency of carry pulses
then is given by

foogM (6.18)
K
Because each carry applied to the increment input of the ID counter causes

cycle to be added to the IDout signal (refer to Sec. 6.1.3 and Fig. 6.10), the fre-
quency at the output of the ID counter is increased by

M Lo
A}CIDout = fO EE (6.19)

Because the +N counter scales down that frequency by N, the maximum fre-
quency deviation from the center frequency the ADPLL can handle is
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M
2KN

A = fo (6.20)

This is nothing else than the hold range of the ADPLL. The hold range given
by Eq. (6.20) is realizable, however, only if N is chosen larger than N, defined
in Eq. (6.13). If N is smaller than N, some of the carries and borrows are
overslept, and the hold range is limited to

Afyy = f32 6.21)

A simple consideration shows that the hold range given by Eq. (6.20) or (6.21)
is a theoretical limit, which is not realized in practice. For the parameters M =
16, K = 4, and N = 8 and for an EXOR phase detector, we obtain a theoretical
hold range of Afy = 1.25 f,. This is exactly the situation depicted in Fig. 6.18.
We should note, however, that the duration of one cycle of the reference signal
is now % of the duration of the reference period 1/f;, or in other words, the dura-
tion of one reference cycle is 12.6 cycles of the K clock. Assuming that the ref-
erence signal performs a positive edge on the Oth K clock, the next edges occur
after 6.4, 12.8, 19.2, ..., K clocks. Thus the edges of u; generally do not coin-
cide with the edges of the output signal u,’. As a consequence, the K counter is
not continually counting up, but there are short intervals where the down
counter becomes active. Borrow pulses occur from time to time, as seen from
Fig. 6.18. We see very clearly from the waveform of u," that the phase error
increases from cycle to cycle. Hence the ADPLL is not able to operate at the
limit of the hold range. The author does not know an exact method to calculate
the usable frequency range of an ADPLL, but computer simulations have shown
that the maximum frequency deviation comes close to the hold range, say to
about 90 percent of it.

From the LPLLs and DPLLs it is well known, however, that the useful fre-
quency range is not given by the hold range but rather by the lock-in or pull-
in ranges. The question arises here, whether such parameters can also be
defined for the ADPLL under concern. Also here, the author cannot give an
answer that is theoretically justified. As the following analysis of phase-
transfer function indicates, this type of ADPLL is a first-order loop whose time
constant is in the order of the period of the reference signal, and hence is a very
fast system. Simulations show that even for very large frequency steps applied
to the reference input, the ADPLL does not lock out, so for the practitioner it
seems affordable to state that lock-in range, pullout range, pull-in range, and
hold range are all about the same for this circuit. We perform some ADPLL sim-
ulations in Chap. 7.

It can be observed that the output signal u;" exhibits ripple or phase jitter
whenever the reference frequency fi deviates from the center frequency f;. If
the quotient fi/f; is a rational fraction
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h_m

fo n

where m, n = integer, then we have mT, = nT,, where T, = 1/f, and T, = 1/f};
that is, n cycles of the reference signal have exactly the same duration as m
cycles of a signal whose frequency equals the center frequency. In this case the
ripple pattern of the u,” signal becomes periodic. If f1/f; is not rational, however,
the ripple pattern does not repeat itself.

6.3.3 Frequency-domain analysis of the ADPLL

As with the LPLL and the DPLL, it is possible to derive the phase transfer {unc-
tion and the error transfer function for the ADPLL. To get the phase transfer
function, a mathematical model of the ADPLL (Fig. 6.13) must be found. The
model is shown in Fig. 6.19. The phase detector represents a zero-order block
with gain K,;. The phase detector output signal controls the duty factor & of
the K counter. This duty factor is defined by the average fraction of time the
up counter is active. Thus for 8 = 1 the up counter is permanently active,
whereas for 8k = —1 the down counter is permanently active. If the EXOR phase
detector is used, &x will be 1 for a phase error of 6, = /2 and -1 for 6, = -7/2.
For the EXOR we then have

Kd = -2— (622&)

T

For the JK-flipflop, the phase detector gain is

1 o
K, == (6.225)
T
Phase detector K counter
K, 6L > 2nfyM Wcarry
DN/UP Ks Bcarry
)
+ N counter ID counter
1 1
— -— j————————
N 2

Figure 6.19 Mathematical model of the ADPLL. Definitions of symbols in text.
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In a number of other texts, the phase error is alternatively specified in cycles
(of the reference period 1/f1) and not in radians. Here, the phase detector gains
become 4 for the EXOR and 2 for the JK-flipflop.

We prefer, however, to specify all phase signals in radians in order to get the
required phase-transfer function. Now the mathematical model of the K counter
must be found. As explained in Sec. 6.3.2, the number of carry pulses gener-
ated per second is given by

M, R
ﬁ:arry = 6K }g‘o (‘323)
The corresponding angular frequency ®..., is therefore
Wearry = 270 Mo (6.24)

Because we are looking for the phase-transfer function, we must know the phase
B.arry Of the K counter output signal. Because the phase is simply the integral of
angular frequency over time, the phase-transfer function of the K counter
becomes

®car1jy (S) - 27'CMﬁ)
Ax(s) Ks

Ky(s)= (6.25)
where Ag(s) and O, (s) are the Laplace transforms of the signals 0x and 6cury,
respectively. Because each carry pulse applied to the incremental input of the
ID counter causes Y, cycle to be added to the IDout signal, the ID counter can
be modeled simply by a zero-order block having the gain %. Clearly, the +N
counter is a block with gain 1/N. Having the model, we now find the phase-
transfer function H(s) to be

Wo

H(s) = (6.26)
S+ ®q
where @, is given by
| = KanMfo (6.27)
KN
Moreover, the error-transfer function H,(s) is
H,(s) = —22 (6.28)
S+ Wy
Clearly, this ADPLL is a first-order system. Its time constant is given by

o - K nMf,
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Thus for the EXOR phase detector, the time constant of the ADPLL becomes

HEXOR) = KN (6.30a)
2Mf,
and for the JK-flipflop phase detector
KN

t(JK) =

(6.306)
0

If the K modulus is chosen for minimum ripple, i.e., K = M/4 for the EXOR
and K = M/2 for the JK-flipflop PD, we obtain 1 = (N/8)T, for the EXOR and
T = (N/2)T, for the JK-flipflop PD, where T, = 1/f;,. This shows that for small
divider ratio N, the ADPLL settles extremely fast. Only for large N, its response
onto phase or frequency steps becomes slower. Some numerical examples will
be presented in Chap. 7.

reduction techniques

We saw in Sec. 6.3.1 that ripple in ADPLLs can be minimized by choosing an
optimum value for the K counter modulus; i.e., K = M/4 when the EXOR PD is
used or K = M/2 when the JK-flipflop PD is used. There are other simple ways
to reduce ripple. Figure 6.20a shows a ripple cancellation scheme which uses a
feature of the K counter that has not yet been mentioned: the enable (EN) input
of the K counter. Only one additional inverter is required in this circuit. The K
counter is in operation only when EN is high. To suppress ripple, the second
most significant bit of the +N counter is used in addition (denoted @, ). The
frequency at the @, , output is twice the frequency of the output signal u,’". In
this circuit, the EXOR phase detector is utilized. Its output is not connected,
however, to the DN/UP input of the K counter, but rather to its enable input
EN. The DN/UP input is driven by the @,_; signal now. This forces the signals
u; and uy’ to be nearly in phase when the ADPLL operates at its center fre-
quency (Fig. 6.20b). If this is the case, the EN input is FALSE most of the time,
so neither the up counter nor the down counter is active.

Only when the reference frequency deviates from the center frequency is a
phase difference between «, and u,” established. Figure 6.20c shows the case for
maximum phase error 6,. Now, the EN signal is high about 50 percent of the
time. At the same time, the up counter becomes active, so the K counter gen-
erates the maximum number of carries. As we easily recognize from the wave-
forms, the average number of carries produced is only about half that number
for a normal ADPLL circuit (Fig. 6.13). Consequently, the hold range is reduced
roughly by a factor of 2. It has been shown'® that the hold range of the circuit
becomes

Mfo

= (6.51)
2NQ2K+1)

Ay
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Figure 6.20 Ripple cancellation scheme for an ADPLL. (a) This circuit makes use of
the enable (EN) input of the K counter. For details, refer to text. (b) The ADPLL oper-
ates on its center frequency. (c¢) The reference frequency is higher than the center
frequency.

If M = 2N and K is large, this reduces to

fo .
Afey =~ 2% (6.32)
fu 2K

Still other ripple cancellation schemes are discussed in Ref. 16.

6.3.5 Higher-order ADPLLs

The ADPLL considered in this section is a first-order system. As we have seen
in Eqgs. (6.30), its settling time can be made extremely short. This can be an
advantage in some applications; there are other cases, however, where a slower
response—combined with better noise-suppression capability—is desired. If two
ADPLLs are cascaded, a second-order ADPLL is obtained. This arrangement
has been considered by Rosink'® in some more detail.
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6.4 Typical ADPLL Applications

Because of the availability of low-cost ADPLL ICs, this type of PLL can replace
the classical DPLL in many applications today. The ADPLL is mainly used in
the field of digital communications. A good example is the FSK decoder, which
will be considered in the following. FSK is the abbreviation for frequency shift
keying. In FSK data transmission, serial binary data are transmitted by using
two different frequencies, one of which represents a logical 0, the other a
logical 1.

An extremely simple FSK decoder circuit is shown in Fig. 6.21. The center
frequency f, of the ADPLL is chosen such that it is between the two frequen-
cies used by the FSK transmitter. Because the JK-flipflop phase detector is
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Figure 6.21 FSK decoder using the 74HC/HCT297 ADPLL IC. An additional D-flipflop
is used to deliver the demodulated FSK signal.

utilized here, the two signals u, and u,” would be exactly in antiphase if the
ADPLL were operating at its center frequency (see also Fig. 6.17). Therefore,
the contents of the divided-by-N counter would be just N/2 at the time where
the reference signal u, performs a positive transition. If the reference frequency
is greater than the center frequency, the output signal u,” must lead the refer-
ence signal u, in order to enable the K counter to produce more carries than
borrows on the average. Consequently, the contents of the divide-by-N counter
will be greater than N/2 at the positive transient of «;.

If the reference frequency is lower than the center frequency, however, the
reverse is true, and the content of the divide-by-N counter is less than N/2 at
that instant of time. Because the output signal u," is low for a content less than
N/2 and high for a content equal to or more than N/2, the information trans-
mitted by the FSK signal can be recovered simply by storing the w," signal in a
D-flipflop every time the reference signal goes high. This D-flipflop is shown at
the bottom of Fig. 6.21. In Sec. 6.5 we discuss a design procedure for ADPLLs
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and use it to specify the parameters of this application. Many other ADPLL
applications are discussed on the data sheets of the 74HC/HCT297* and in
various application notes delivered by the IC suppliers.®'®

6.5 Designing an ADPLL

Designing an ADPLL is much easier than designing an LPLL or DPLL, because
we have to specify only the three parameters: M, K, and N. For the
74HC/HCT297, K must always be an integer power of 2 and can be selected in
the range 2° to 2'". For the divide-by-N counter (refer to Fig. 6.13, for example),
a straight-binary counter is used in most cases, so N will usually be an integer
power of 2, too. Moreover, to use the same signal generator for the K clock and
for the ID clock, we set M = 2N whenever possible. Consequently all ADPLL
parameters are integer powers of 2 in most cases.

The selection of the phase detector represents a further degree of freedom.
Because the JK-flipflop phase detector is edge-sensitive, it can be used only in
applications where no cycles of the reference signal are missing. Otherwise, the
output of the JK-flipflop would hang up in the 1 or 0 state all the time where
the reference signal disappears, which inevitably would lock out the loop.

As we have seen in Sec. 6.3, there are a number of interdependencies among
the quantities M, K, and N. If minimum ripple is a goal, M should be chosen to
be 4K when the EXOR PD is used, or 2K when the JK-flipflop is used. Given
the ratio M/K, the only parameter that can be freely selected is N. To avoid
“oversleeping” of carries and borrows, N should be greater than a minimum
value N, which is given by Eq. (6.13). As indicated by Eq. (6.20a), the result-
ing hold range is a function of M, K, and N. Furthermore, the settling time
T of the ADPLL also depends on these parameters, as seen from Eqgs. (6.30a
and b).

On the basis of these general considerations, we can derive the design pro-
cedure given in Fig. 6.22. Like the procedures worked out for the LPLL and the
DPLL, this program should not be considered as a universal recipe for every
kind of ADPLL but rather as a checklist. To demonstrate the design procedure,
we now implement the FSK decoder described in Sec. 6.4; refer also to Fig. 6.21.

6.5.1 Case study: Designing an ADPLL FSK decoder

Step 1. To specify the parameters of this ADPLL system, we must define first
its center frequency and hold range. Let us assume that the FSK transmitter
uses the frequencies f;; = 2100Hz and f;; = 2700 Hz to encode the binary infor-
mation 0 and 1, respectively. Following the description in Sec. 6.4, we choose a
center frequency of f, = 2400Hz. To ensure that both frequencies of the FSK
transmitter are within the hold range of the ADPLL, we specify a hold range
of Afy = 600Hz. We do not specify a settling time 1 for the moment but will
check at the end of the design whether the resulting settling time is appropri-
ate or not.



Step 1

Specify ADPLL key
parameters :
Center frequency f,
Hold range Afj,
(Settling time 1)

Missing pulses
in reference
signal?,

4————0@——

Step 3a Step 3b
Select EXOR PD Select JK- flipflop PD
Step 4a Step 4b
For minimum ripple: For minimum ripple :
Set M = 4K Set M = 2K
Step &
For simplicity of circuit :
Try M = 2N
Step 6
Select K to get desired
hold range :
Set K = f /afy
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¥ Step 9
Changes values
Step 8 for M, K, N
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Calcalate M AL = M
(see step 4a, b) H ™ %0 2KN

END

Figure 6.22 Design procedure for the ADPLL.
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Step 2. The decision of whether the EXOR or the JK-flipflop will be used as
phase detector has been made in advance. Let us keep in mind, however, that
this ADPLL relies on an input signal which does not show up with missing
pulses.

Step 3b. The JK-flipflop is used as phase detector.
Step 4b. For minimum ripple, we choose M = 2K.

Step 5. To get the simplest circuit, we choose M = 2N. The clocks for the K
counter and for the ID counter are identical then and can be taken from the
same signal source.

Step 6. This step reveals the first flop in our design, because K should be
chosen as 4 to get the desired hold range of 600 Hz. The 74HC/HCT297 circuit
does not allow K =4, but only K = 8, 16, . ... The design proceeds with step 9.

Step 9. To get a hold range of 600 Hz, the assumption M = 2N cannot be made.
If we will keep M = 2K (the condition for minimum ripple), the hold range can
be expressed as

M 1 .
Afy = fr ———— = f — (6.33)
fu = fo 2R fo ~
The hold range becomes 600Hz if we specify N = 4. Choosing the minimum
value for K, K = 8, we get M = 16. Hence we must insert an additional JK-flipflop
between the K clock and the ID clock which scales down the K clock frequency
by a factor of 2.

Step 10. The hold range is OK now (600 Hz).

Step 11. To avoid overslept carries and borrows, N must be larger than the
minimum value N, = 3M/2K. Because N, = 3 in our case, N = 4 is a valid
choice.

The design is completed now. Finally, we check the settling time 1 of this
circuit. Using Eq. (6.30b), we get T = 2/f; = 2T, where T is the duration of cne
reference cycle. This indicates that the ADPLL settles within two cycles of the
reference signal, which is certainly acceptable in this application. When simu-
lating the ADPLL on the PC (see Chap. 7), we look at this circuit and see how
it performs.
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Chapter

Computer-Aided Design and Simulation

of ADPLLs

Setting up the Design Parameters

The program distributed with the book can also be used to design and simulate
ADPLLs. The procedures are similar to those described in Chap. 5 and are hest
explained by a quick tour.

Start the program and hit the CONFIG speedbutton in the taskbar. This brings
up the configuration dialog box, Fig. 7.1. In the panel PLL Category, click the
ADPLL radiobutton. To configure an ADPLL, it is required only to specify the
center frequency f0 and the type of phase detector, Exor or JK-FF. Hit the Done
button to complete the dialog.

Next click the DESIGN speedbutton in the taskbar. This activates the design
dialog box, Fig. 7.2. In the top-most panel (Configuration) the actual ADPLL con-
figuration is displayed. Below there are two panels, labeled Frequency params and
ADPLL params. The ADPLL params are represented by the parameters K, M, and
N as described in Sec. 6.3. For the last-specified values for K, M, and N, the
program computes the corresponding ADPLL hold range Af,; and 3-dB corner
frequency fiqs. As in case of the mixed-signal PLL, the user can proceed in two
ways: (1) Enter the desired hold range into the edit window labeled fH and then
hit the Calc ADPLL params button. The program then computes the parameters
K, M, and N required to meet that goal. (2) Alternatively, immediately enter
values for K, M, and N into the corresponding edit windows and hit the Calc fre-
quency params button. The program then computes the resulting hold range fH
and 3-dB corner frequency fsgp.

When the user chooses the first of these options and enters the desired hold
range, the program calculates the appropriate values for K, M, and N using Eq.
(6.20). Because we have only one equation for three unknown parameters, two
of them can be chosen arbitrarily. The program therefore sets K= 8 and N = 16
and finally computes the appropriate value of M. This is not necessarily the
optimum choice. Eventually the ripple of the ADPLL could be too large. To
reduce the ripple, the user would probably increase N, for example, by setting
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Figure. 7.1 Dialog box for configuring an ADPLL.
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Figure. 7.2 Dialog box for ADPLL parameter specification.
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N = 32. Because the hold range is proportional to M/KN, M would have to be
increased by the same factor, i.e., by the factor 2.

The DESIGN dialog box also includes an option to display the Bode diagram
of the open-loop and closed-loop gain. The Bode diagram is cbtained by click-
ing the Plot Bode button. The DESIGN dialog exits when the Done button is hit.
We are ready now to perform simulations.

7.2 Simulating ADPLL Performance

To start ADPLL simulation, hit the SIM speedbutton in the taskbar. This opens
the simulation dialog box, Fig. 7.3. The parameters of the simulation are
entered in the panel on the right side. They are almost identical with those of
LPLL and DPLL simulations with the exception that there is no filter function
here. In contrast to the mixed-signal PLL there are no voltage signals to cal-
culate. Instead of the signals u, and u;, the program computes in every refer-
ence cycle the instantaneous frequency f, of the output signal uy” (see Fig. 6.13)
and the instantaneous phase error 6,. The frame window on the left of the sim-
ulation dialog box displays 6, (thicker curve) and Af, {thinner curve), where Af,
is the variation of output frequency; that is, Af, = fo — ¢/, and fy" is the scaled-
down center frequency of the ADPLL. Because the output signal u," can change
state only on the edges of the clock signal (ID clock in Fig. 6.13), only a discrete
set of output frequencies can be created. As we see from the plot in Fig. 7.3,

Thets £ fdaal elte T8 {eror)
360 f i : 16

e

Figure. 7.3 Simulation of ADPLL performance.
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the output frequency varies in steps of approximately 3.4kHz. Because one
single value for 6, and Af; is calculated in each reference period, no filtering of
these variables is performed.

As in the case of the mixed-signal PLL, noise can be added to the reference
signal. This is done by checking the Add noise checkbox and entering appropri-
ate values for SNR(dB) and Noise BW(rel), as explained in Sec. 5.3 (see also Fig.
5.14).

In the next section we will perform a number of case studies that will reveal
the substantial differences in the behavior of ADPLLs compared with the clas-
sical LPLLs and DPLLs.

7.3 Case Studies of ADPLL Behavior

In this section we will investigate ADPLL performance in some typical
applications.

Case study 1: Dynamic performance of the ADPLL using the EXOR PD. Start the
simulation program, and click the CONFIG speed button. In the PLL Category
panel, check the ADPLL radiobutton. In the Center frequency panel, enter 100,000
into the f0 window. In the PD Type panel, check the Exor radiobutton. Close the
CONFIG dialog by hitting the Done button.

Click the DESIGN speedbutton. This opens the design dialog box. In the ADPLL
params panel, enter the values

K=8
M =32
N =16

Hit the Calc frequency params button. The program computes the resulting hold
range and 3-dB corner frequency. We get fH = 12.5kHz and f35 = 7957 Hz. Hit
the Done button to close the design dialog.

You are ready now for simulation. Click the SIM speedbutton. Because we
want to apply frequency steps to the reference inputs, check the f-step radiobut-
ton (see Fig. 7.3). In the edit window enter the following parameters

£0=100,000 (Hz)

df = 6000 (Hz)

T =0.00040 (s)

ZoomFact =1

Add noise: unchecked
Hit the RUN button. According to the theory of this type of ADPLL, the time
constant of the loop is 1 = 2T, = 20 us, where T, = 1/f,. The frequency step chosen

in this simulation is about half the lock range. The result of the simulation is
shown in Fig. 7.4.
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Figure. 7.4 ADPLL simulation. Response to frequency step df = 6kHz.
Thicker line = phase error; thinner line = frequency deviation.

A linear system would settle to within 5 percent of its final state in about
three time constants, i.e., in 60 us. The curve for the phase error is quite jittery,
but the settling time is seen to be well within that range. The difference fre-
quency curve looks very noisy indeed. Unlike a classical DPLL, the frequency
of the output signal does not asymptotically approach the reference frequency
but oscillates around that value. This is the most typical property of the ADPLL.
By the nature of the ID counter, its output signal can perform state changes
only on the edges of the ID clock signal. Hence the instantaneous frequency |,
of the output signal can take only a number of discrete values. It is easily shown
that f, can take values of

ON 2N .)
ON+1 2N +2’

For positive deviations, f, can have the values 100, 103.2, 106.7, . .. kHz. The
curve for Af, indicates that the output frequency equals the reference frequency

on average, however. Because the phase-error curve is relatively smooth at about
45°, the ADPLL is firmly locked.

ﬁ=ﬁ( (7.1)
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Let us increase now the frequency step to, say, 12kHz. This simulation is
shown in Fig. 7.5. The instantaneous output frequency now oscillates between
110 and 114kHz approximately, and from the relatively quiet phase-error curve
we see that the system is still locked. The phase error is near its limit of sta-
bility, i.e., slightly less than 90° on average. If the frequency step is made larger
(13kHz), the system can no longer maintain lock, Fig. 7.6. The loop pulls the
output frequency to about 114kHz after some reference cycles, but because the
phase error exceeds 180°, the phase detector gain changes polarity, which causes
the PLL to unlock. This experiment shows that the realizable hold range is only
slightly less than the predicted one.

Let us look now at how the ADPLL reacts to phase steps. Check the phi-Step
radiobutton in the SIM dialog and enter dphi = 90°. Hit the RUN button. After
the phase step occurs, the output frequency is temporarily increased during a
few reference cycles, but the loop settles to zero phase error very quickly, Fig.
7.7.

Case study 2: Dynamic performance of the ADPLL using the JK-flipflop PD.  Now we
start another simulation and hit the CONFIG speedbutton first. In the CONFIG
dialog box we check the JK-FF radiobutton. Enter a Center frequency of f0 = 100kHz
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Figure. 7.5 ADPLL simulation. Response to frequency step df = 12kHz.
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Figure. 7.6 ADPLL simulation. Response to frequency step df = 13kHz.
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again. Hit the Done button to finish the CONFIG dialog and click the DESIGN
speedbutton. In the ADPLL params panel, enter the parameters for minimum
ripple, that is, M = 16, K = 8, and N = 8, and hit the Calc frequency params button.
The program predicts a hold range of fH = 12.5 kHz. According to ADPLL theory,
the time constant of the loop becomes t = 40us. Hit the Done button to exit the

. DESIGN dialog and click the SIM speed button. In the SIM dialog, enter a fre-

quency step df = 11,000 (kHz) and click the RUN button. The results of the sim-
ulation are shown in Fig. 7.8.

The loop locks, but the phase error nearly approaches the stability limit of
180°. If the frequency step is increased to 12kHz, the loop is no longer able to
maintain lock. It is not easy to read out the settling time accurately, but we rec-
ognize that the loop acquires lock after about 120us, which is roughly 3t.

Case study 3: Dynamic performance of the FSK decoder.  Let us investigate now the
behavior of the FSK decoder we designed in Sec. 6.5. Start the simulation by
clicking the CONFIG speed button. In the PD type panel, check the JK-flipflop
radiobutton. In the Center frequency panel, enter f, = 2400Hz. Hit the Done
button to close the CONFIG dialog. Hit the DESIGN speed button te start the
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Figure. 7.8 ADPLL simulation. Response to frequency step df = 11 kHz.
Phase detector = JK-flipflop.
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Figure. 7.9 Response of the FSK decoder onto a frequency step df =

300He.

DESIGN dialog. In the DESIGN dialog, enter the parameters M = 16, K = 8,
and N = 4. Click the Calc frequency params button. The program calculates the
expected hold range f = 600 Hz. Close the DESIGN dialog by clicking the Done
button. Enter simulation mode by hitting the SIM speed button. In the SIM
dialog, check the f-Step radiobutton and specify a frequency step df = 300 Hz.
Hit the RUN button to start the simulation. The results are shown in Fig. 7.9.
Clearly, the ADPLL locks within a few reference cycles. The phase error is
around 90°. There is quite a bit of ripple on the output frequency, which is not
critical in this application. As Eq. (6.15) indicates, the frequency ripple could
be reduced by increasing N. Doubling N, for example, would reduce the hold
range, however, by a factor of 2, which is not acceptable in this application. To
maintain the hold range of 600Hz, M would have to be doubled, too. The reader
is encouraged to make his or her own trials on improving the frequency ripple
of this ADPLL ability to maintain lock.
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The Software PLL (SPLL)

8.1 The Hardware-Software Tradeoff

In the age of microcontrollers and digital signal processors (DSPs) it is an
obvious idea to implement a PLL system by software. When that is done, the
functions of the PLL are performed by a computer program. The designer
realizing a software PLL (SPLL) trades electronic components for microseconds
of computation time. As the parts count for a hardware PLL increases with
the level of sophistication, the number of computer instructions rises with the
complexity of the required PLL algorithms.

Of course the SPLL can compete with a hardware solution only if the required
algorithms are executing fast enough on the hardware platform that is used to
run the program. If a given algorithm performs too slowly on a relatively cheap
microcontroller (one of the popular 8051 family, for example) and the designer
is forced to resort to more powerful hardware (e.g., a DSP), a price tradeoff also
comes into play. The high speed and low cost of available PLL ICs makes it
difficult for the SPLL to compete with its hardware counterpart. Nevertheless,
SPLLs can offer particular advantages, especially when computing power is
already available.

When comparing SPLLs with hardware PLLs, we should recognize first
that an LPLL or a DPLL actually is an analog computer that continuously
performs some arithmetic operations. When a computer algorithm has to take
over that job, it must replace these continuous operations by a discrete-time
process. From our previous discussion of hardware PLLs we know that every
signal of such a system contains a fundamental frequency, which can be equal
to its reference frequency f; or twice that value. According to the sampling
theorem, the algorithm of the SPLL must be executed two or even four
times in each cycle of the reference signal. If the reference frequency is a
modest 100kHz, for example, the algorithm must execute 200,000 times per
second in the most favorable case, which leaves not more than 5us for one
pass-through.

257
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Today’s microcontrollers easily work with clock frequencies up to the giga-
hertz region. For most microcontrollers, however, one instruction needs more—
often much more—than one machine cycle to execute. There is a risk, therefore,
that the microcontrollers on the lower end of the price scale fail to deliver the
required computational throughput. Using DSPs instead brings us a big step
forward, because they not only are fast with respect to clock frequency, but also
offer Harvard-Plus and pipeline architecture.’® Harvard architecture means
that the DSP has physically separated data and program memories, and hence
can fetch instructions and data within the same machine cycle. In even more
sophisticated DSPs, the machine can fetch one instruction and several data
words at the same time. The term pipeline implies that the arithmetic and logic
units of the machine are fully decoupled, so that the DSP chip is able, for
example, to perform one instruction fetch, some operand fetches (data fetches),
one or more floating-point additions, one or more floating-point multiplications,
one or more instruction decodings, one or more register-to-register operations,
and perhaps even more in one single machine cycle. This greatly enhances com-
putational throughput but results in higher cost, of course.

In the next section we discuss the steps required to check the feasibility and
economy of an SPLL realization.

8.2 Feasibility of an SPLL Design

An SPLL design offers the most degrees of freedom available in any one PLL
design, because it can be tailored to perform similarly to an LPLL or a DPLL
or to execute a function that neither of these hardware variants is able to do.
To check whether a software implementation can economically be justified, we
recommend going through the steps described in the following.

Step 1—Definition of the SPLL algorithm. The SPLL design procedure should
start with the formal presentation of the algorithm(s) to be performed by
the SPLL. Examples of such algorithms will be given in Sec. §.3. For the
moment it is sufficient to write down these algorithms in symbolic form, i.e.,
by algebraic and/or logic equations. Structograms are ideally suited to define
the sequence of the operations, to describe conditional or unconditional
program branchings, to describe loops that are repeatedly run through, and the
like. Examples of structograms are also given in Sec. 8.3.

Step 2—Definition of the language. Having defined the algorithms, we should
define the language that will be used to encode them, at least tentatively.
The programming effort is minimized when a high-level language such as C/C++
or (object) PASCAL is used. If the program is required to finally run on a
microcontroller, a language must be chosen for which a compiler is available.
Manufacturers of microcontrollers or software houses mostly provide compilers
for C/C++ and PASCAL. When the compiled assembly-language program
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is available, the time required to execute it can be estimated. It should be
noted that different assembler instructions may require different execution
times.

Not every compiler is able to generate a time-efficient assembly code. If it is
necessary to use a DSP, this point is even more important. When the DSP makes
use of pipeline techniques,'®'® the compiler must generate parallel assembly
code, i.e., an assembler program where a number of different instructions are
executed in any one instruction. In cases where efficient compiler programs are
not available, the software designer could even be forced to write the program
immediately in assembly code. With parallel-computing DSPs this is not a
simple task, however. Some manufacturers of DSP chips offer signal-processing
libraries written in assembly code, which can be used to perform most elemen-
tary signal-processing tasks, e.g., digital filtering and the like.

Whatever language is used, the assembly code must be available to get an
estimate of the approximate execution time of the algorithm(s).

Step 3—Estimation of real-time bandwidth. Having estimated the program exe-
cution time, the designer must calculate the real-time bandwidth of the SPLL
system. If the execution time of the full SPLL algorithm is 50 us, for example,
and two passes are required in one cycle of the reference signal, at least 100 us
of computation time is needed in one reference period. Probably the microcon-
troller or whatever hardware is used will need some more time for timekeep-
ing, input/output operations, and the like; the real-time bandwidth is likely to
fall well below 10kHz in this example.

Step 4—Real-time testing. To check if the system performs as planned, the
designer will have to implement a breadboard and test its system in real time.
Only such a test can make sure that the real system is not even slower than
the designer imagines.

8.3 SPLL Examples

Because every known LPLL, DPLL, or ADPLL system can be implemented by
software, the number of variants becomes virtually unlimited. We therefore
restrict ourselves to a few examples. The required algorithms for the SPLL will
be described in great detail, so the reader should be able to adapt the methods
to other SPLL realizations. The PLL simulation program on the disk is a good
example for SPLLs, because it demonstrates the ability of software to imple-
ment a great number of different linear and digital PLL configurations. We
should be aware, however, that the simulation program does not represent
a real-time system, since it does not work with real signals or execute the
algorithms in real time. Nevertheless, it uses many of the algorithms described
in the following sections.
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8.3.1 An LPLL-like SPLL

We are going to develop an SPLL algorithm that performs similarly to a hard-
ware LPLL. To derive the required SPLL algorithm, we plot a signal flow
diagram that shows the arithmetic operations within the loop (Fig. 8.1). The
input signal u; is supposed to be an arbitrary analog signal, e.g., a sine wave.
It is periodically sampled with the frequency f; = 1/T by an analog-to-digital con-
verter (ADC), where T is the sampling interval. Thus samples are taken at times
t=0,T, 2T, ...,nT. u,(n)is the simplified notation for the input signal sampled
at time ¢ = nT; i.e., u)(n) = u;(nT). All other signals of the SPLL are sampled
signals, too, and must be calculated at the sampling instants ¢t = 0, T, 27, . . .,
nT. Consequently, all function blocks of the signal flow diagram are working
synchronously with the ADC clock.

In Fig. 8.1 the signals shown by double lines are word signals. The output
signal of the DCO, however, is a bit signal and is therefore represented by a
single line. There are three function blocks in the signal flow diagram: a digital
multiplier, a digital filter, and a DCO. (No down-scaler is used in this configu-
ration; 1.e., N = 1.) The multiplier is used as phase detector and corresponds
exactly with the already known Nyquist rate PD discussed in Sec. 6.1.1; refer
also to Fig. 6.2. Its output signal is denoted uy(n). The digital filter serves as
loop filter, its output signal is udn). Finally, the DCO is supposed to generate a
square wave output signal u,(¢), which is of course known only at the sampling
instants. The sampled DCO output signal is denoted u.(n). As we will see, the
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Block diagram showing the arithmetic operations to be performed by an

SPLL whose performance is similar to the LPLL.
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DCO is not able to compute u,(#) directly; rather, this signal must be calculated
indirectly from the phase ¢.(¢) of the DCO. If a VCO were used instead of the
DCO, its instantaneous output angular frequency would be given by

The continuous output signal u,(#) then would be given by
uy(t) = rect(wy(t)-t) (8.2)

where rect denotes the square wave function; refer to Eq. (2.10b). The total
phase @,(¢) of the VCO output signal then would be

Note that we dealt only with the differential phase 6,(¢) hitherto, which corre-
sponds to the second term on the right side of Eq. (8.3). Here the total phase
©,(t) 1s used to compute the instantaneous value of the DCO output signal w,(#).
If we assign the values +1 and ~1 to the square wave signal, it follows from the
definition of the square wave function that wu,(¢) is +1 when the phase ©,(¢) is
either in the interval 0 < ¢, < 7 or in the interval 27 < ¢, < 37, ete. In all other
cases, uy(t) = —1. We are going now to adapt this computation scheme to the
time-discrete case we are dealing with. When we know the digital filter output
signal udn) at sampling instant £ = nT and assume furthermore that it stays
constant during the time interval nT < ¢ < (n + 1)T), the total phase of the DCO
output signal will change by an amount

AQy =[0g + Kour (n)|T (&.4a)

in that interval. If the phase ¢.,(n) at sampling instant ¢ = nT were known,
we would be able to extrapolate the total phase @.(n + 1) at sampling instant
t=(n+ 1T from

Q2(n+1) =@y (n)+{wy + Kour (n)]T (&.4b)

This computation is possible because we can initialize the total phase with ¢;(0)
= 0 before the SPLL algorithm is started. Hence we can extrapolate ¢,(1) at
time ¢t =0T, ¢,(2) att =1 T, ete. Given ¢, (n + 1), we can also extrapolate
the value of us (n + 1) att = (n + 1T,

us(n+1)=1 if 2kn<@(n+1)<(2k+Dn
or
us(n+1)=-1 if @Ck-Drn<oe(n+1)<2kn

with £ = integer.
The signals of our SPLL are depicted in Fig. 8.2. The dashed lines represent
continuous signals. The sampled signals are plotted as dots. Only the continu-
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ous signal u,(z) really exists; all others are only fictive. The required algorithm
is easily derived from these waveforms. At a given sampling instant ¢ = nT, the
output signal us(n) of the multiplier has to be computed by

ug(n) = K g (n)uy(n)

u; (n)

) 4 -
|
S
| o o
.__T[ /’
ug (n)
—_ - —— —————
| |
| !
| |
e >~ o] ! >
I n-1 n t
ug (n)
~ 1 -
| _
7 ) e |
S A | {
/ IL n yi | yd >
e } , 1 . »
* I J// : // t
1 ¥
~ L//
ur (n)

e R

t

Figure 8.2 Plot of the signals that have to be calculated by the SPLL
algorithm.



!Z‘W;i!‘i" @

The Software PLL (SPLL) 263

where K, is the gain of the phase detector. Given u,(n), a new sample of us(n)
must be computed; the corresponding filter algorithm will be given below. Given
ufn), the value of @y(n + 1) at the next sampling instant is extrapolated.
This enables us to extrapolate u,(n + 1) also. This value must be known, because
we need u,(n) in the following sampling instant to compute the next value of
ugs(n).

The SPLL algorithm is now represented symbolically in the structogram
of Fig. 8.3. When the algorithm is started, initial values are assigned to all
relevant variables. The program enters an endless cycle thereafter; i.e., the
algorithm within the box is repeatedly executed until the system is halted

Initialize variables

ug(n), ®2(m), uy(m-1), un-1

REPEAT

Timer interrupt?

Sample input u;(n)

Calculate ug (n) from u,(n), uy (n)

Calculate ug(n) from ue(n -1), uy(n), ug (n - 1)

Estimate phase @5 (n+1) and uy(n+1) from
¢y (n), up(n)

Shift variables

ug(n-1) =uy(n)
up(n—1) = up(n)
¢ (n) = @y (n+1)
us (n) = ug (n+1)

-

UNTIL abort

Figure 8.3 Structogram defining the operations of the SPLL according to Fig. 8.1.



264

Chapter Eight

or switched off. It is assumed that the clock signal (refer to Fig. 8.1) periodi-
cally generates interrupts in the microcontroller or whatever hardware is used.
Thus interrupt requests show up at time instants ¢ = 7, 27, ..., nT. As soon
as the interrupt is recognized by the hardware, the SPLL algorithmi is executed.
It starts with the acquisition of a sample of the input signal u,(¢). The next three
statements of the structogram correspond with the computation scheme already
described. Finally, when all variables of the SPLL have been updated, they must
be delayed (or shifted in time). The variable u,(n — 1) is overwritten by the value
ug(n), which means that the “new” value of u4(n) computed in this cycle will be
the “old” value uy(n — 1) in the next cycle. The same holds true for all other
variables.

Knowing what has to be calculated in every step, we can develop the
algorithm in mathematical terms. The full procedure is listed in Fig. 8.4.
First all relevant variables are initialized with 0. Depending on the particular
application, other values can be appropriate. The operation of the multiplier is
trivial. The next statement is the digital filter algorithm:

ur(n) = —aqur(n — 1)+ boug(n) + biug(n - 1) (8.5)

This is the recursion of a first-order digital filter. As pointed out in Sec. 6.1.2,
an analog filter is described by its transfer function

B Uf(S)

F —=
©=7.6

(8.6)

where s is the Laplace operator and Uds) and U,(s) are the Laplace transforms
of the continuous signals ud¢) and u,(¢), respectively. To get a digital filter per-
forming nearly the same function, we usually transform F(s) into the z domain:

Uf(Z)

F =
&= 0.0

(8.7)

where z now is the z operator. There are a number of transforms!*!*!41

that can be used to convert F(s) into F(z). The most often used is called bilin-
ear z transform. It will be covered in some more detail in Appendix C. Before
the digital filter is designed, we start with the definition of the (fictive) analog
filter. Because we know that the active PI filter offers best PLL performance,
we assume that F(s) is the transfer function of the active PI filter; refer also to
Eq. (2.28). Using the bilinear z transform, we get

(8.8)

where the filter coefficients are given by
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Initialize variables

Uy (H) =0
¢g(n) =0
ug(n-1=0
Uf (n - 1) = O
REPEAT
y Timer interrupt?

Get next sample u; (n) from ADC

ug(n) = Kyuy (n) - uy (n)

ugn) = - a;ur(n - I)+bguy(n)+byuy(n - 1)

@2 (n+1) = @p (n) + [wy+Kqup (m)]T

y ¢y {n+1) > = 0
0y (n+1) = gy (n+1) - 2n
@2 (n+1) > 0
y n
up(n+1) =1 Uy (n+1) = -1

ud (n— ].) = ud (n)
up(n-1) = up(n)

92 (n) = @2 (n+1)
UQ (n) = UQ (n+1)

UNTIL abort

Figure 8.4 Structogram showing the algorithm to be performed by the SPLL in each
sampling interval.
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by = l[l N _,_1_#_}
21, tan(7T/21,)

1
SCA I
27, tan(T/Z‘c;z)

and T is the sampling interval. Transforming Eq. (8.8) back into time domain,
we get the recursion

ur(n) = —ayur(n — 1)+ boug(n) + biug(n — 1) (8.9)

which is also listed in the structogram of Fig. 8.4. From Eq. (8.46) the total
phase of the DCO output signal at the next sampling instant will be

Q2(n+1) =@o(n)+[wo + Koup(n)]T

When the algorithm is executed over an extended period of time, the values of
©;(n + 1) will become very larée and could soon exceed the allowable range of
a floating number in the processor used. To avoid arithmetic overflow, o, is
limited to the range -1 < ¢, < ©. Whenever the computed value of 9,(n + 1)
exceeds &, 2n is subtracted to confine it to that range. Now the value of uy(n +
1) is easily computed by checking the sign of the range-limited total phase. If
®(n + 1) 2 0, us(n + 1) = 1; otherwise uy(n + 1) = —1. Finally, the calculated
values of uy(n), etc., are delayed by one sampling interval; i.e.,

ug(n-1) « uy(n) ete.

As we stated in Sec. 5.2.5 when simulating the PLL on the PC, the sampling
rate f; for this SPLL algorithm must be chosen at least 4 times the reference
frequency in order to avoid aliasing of signal spectra.

8.3.2 A DPLL-like SPLL

When the input signal u, of a PLL is a binary signal, it is more appropriate to
implement an SPLL that performs like a DPLL. We develop an algorithm now
performing like the DPLL using the phase-frequency detector and a passive
lead-lag filter. Though the mathematical and logical operations within such a
DPLL seem simpler compared with an LPLL, it turns out that the algorithm
for the corresponding SPLL becomes much more complicated.

Let us again represent the required functions by a signal flow diagram (Fig.
8.5). It essentially consists of three functional blocks: a PFD algorithm, a digital
filter, and a DCO. (No down-scaler is used in this configuration; that is, N = 1.)
The digital filter is required to operate like the passive lead-lag filter in a DPLL,
which is once more shown in Fig. 8.6. Before going into details of the last two
figures, we consider the signals of this SPLL (Fig. 8.7). The only signal that
physically exists—at least at the beginning—is the input signal «,(¢), a square
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Edge INT REQ
H ] Detector
fS
t,1(n) - ug(n)
PFD +1 Digital f
algorithm :—t—:(ﬁ Filter
: -1
ug
92

DCO <

Figure 8.5 Block diagram showing the arithmetic and logic operations to be performed by
an SPLL whose performance is similar to the DPLL.

R,
o1 —0
Uy (n) R2 Uy (n)
C T luc (n)
o . -0

Figure 8.6 Schematic of the passive lag loop
filter. ‘This drawing is used to define the
variables of the loop filter.

wave whose frequency can vary within the frequency range of the DCO. The
(fictive) output signal u.(#) of the PLL would be a square wave, too.

As we know from Sec. 2.3.1, the logic state @ of the PFD depends on the
positive edges of these two signals (or from the negative edges, whichever
definition is made). When the PLL has settled to a steady state, the signals u,(¢)
and u,(t) are nearly in phase. The output @ of the PFD is then in the 0 state
most of the time. Should the output frequency of the DCO drift away, the PFD
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INT REQ ]
1
uy (t) 04 'y
t(n-1) t(n) t{n+1)
T(n)
1
ul(n)
0
27( Lo
[0 (t) /':V {
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P (1) / ; I B
|
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Figure 8.7 Plot of the signals that have to be calculated by the
SPLL algorithm.

would generate correction pulses; that is, @ would become +1 or --1 for a very
short time. The width of the correction pulses is mostly less than 1/1000 of one
period of the reference signal. If we tried to detect the edges of u(¢) and wu,(¢)
by sampling these signals, the sampling frequency would have to be at least
1000 times the reference frequency, which is highly unrealistic.

Another scheme must be used, therefore, to detect the instants where the
state of u; and u, is changing. Because we need to know the times where u,; and
u, are switching from low to high, we use the (positive and negat.ve) edges of
u,(t) to generate interrupt requests to the computer; refer to the signal



The Software PLL (SPLL) 259

INT REQ in Figs. 8.5 and 8.7. The computer is supposed to have a
timer/counter chip such as the Intel 8253 or the AMD 9513.% As soon as the
interrupt is recognized, a “time stamp” is taken; i.e., the time where the inter-
rupt occurred is stored. The instants where interrupts have been detected are
called #(0), t(1), ..., t(n), . ... Three of them are marked on top of Fig. 8.7.

Before the SPLL algorithm can be discussed, we have to define a number of
signals (refer to Fig. 8.7):

u1(n) is the sampled version of the continuous reference signal u;(¢) immedi-
ately after occurrence of the interrupt request. At time ¢(n — 1), for example,
u,(n - 1) =1, and at time t(n), u,(n) = 0.

¢,(t) is the (fictive) continuous phase of the DCO output signal.

¢2(n) is the sampled version of @,(¢). Of course, the samples are also taken at
the instants where an interrupt occurred.

uy(t) is the (fictive) continuous output signal of the DCO. It will be calculated
from the phase @,(¢), as in the example of Sec. 8.3.1.

Q(¢) is the (fictive) continuous output signal (or state) of the PFD. It can have
the values -1, 0, or 1.

Q(n) is a sampled version of @(¢) and is defined to be the state of the PFD
just prior to occurrence of the interrupt at time #(n). For example, @(n - 1)
has the value 0, because @(¢) was in the 0 state before the interrupt at ¢ = t(n
—~ 1) was issued.

T(n) is defined to be the time interval between the time of the most recent
interrupt £(n) and the time of the preceding interrupt at ¢ = t(n — 1); thus
T(n) = t(n) — t{n — 1). When Q(¢) is in the +1 state in a fraction of the 7'n)
interval, the corresponding duration is stored in the variable ¢ ;(n), s shown
by the arrow in Fig. 8.7. When Q(¢) is in the -1 state in a fraction of the Tin)
interval, however, the corresponding duration is stored in the variable 7 ,(n);
this is indicated by another arrow on Fig. 8.7.

u.(n) is used to denote the signal on the (fictive) capacitor C in the schematic
of Fig. 8.6.

ufn) is used to denote the sampled output signal of the digital filte- in Fig.
8.5. With reference to Fig. 8.6, udn) is nearly identical with u.(n) but can
slightly differ when “current” flows in the (fictive) resistor K..

The enumeration of that large set of variables has been quite cumkersome,
but the elaboration of the algorithms will be even more fatiguing. The struc-
togram of Fig. 8.8 shows what has to be done on every interrupt requast. The
signals appearing in the algorithm are shown in Fig. 8.7. The uppermost portion
of the SPLL algorithm is trivial and lists the initialization of some variables.
As in the previous example, the program then enters an endless loop, where it
first waits for the next interrupt. When the interrupt has been detected, the
time lapsed since the last interrupt is taken, T(n) = t(n) — t(n — 1). Next,
the current value of the reference signal u,(t) is sampled, u,(n) = u, (). This is
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Initialize variables

t(n-1), u.(n-1), ¢(n-1), Qn-1), uy{n-1), uyy(n-1)

REPEAT

WAIT FOR INT_REQ

® Measure current interval T(n) = t(n)-t{n-1)
® Sample input signal u,(n)

®  (Calculate phase ¢, (n) from @s (n-1), ug(n-1), T(n)

®  Check if @q (t) crossed 0 or 2n boundary
yes: tooss () = time of crossing — t(n-1)

NO: bepags (D) =0

® From previous states Q(n-1), u;(n-1), tee (0

compute intervals where Q(t) was in +1 or -1 state
t.1(n) interval Q(t) was +1
t_1(n) interval Q(t) was - 1

® Fromt, (n), t(n), u.n-1) calculate u,(n)

® Fromu.n), t,;(n), t_;(n) calculate ug(n)

Shift variables

ur(n-1) = ur(n)
Qn-1) = Q(n)
@9 (n-1) = @y (n)
u; (n-1) = u; (n)
u.(n-1) =u.(n)
tin-1) = tln)

UNTIL abort

Figure 8.8 Structogram defining the arithmetic and logic operations within the SPLL of
Fig. 8.5.
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necessary because we need to know whether we are in the positive or negative
half-cycle of the square wave u,(t). We assume that the current time ¢ is {(n)
right now, which corresponds to the second interrupt request shown in the
middle of Fig. 8.7. In contrast to the previous SPLL example, we do not know
the value of the phase @,(¢) at that time! The reason for this is simple: At time
t =t(n - 1) the value of the digital filter output signal udn — 1) could be calcu-
lated, and consequently we also knew the instantaneous (angular) frequency
wo(n — 1) of the DCO. But since we did not yet know at time ¢ = ¢(iz — 1) how
long the duration of the following half-cycle of u;(¢f) would be, we could not
extrapolate @,(n) but had to postpone that until t = #(zz). Only now, at ¢ = t(n),
are we able to compute @y(n) from

Qo (n) = d2(n —1)+[wo + Kous(n - DIT(n) (8.10)

Note that the phase @y (n — 1) at time ¢ = t(n — 1) was known, bzcause the
phase signal is computed recursively and was initialized with ¢,(0) = 0 at ¢ = 0.
Next we must determine whether or not the (fictive) signal u,(¢) showed up a
positive edge in the interval T'(n). This is the case when the continuous phase
signal ¢y(t) “crossed” the value 0 or 2n during interval T(n); this is sketched in
the waveforms of Fig. 8.7. (The attentive reader will have noted that positive
edges also would occur at phase crossing with 4m, 67, . . ., etc. As wili be shown
later, we periodically reduce the total phase by 2n whenever it becomes larger
than 2n. This is necessary to avoid arithmetic overflow in the computer.) When
the phase crosses such a boundary, the corresponding time [i.e., the time inter-
val from #(n — 1) to the crossing] is stored in the variable ¢ ....(n). When no cross-
ing 1s detected, f..(n) is set to 0. The algorithm for the computation of z,..(7)
is indicated in the structogram of Fig. 8.9a. It starts with the “normalization”
of the phase signal ¢,(¢), as noted above.

>2
v P2 (n)>2n i
P (n) = @ (n) - 21
@9 (n-1) = @y (n-1) - 2n
¢y (n) >0 AND ¢, (n-1) < 0
y n
¢ (n) = - (pg(n—l)'T(n)
eross T = ) @p(n-1) teross(n) =0
|
(a)
Figure 8.9 Detailed structograms of the algorithms to be performed by the SPLL of Fig.

8.5; {a) algorithm to determine the variable #....(n) [time when output phase @,(¢) crosses
boundary of 0 or 2n}; (b) algorithm for the PFD; (¢) algorithm for the digital filter.
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We are ready now to compute the state Q(¢) of the PFD during the interval
T(n). The signal Q(¢) depends on a number of other variables. First of all, the
state of @(n — 1) prior to time ¢ = t(n — 1) must be known. If, as sketched in Fig.
8.7, Q(n — 1) was 0 and u,(¢t) made a positive transition at ¢t =t(n — 1), Q(¢) goes
into the +1 state. When u,(#) also makes a positive transition thereafter, @(t)
goes back to the 0 state. If @(n — 1) had already been in the +1 state at ¢ = t(n
— 1), however, it could not have changed its state on the positive edge of «.(#).
The behavior of the PFD is therefore case-sensitive; the algorithm in Fig. 8.96
demonstrates that as many as nine different cases are possible. This algorithm
determines the values of ¢,,(n) and ¢_,(n) and also computes the state of @
at the end of the T(n) interval. This state will be used as initial condition
@(n — 1) in the next interrupt service.

When it turns out that ¢,,(n) is greater than zero, this means that the supply
voltage Up must be applied during interval z,,(n) to the RC filter of Fig. 8.6.
When ¢_,(n) is nonzero, however, the “capacitor” C would have to be discharged
toward ground during the interval t_;(n). The digital filter algorithm in Fig. &.9¢
explains how the voltage u.(n) on capacitor C must be computed from the pre-
vious value u(n — 1). If no current flowed into or out of the capacitor C (Fig.
8.6), the output signal ud{n) would be identical with capacitor voltage u.(n. In
the intervals where current flows, however, udn) can be higher or lower than
u.(n), depending on the polarity of the current. Because u4?) is nonconstant in
the interval T'(n), we define udn) to be the average of u/¢) in the interval t/n —
1) £t < t(n). This yields the expression listed in Fig. 8.9c. When deriving the
equations in this algorithm, it was assumed that the duration of a T''n) cycle
(half a cycle of the reference signal) is much smaller than the filter time con-
stant 1; in Fig. 8.6. Under this condition the current flowing into or cut from
capacitor C remains constant during the charging or discharging intervals. This
assumption leads to simpler expressions for u.(n) and udn).

The algorithm used to compute the filter output udn) differs cons.derably
from conventional digital filter algorithms. In a classical filter algorithm, the
sample udn) of the output signal is calculated from the number of delayed
samples of the output signal and from the number of delayed samples of its
input signal. This scheme does not apply, however, to the current example,
because the input signal of this circuit is applied only during a fraction of the
sampling interval. The input is “floating” in the remaining time. Hence
the output signal must be calculated like the output of an analog filter, where
the input is applied continuously.

All computations of one interrupt service are done now. Because most of the
computed samples at ¢ = t(n) will be used as starting values in the next inter-
rupt service, they must be shifted in time. This is indicated in the bottom of
the structogram of Fig. 8.8. Finally, the structogram of Fig. 8.10 lists the full
algorithm in mathematical statements. To avoid overloading the graph, the
algorithms for f¢..(n), for the PFD, and for the digital filter are shown
rately (Fig. 8.9a to c¢). We note that the only signal that physically exists
erto is the reference signal u,(¢). A realistic SPLL system should also have
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Set all filter parameters
(14, To, Up, Wy, By - . .)

Initialize variables

tn-1) =0

u(n-1)=0
@Pn-1)=0
Qn-1=0
un-1)=10
udn-1 =20

REPEAT
WAIT FOR INTERRUPT

T{n) = tn) - t(n -1)

Sample input signal u,(n}

@oln) = @o(n - 1)+[ p+Kyudn - 1)1 T(n)

Algorithm for t.. (1) (Fig. 8.9a)
Algorithm for PFD (Fig. 8.9b)
Algorithm for digital filter (Fig. 8.9¢)
Shift variables
Qn-1) = Qn)

¢a(n—1) = gyln)
uy(n-1) = u;(n)
u.(n-1) = uln)
ufn - 1) = ugn)
tn-1) = tn)

UNTIL abort

Figure 8.10 Structogram showing the complete algorithm of the SPLL of Fig. 8.5.



Lo i e LTI

The Software PLL. (SPLL) 275

or more real output signals. When the SPLL is used as an FSK decoder, for
example, the demodulated signal is represented by ufn), which is clirectly com-
puted in every interrupt service. It would be quite simple to apply uAn) to an
output port of the microcontroller whenever it has been computecl. The situa-
tion would become more troublesome if the SPLL were requested to deliver the
continuous DCO output signal u,(¢). As we see from the waveforms in Fig. 8.7,
the SPLL algorithm determines at time ¢ = ¢(n) when this signal rnade its last
transition; i.e., it knows only what happened in the past. To outpu: a real-time
signal, the SPLL algorithm could extrapolate at time ¢(n) how much time should
elapse until the next transient of u,. The corresponding time delay could then
be loaded into a timer, which causes another interrupt request when timed out.
The corresponding interrupt routine would finally set a bit of an output port
with the current state of the u, signal. This simple example demonstrates that
it can become quite cumbersome if only a simple hardware device has to be
replaced by software.

8.3.3 A Note on ADPLL-like SPLLs

There is no question that all hardware ADPLLs can easily be implemented by
software. Every hardware ADPLL operates under the control of one or several
clock signals. On each clock pulse, a number of arithmetic and/or logic opera-
tions are performed. In the corresponding SPLL algorithm, these clock zignals
would have to be replaced by interrupt requests, and the interrupt service rou-
tines would have to perform the operations triggered by the clock :n the hard-
ware ADPLL. It is a relatively simple task to implement the algorithm of the
popular 74HC/HCT297 IC (discussed in Sec. 6.3) by software. The author has
built in such an algorithm in the simulation program distributed with the disk.
Assume that the 74HC/HCT297 circuit is used for clock signal recovery in a
modem operating at a rate of 9600 baud. This circuit would then operate with
a center frequency of f; = 9600 Hz. The K modulus of the K counter cannot be
smaller than K = 8, as pointed out in Sec. 6.3. To get minimum ripple, M (the
multiplier of the K clock) would be chosen M = 4K = 32. Moreover, the assump-
tion M = 2N is made whenever possible, where N is the scale factor of the exter-
nal +N counter. Consequently, the K counter and the ID counter would both
operate at a frequency of Mf, = 307,200Hz. If the ADPLL algorithm must be
implemented by software, the corresponding interrupt service routine must
execute more than 300,000 times in a second, and one single pass of the routine
should take less than 3 us, including the operations required to service the inter-
rupt request. By the present state of the art, this is out of the reach of simpler
microcontrollers such as the popular 8051 family.** Unfortunately, most hard-
ware ADPLLs use clock signals whose frequency is a multiple of the center fre-
quency; hence their realization by software stays restricted to lov/-frequency
applications. Of course, the upper frequency limit can be extended if the more
powerful DSPs are used as hardware platforms.
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The PLL in Communications

9.1 Types of Communications

In this chapter we will discuss applications of the PLL in the doman of data
communications. There are many different kinds of communications, however;
hence we will first look at the most important variants. First of all, analog
or digital data can be transmitted over a data link. Historically, the PLL was
developed to be used in the analog domain: the inventor Henri de Bzllescize®
designed a vacuum-tube-based synchronous demodulator for an AM receiver.
The first important application of the PLL was in the recovery of the color sub-
carrier in television receivers around 1950.

9.1.1 From analog to digital

In recent years digital communications have become increasingly important,
even in the classical analog domains such as telephone, radio, and television.
Because synchronization is an extremely important task whenever digital data
are transmitted, the PLL and related circuits find widespread applications.

Analog and digital signals can be transmitted either as baseband signals or
by modulation of a carrier; in the latter case we speak about bandpzsss modu-
lation. If analog signals are communicated in the baseband, there is no need for
synchronization; hence this is not an issue for the PLL. PLLs and related cir-
cuits come into play, however, when analog signals are modulating a high-
frequency carrier. For analog signals, the classical modulation schemes still are
amplitude modulation (AM), frequency modulation (FM), and phase modula-
tion (PM).

Historically, AM is the oldest modulation scheme. To modulate sn analog
signal (e.g., voice, music, and measurements of temperature or humidity) onto
a carrier, an analog multiplier can be used. The multiplication can also be per-
formed by a digital multiplier; this operation can also be executed by software
on a suitable platform, e.g., on a microcontroller. If the multiplication is done
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digitally, the modulated carrier signal must be converted into analog form by a
DAC, of course. Demodulation of AM signals can be carried out by an LPLL
circuit similar to that shown in Figure 2.47. When a linear PLL locks onto an
AM carrier whose frequency is identical with the center frequency of the PLL,
there is a phase difference of 90° between the carrier (x;) and the VCO output
signal (us). The 90° phase shifter in Figure 2.47 delivers an output signal u,
which is in phase with the reconstructed carrier u, and hence can be used to
synchronously demodulate the signal by a four-quadrant multiplier. A low-pass
filter eliminates the unwanted high-frequency component at about twice the
carrier frequency. Of course, the Schmitt trigger in Figure 2.47 would have to
be removed from this circuit when it is applied as an AM demodulator. The
bandwidth of the low-pass filter must be matched to the bandwidth of the infor-
mation signal. If the information signal has a bandwidth of 4.5 kHz, for example
(as in AM radio), the low-pass filter should have a cutoff frequency of ahout 4.5
kHz.

Frequency modulation (FM) is easily realized by PLLs and releted circuits,
too. A VCO is a frequency modulator by itself. Moreover, an ordinary linear or
digital PLL is able to demodulate FM signals without additional circuitry. The
demodulated signal can be taken from the output of the loop filter (1 see Fig.
2.1, for example).

FM modulators and demodulators are easily converted to PM circuits with
only a few additional components. As we already know, a VCO acts as an FM
modulator. The instantaneous radian frequency ®; is

() = 0y + Kour(2)

and hence is proportional to the information signal ;. The phase of the VCO
output is the integral of ®, over time:

Q2 (t) = ot +K0'[uf(t)dt
which can be written as
(PZ(t) = ol + 192(1,‘)

where @,(¢) represents the phase that carries the information. (The relationship
between phase and radian frequency was explained in Sec. 2.2.) In PM, 0,(¢) is
required to be proportional to the information signal u,itself and not to its inte-
gral. PM is therefore realized by inserting a differentiator between the infor-
mation signal source and the control input (z,) of the VCO. In the same way, a
PLL used as an FM receiver is converted to a PM decoder by integrating the
ur signal. The integrated u, signal then represents the information signal. We
should be aware, however, that an integrator is driven into saturation if an
offset voltage exists at its input (which is the normal situation). Saturation is
avoided when an “ac integrator” is used in place of an ordinary integrator, i.e.,
a circuit that integrates higher frequencies only but has finite gain at dc. The
transfer function F(s) of an ac integrator can be given by
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1

F(s) =
) 1+sT;

where T is the integrator time constant. Roughly speaking, such a circuit would
integrate signals whose radian frequency is above 1/7', but would have gain 1
for lower frequencies. (Note: Such an “ac integrator” is nothing mora than a
simple first-order low-pass filter, which can be realized as a passive or active RC
network.) It is quite clear that the bandwidth of such data transmissions cannot
extend down to dc, but will be restricted to some lower band edge (maybe
300Hz), as is the case with voice signals. As mentioned, digital communications
are of much greater interest today, so we will concentrate on digital applications.

Baseband transmission of digital signals has already been discussed in
Sec. 2.10.1, where we also considered various coding schemes such as NRZ, RZ,
biphase, and delay modulation formats. We also became aware of the problem
of recovering the clock frequency from the information signal and considered a
number of circuits that extract clock information from the data. In broadband
communications, bandpass modulation is applied almost exclusively, and we will
now consider the techniques of bandpass communication in more detail.

9.2 Digital Communications by Bandpass Modulation

Let us start with a review of the most important modulation schemes for digital
communications.

9.2.1 Amplitude shift keying

Amplitude shift keying (ASK) was one of the earliest methods of digital modu-
lation used in radio telegraphy, around the year 1900. In its simplest form, a
high-frequency carrier is turned on and off by a binary data signal, a technique
also called on-off keying. (In the first years of communication technology, the
transmission of Morse symbols effectively used a pseudo-ternary code: a dot was
represented by a short carrier burst, a dash by a long carrier burst, and the
pauses by nothing.) On-off keying is very simple, but has severe drawbacks.
Switching the carrier on and off creates steep transients, which broadens the
spectrum of the signal in an undesired way. Though quite primitive, ASK still
finds applications where low bit rates are sufficient and low bandwidta is not
of primary concern. In a typical ASK setup, a high-frequency carrier is switched
by an NRZ-encoded binary data stream. The receiver is built from an ordinary
linear or digital PLL whose center frequency is tuned to the carrier frequency.
The PLL is equipped with an in-lock detector (as shown in Figure 2.47, for
example). Whenever the carrier is on, the PLL locks, and the output of the in-
lock detector switches into the 1 state. When the carrier is off, the PLL unlocks,
and the output of the in-lock detector goes to 0. Such receiver circuits are com-
monly referred to as tone decoders. A number of tone decoder ICs are available,
such as the XR2213 (Exar) or the LM567 (National); see Table 10.1.
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9.2.2 Phase shift keying

Phase shift keying (PSK) is the most widely used digital modulation today. Some
of its descendants (QPSK, OQPSK, QAM) are more bandwidth efficient and will
be discussed later. In classical PSK [also referred to as BPSK (kinary PSK) or
PSK,] the polarity of a carrier is controlled by a binary data signal. Such a
binary signal is shown in Fig. 9.1a, and the modulated carrier in Fig. 9.156. When
the data signal is a logical 1, the carrier phase is 0 by definition. For a data
signal of 0, the carrier phase becomes n (180°). The definition can be inverted
if desired. As usual in the theory of alternating currents, amplitade and phase
of the modulated carrier can be represented as a vector (phasor) in the complex
plane, Fig. 9.1c. The length of the phasor represents its amplitude, the angle
with the horizontal axis its phase. For BPSK the phase can only take two values,
0 and =.

As we will see in Sec. 9.4, there is a distinct relationship between the symbol
rate R (number of binary symbols transmitted in 1 second) and the bandwidth
W (in hertz) required to transmit the modulated signal. It turns out that for
BPSK the (two-sided) bandwidth W becomes approximately equal to R. Digital
data are often carried by phone lines. Old analog telephone cables are known
for their poor bandwidth, so if we planned to increase the symbol rate of an
existing link by (say) a factor of 10, we cannot hope to reach that goal simply
by increasing the carrier frequency by a factor of 10 and modulating it with
the faster data signal. Therefore we must try to increase the chennel capacity

logical 1

logical 0

Figure 9.1 Binary phase shift keying (BPSK). (a)
Binary signal. (b) Modulated carrier. (¢) Vector plot
of the modulated carrier signal.
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(the throughput of binary symbols) without increasing the channel bandwidth.
This seems contradictory at first glance, but we will see shortly that it is
possible.

9.2.3 Quadrature phase shift keying

QPSK (quadrature phase shift keying, also called quaternary PSK or PSK,)
brings us a step further. How does it work? In BPSK, we created just one carrier
and switched its polarity by a binary data stream. In QPSK we generate two
carriers that are offset in phase by 90°. One of the carriers is called the in-phase
component; it is assigned a phase of 0° and is mathematically represented by a
cosine wave. The other carrier is called quadrature carrier and is assigned a
phase of 90°. The latter is mathematically represented by a sine wave. The
ensemble of both carriers is often called a complex signal. This sounds a little
bit curious, because a signal never can take on complex values—try to think of
a complex temperature or humidity! The term complex makes sense only if we
consider the in-phase component as the real part of a complex signal and the
quadrature component as the imaginary part thereof.)

We are now going to switch the polarity of the in-phase carrier by one binary
signal, s,. Moreover we switch the polarity of the quadrature carrier by another
binary signal, s,. Hence, the phase of the in-phase carrier can take on the values
0 or w (180%), but the phase of the quadrature carrier can take on the values /2
(90°) or 3n/2 (270°). If we add the two carriers, the phase of the resulting signal
can have values 45° 135° 225° or 315°. Adding the two modulated carriers
increases the symbol rate by a factor of 2, but does not require additional band-
width. Because the two carriers are orthogonal (perpendicular on each cther),
the two data signals s; and s, can be decoded by synchronous demodulaticn at
the receiver, and therefore they do not interfere. The symbol rate of the QPSK
signal is now half the symbol rate of the original data stream, as is easily seen
from Fig. 9.2. We note that with QPSK, 2 bits are transmitted in oae symbol
period.

Figure 9.2 explains the principle of QPSK. The binary data stream as deliv-
ered by the data source is shown in Fig. 9.2a. This sequence is partitioned into

b2 | b3 b4 | 65!
b2 b4 ! '
, ; ! ., Figure 9.2 The principle of
\ ; ' QPSK. (a)} Binary signal to be
b3 b5 | i transmitted. (b) Data stream cor-
_:_____j responding to the even bits in a.

(c) Data stream corresponding to
the odd bits in a.
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two data streams now: the even bits (b, b,, ete.) form the binary sequence that
modulates the in-phase carrier (Fig. 9.2b), while the odd bits (b;, b3, etc.) mod-
ulate the quadrature carrier (Fig. 9.2¢). Figure 9.3a represents the four possi-
ble phases of the sum of in-phase and quadrature signals, and Fig. 9.3¢ shows
the corresponding phasor plot.

As can be seen from Figure 9.2, both in-phase and quadrature data streams
change their values at half the original symbol rate, i.e., on every second symbol
delivered by the data source. In other words, the two data streams are aligned.
In OQPSK (offset quadrature phase shift keying) the second data stream (Fig.
9.2¢) is delayed by one symbol period of the source signal. In-phase and quad-
rature data streams no longer change their states simultaneously, but are stag-
gered in time. This does not have any impact on channel capacity or bandwidth,
but rather offers some practical benefits. When the data streams are low-pass
filtered (as will be explained in Sec. 9.4), the data signals are no longer square
waves, but become smoothed. Whenever a data signal changes pclarity then,
the modulated carrier temporarily fades away; hence we temporarily loose the
signal that the receiver tries to lock onto. This drawback becomes less severe
if both of the data streams cannot change state at the same time. This is the
motivation to use OQPSK.

9.2.4 QAM (m-ary phase shift keying)

b0

AN A NN

Having increased the channel capacity by a factor of 2 without sacrificing band-
width, we are going now to expand this principle to even greater benefit. The
amplitudes of the two carriers for QPSK have always been the same, so we can
normalize these amplitudes to 1. What about using more than one amplitude
value, say 1 or 2? When we do so, the modulated in-phase carrier could take on

bl b3

|

45

Y

|
VAV
135 | 225 | 315 |

phase in deg
(a
quadrature

in-phase Figure 9.3 Phase relationship of

BPSK signals: (a) the modulated
carrier can take on four different
phases; (b) phasor diagram of
modulated carrier.




The PLL in Communications 283

a phase of 0° with an amplitude of 1, or a phase of 0° with an amplitude of 2,
or a phase of 180° with an amplitude of 1, or a phase of 180° with an amplitude
of 2. The same would hold true for the quadrature signal. If the receiver is not
only able to determine the phases of the two signal components bus is also in
a position to discriminate different signal amplitudes, this would increase the
channel throughput by another factor of 2. In other words, if we compare the
channel capacity with ordinary BPSK, this modulation scheme would transmit
4 bits in one symbol period. This modulation scheme is called QAM (quadra-
ture amplitude modulation). Actually QAM is a combination of PSK with ASK,
because we alter both phase and amplitude. Of course we must not restrict the
amplitudes to only 2 values—more values can be used. A phasor diagram of
QAM can look like Fig. 9.4. Here two amplitude values are used. The end points
of the phasors have identical distances on the horizontal and vertical axes. Note
that the in-phase component can take on relative amplitudes of 0.5 and 1.5 and
not 1 and 2, respectively. With this choice of amplitudes, all phasors become
equidistant on both axes. With the scheme shown in Fig. 9.4, the comhined
carrier can take on 16 states, and hence 4 bits per symbol are transmitted. The
code shown in Fig. 9.4 is commonly called QAM 4. Note that QAM, is identical
with QPSK. Theoretically the set of amplitudes can be nmade as large as desired,
but noise superimposed on the transmitted signal sets limits. To discriminate
between different amplitude levels, the receiver must define decision lumnits.
With reference to Fig. 9.4, the receiver would split the phasor plane into a
number of squares of equal size, and the marked dots would sit in the center
of each square. Noise on the signal would cause the phasor to deviate from its
nominal position. As long as the end point stays within the corresponding deci-
sion region, no error would result. Errors occur, however, when the noise causes
the phasor to migrate into another decision region. The actual bit error rate of
a particular code can be computed by using statistics and Shannon’s informa-
tion theory® Today QAM is the most widely used technique. In modern
modems, QAMg,, QAM,; 5, and QAM,;¢ come into play. As we will see in Sec. 9.6,
QAM will be used very efficiently in digital video broadcasting (DVRE).
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9.2.5 Frequency shift keying

FSK (frequency shift keying) is another modulation scheme that is frequently
used in modems. An FSK signal can be transmitted in the baseband, or it can
be used to modulate a carrier. Let us discuss baseband communication first. In
its simplest form (FSK,), two different frequencies f; and f; are defined, where
f1 represents a binary 0, and f; represents a binary 1 or vice versa, Fig. 9.5a.
The two frequencies can be chosen arbitrarily, for example, f; = 1650Hz, f;, =
1850 Hz. Moreover, it is not required that the symbol interval T is an integer
multiple of one period of the f; or of the f; signal. Normally a linear or digital
PLL serves as an FSK decoder. The difference between the two frequencies
must simply be chosen such that the PLL can safely determine whether it “sees”
frequency f; or f5. This type of FSK is called nonorthogonal FSK. The other
choice is orthogonal FSK, Fig. 9.5b. Here the frequencies f; and f; are chosen as
to fulfill the relationship

1
i =ki— 9.1
f 5T (9.1)
where i =1, 2 and £, is a positive integer greater than 0. Both frecuencies then
are integer multiples of half the symbol rate 1/(27'¢). In the example of Fig. 9.55,
k, =4 and k, = 6. If we denote the signal waveforms for logical 0 and logical 1
by s1(¢) and s4(¢), respectively, we have

T.

[sws,wdt=1  i=

0 (9.2)
=0 L#J

which means that the signals s,(¢) and s,(¢) are orthogonal. This property can be
beneficial when the received symbols are buried in noise. A ccherent FSK
decoder then would store replicas of the symbol waveforms s,(z) and s,(f) and
correlate the incoming symbol with both of these. Without noise, the correlation
with one of the replicas would yield 1, the correlation with the other 0. When-
ever the correlation with s,(¢) leads to the result 0, the receiver would decide for
logical 1. With added noise, the correlation coefficients depart from their ideal
values 0 or 1; hence the receiver would decide for 0 if the correlation with s,(¢)
becomes greater than the correlation with s,(¢) or for 1 if the reverse is true.
Such a decision is a maximum likelihood decision in the statistical sense.

We considered only binary FSK hitherto, but FSK can be extended to m-ary
FSK when more than two frequencies are chosen. For example, if m = 4, four
different frequencies f; to f; would be used. In doing so, 2 bits per symbol period
can be transmitted. There are a number of simple modems that “1se FSK, or
FSK, and work immediately with baseband signals. Of course, the baseband
signal can be modulated onto a high-frequency carrier. When this is done, many
FSK-modulated carriers (with different carrier frequencies, of course) can share
one single link.
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In the case of nonorthogonal FSK, switching abruptly from one frejuency to
another can cause sharp transients, which extends the bandwidth of -he signal
in an undesired manner. This drawback is avoided in a special versicn of FSK
called MSK (minimum shift keying).** With MSK, every symbol waveform
starts and ends with a zero crossing of the same direction, e.g., from negative
to positive values (as can be seen from Fig. 9.5b). Adjacent symbol waveforms
then never execute phase steps. This reduces the bandwidth required to trans-
mit the FSK signal.

9.3 The Role of Synchronization in Digital Communications

Before discussing the various modulation techniques applied in digital commu-
nications, some notes on the synchronization problem appear appropriate.
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Whenever digital data are transmitted by bandpass modulation, synchroniza-
tion on different signal levels will be required. Assume for the moment that
binary phase shift keying (BPSK) is used to modulate the phase of a high-
frequency carrier. At the receiver, the data signal has to be recovered by demod-
ulation. In most cases, the demodulation is performed synchronously; i.e., the
receiver generates a replica of the carrier and multiplies the incoming signal
with that reconstructed carrier. This shifts the spectrum of the received
signal by a frequency offset that is equal to the carrier frequency, and the data
signal is obtained by simple low-pass filtering. Because the replice of the carrier
must be in phase with the latter, phase synchronization is required. This can
be considered the first level of synchronization and is usually realized by PLL
circuits. For reasons to be explained in the next sections, locking onto a modu-
lated carrier is not always trivial, so extended versions of PLLs are required in
many cases (e.g., the Costas loop).

After demodulation, the data stream in the receiver is almost alwsys a fil-
tered version of the original data signal. While the original data signal repre-
sented a square wave signal, the transients of the filtered data signal become
smoothed. In many situations, the receiver performs a correlation of the
received data with template functions that are stored in the receiver. This is
done to reduce the effects of noise that has been added to the signal on the
transmission link. This correlation is usually performed during a time interval
that must be identical with the symbol duration; hence the receiver must know
when an incoming symbol starts and when it is over. A second level of syn-
chronization must be performed then, referred to as symbol synchronization.
The circuits that perform symbol synchronization are still other special ver-
sions of PLLs; we will discuss some of them in following sections, including the
early-late gate synchronizer.

In some communication systems, an even higher level of synchronization is
required. This is usually called frame synchronization. This kind of synchro-
nization comes into play when the information is organized in blocks. Such a
block may consist of a block header, followed by the actual data and eventually
by a trailer that contains check code [e.g., a cyclic redundancy check (CRC)].
Information is organized in blocks when the communication channel is time-
shared by a number of transmitters. In this case the receiver must be able to
decide when a block starts. Frame synchronization will not be discussed here.”’

9.4 Digital Communications Using BPSK

9.4.1

Transmitter considerations

Filtering the data: yes or no? Communicating binary signals by »inary phase
shift keying looks quite trivial, but imposes serious problems if we consider
bandwidth requirements. As shown by Fig. 9.1, the polarity of a high-frequency
carrier is switched by the binary information sequence. If the data are not fil-
tered, the carrier is modulated by a square wave. It is not strictly a square wave,
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but rather a binary random sequence that can change its amplitude at the start
of each symbol period. What the data signal has in common with a square wave
18 its very steep transients. Normally the NRZ format is used to modulate the
carrier (see Fig. 2.50). If we transmitted an infinite sequence of binary 0s or 1s,
the binary random sequence would degenerate to a dc level; hence the band-
width of the data signal would be zero. Because we actually send an arbitrary
sequence of Os and 1s, the spectrum of the data signal will contain some higher
frequencies. It is easy to recognize that the frequency of the data sequence
becomes maximum when we transmit a sequence of alternating 1s and 0s. In
this case the data signal would be a square wave signal whose frequency is half
the symbol rate.

As Nyquist realized in 1928,* a receiver will be able to detect the data signal
if only the fundamental component of this square wave signal is transmitted.
Consequently we would low-pass-filter the data signal at the transmitter. The
most appropriate filter would be a “brickwall filter,” i.e., an ideal low-pass filter
having gain 1 at frequencies below half the symbol rate and gain 0 elsewhere
(Fig. 9.6, see curve label r = 0). The impulse response of the brickwal filter is

3 sin(mf/T)

h(t) = 9.3
) /T 9.3)

which is referred to as a sinc function. T is the symbol period. The duration of
the impulse response is infinite, and it starts at £ = —oc; the filter delay is also
infinite. The impulse response is plotted in Fig. 9.7 by the curve labeled r = 0
(the meaning of r will be explained in the following). Of course such a filter
cannot be realized. An approximation to the brickwall filter can be implemented
by a finite impulse response (FIR) digital filter (see App. C) to any desired level
of accuracy. However, because the impulse response decays slowly to 0, this leads
to excessively long FIR filters, i.e., to filters with a large number of taps.
Nevertheless we will consider the impulse response in more detail because it
exhibits a very useful property.

Every FIR filter causes the signal that is passed to be delayed, where the delay
T is given by

1= Tr (9.4)

2
L is the length of the FIR filter and T is the sampling interval of the filter. In
Fig. 9.7 the delay of the filter has been neglected; hence its maximum (+-1) occurs
at time ¢ = 0. Normally such a filter would be sampled at a frequency /» that is
an integer multiple of the symbol rate R = 1/T, where T is the symbol period.
If we used an FIR filter of length 33, for example, it would have a de.ay of 16
Ty, if we assume furthermore that the filter sampling frequency fr is 4 times
the symbol rate R, the filter would delay the signal by 4 symbol periods. For
this FIR filter, the impulse response h(¢) would no longer be symmetrical about
t = 0, but rather about ¢ = 4T. For simplicity the delay has been omitted in Fig.
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Figure 9.6 Amplitude response of brickwall filter (r = 0) and raised cosine filter

(r>0).
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Figure 9.7 Impulse response of the raised cosine filter for various values of

(relative) excess bandwidth r.
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9.7; 1.e., we assume that the filter is a so-called zero phase filter, which causes
no delay. Note that the impulse response of the brickwall filter becomes 0 at ¢
=T, 2T, 3T, etc. Now we remember that the impulse response is nothing more
than the response of the filter to a delta function with amplitude 1, cpplied at
t = 0 to its imput. Sending a logical 1 therefore corresponds to applying a pos-
itive delta function, and sending a logical 0 corresponds to applying a negative
delta function (amplitude -1). Next we consider the case where a number of
symbols are passed through the filter in succession. If two succeding 1z are sup-
plied, the first logical 1 will be represented by a delta function with amplitude
+1 applied at ¢ = 0, and the second logical 1 by another delta function with ampli-
tude +1 applied at t = T.

This situation has been plotted in Fig. 9.8. The upper trace shows the two
delta functions (marked by arrows), the lower trace the corresponding impulse
responses (solid curves). The zeros of the impulse responses are marked by
circles. The superposition of the two impulse responses is shown by the dotted
curve (thick). In order to recover the data, the receiver would have to sample
the filtered signal exactly at time ¢ = 0, T', 2T, etc. As can be seen from Fig. 9.8,
the amplitude of the combined signal at ¢ = 0 (marked by a square) deperviQ
uniquely on the impulse applied at ¢t = 0; the impulse response causec by the
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‘ Fjlfered bit pattem, dﬂtted curve = supenmposed ”

Time t mormallzed to symbol permd T

'
'

i '
----- =

'
_____ K]
'
'
+

g

Qo.__-n).w__._-_<4..

rmahzed to symboi rate ]

Figure 9.8 Response of the raised cosine ﬁlter to a sequence of two blnary 1s

applied to its input. Upper trace: a sequence of two delta functions corre-
sponding to two binary 1s transmitted in succession. Lower trace: the solid
curve (thin) whose maximum is at ¢/T" = -1 is the response of the filter to the
delta function applied at /T = -1, the solid curve whose maximum is at /7' =
0 is the response to the delta function applied at /7" = 0, and the thick (dotted)
curve is the superposition of these two responses.
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second delta function is zero at this time. The same holds for the combined
signal at ¢t = 7. Its amplitude at ¢t = T" (marked by a square) unijuely depends
on the amplitude of the second delta function and does not contezin any contri-
bution from the first delta function. In other words, the impulse responses
caused by various delta functions do not interfere; when the brickwall filter is
used, there will be no intersymbol interference (ISI). To recover the data signal
without error, the applied filter must be chosen such that no ISI can occur. [It
is easy to demonstrate how ISI can be created: assume that we filter the data
signal by a Butterworth low-pass filter. Its impulse response wil. be a damped
oscillation. It also passes through zero, but these zeros are not at ¢t = 0, T, 27T,
etc.; hence the impulse responses coming from delta functions applied to the
input will interfere, or in other words, an output sample taken at { = kT (k =
positive integer) is the sum of the contributions of many symbols. This cannot
be tolerated, of course.]

How to get rid of ISI? As we have seen, a useful approximation to a brickwall
filter would lead to excessive filter length. Nyquist has shown a valuable alter-
native: if the transition region of the filter is widened, its impulse response
decays faster toward zero. Moreover, if the amplitude response H(f) of the filter
is symmetrical about half the symbol rate (R/2), the locations of the zeros of its
impulse response remain unchanged. Filters having this property are commonly
referred to as Nyquist filters. One possible realization of the Nyquist filter is
the raised cosine filter (RCF). Its transition region (the region between pass-
band and stopband) is shaped by a “raised” cosine function, i.e., by a cosine
wave that stands on a “pedestal.” The width of the transition band is deter-
mined by the parameter r, which is called excess bandwidth. If the frequency
corresponding to half the symbol rate is denoted Wy(W, = 1/27), the transition
band starts at f = (1 — r)W, and ends at (1 + r)W,. The amplitude ~esponse H(s)
of the RCF has been plotted in Fig. 9.6 for three values of r: 0, 0.5, and 1. (The
case r = 0 applies for the brickwall filter.) Note that the frequency response is
symmetrical about half the symbol rate. Mathematically the frequency response
of the RCF is given by

1-r
1 fi ‘
or |fl< o7
2T\f1+r-1 1-r 1+r
H(f)= Rt A S fi —<|f]< (9.5)
(f)=1cos - or —— Ifl 57
1+r
0 fi
or |fl> oT

Figure 9.7 shows the impulse response of the RCF for r = 0, 0.5, and 1. The
larger r is chosen, the faster the decay becomes. To economize bandwidth,
however, large values of » must be avoided. In practice, values of r in the range
0.15 to 0.35 are customary. For completeness we also give the expressicn for the
impulse response h(¢) of the RCF*::
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h(e) = sin(nt/T) - cos(nrt/T) (9.6)

2
(nt/T){l - (z—rzj }
T

Designing of an FIR raised cosine filter is an easy task: Eq. (9.6) can be used
to compute the filter coefficients. Care must be taken, however, since there exist
values of t where both numerator and denominator become 0. This happens if
the expression in the square brackets of the denominator becomes 0, explicitly
for ¢/T = 1/2r. For the same value of ¢, the cosine term also becomes 1. This sin-
gularity is removed by replacing both numerator and denominator by their
derivatives; mathematically this is called I’Hoépital’s rule. The computation is
made even easier if Matlab’s Signal Processing Toolbox is available.”® It con-
tains a function called FIRRCOS that calculates the coefficients of the RCF

So far the raised cosine filter seems to offer the optimum solution for low-
pass filtering because it completely suppresses ISI. As we will see in Sec. 9.4.2,
the receiver also needs a low-pass filter, for different reasons. It turas out that
we cannot use another raised cosine filter at the receiver; if we did, the data
signal would have to pass through two cascaded RCFs: one in the transmitter
and one in the receiver. The overall frequency response then would be the RCF
transfer function squared! The resulting frequency response woulc no longer
be symmetrical about half the symbol rate, and ISI would occur. We will cee in

the next section that so-called root raised cosine filter (RRCF) will fix that
problem.

9.4.2 Receiver considerations

A number of tasks have to be performed in the receiver to reconstruct the
symbol stream. The most important of these will be discussed here. Because the
data modulate the carrier, the symbol stream must be demodulated by a con-
venient procedure. Basically we can differentiate between coherent (svnchro-
nous) and noncoherent demodulation. Coherent demodulation is more efficient,
especially if noise has been added to the signal when it propagates across the
data link. When coherent detection has to be applied, the receiver must know
the phase of the carrier exactly; i.e., the receiver must reconstruct a replica of
the carrier. As we will see in the following, this is more difficult than it appears
at a first glance. If noncoherent detection is to be realized, the receiver must
not know the phase of the carrier. Instead, it takes the phase of the currently
detected symbol as a reference for the detection of the next symbol. If the phase
does not change, the receiver knows that the next symbol is the seme as the
previous. Otherwise it decides that the symbol changed its value from 0 to 1 or
from 1 to 0. For correct operation some initial synchronization becomes neces-
sary; i.e., the receiver must know at the start of a transmission whether the
currently received symbol is a 0 or a 1. Noncoherent detection has been exten-
sively analyzed in Ref. 20. Because of its higher noise immunity, coherent detec-
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tion is the preferred method in most receiver circuits today,** so we will con-
centrate on this technique.

Phase synchronization within the receiver. In BPSK, the carrier is modulated by
a (filtered or unfiltered) symbol sequence. The carrier has the frequency f;, and
its spectrum consists of just one line at f;, but the symbol sequence has a broader
spectrum, ranging approximately from 0 to half the symbol rate, when it is
filtered. When it is not, the spectrum can be much broader. Assume for the
moment that the data signal consists of only one frequency f;. With BPSK, data
signal and carrier are multiplied; hence their spectrum will conta:n lines at the
sum frequency f; + f; and at the difference frequency £, - fu.

Normally the data signal is an arbitrary sequence of logical 1s and Os, where
a 1 is represented by a positive voltage (+1) and a 0 by a negative voltage (-1).
On a long run, there will be approximately the same number of 1s and Os; hence
this signal will have no dc component or only a very small one. Consequently
the spectrum of the data signal has almost no power at f'= 0. This implies that
the modulated carrier does not contain appreciable power at the carrier fre-
quency; the power is concentrated at other frequencies. This simp.y means that
we cannot use a simple PLL to reconstruct a replica of the carrier!

Quite an arsenal of solutions has been invented to overcome theat problem.!*°

The squaring loop. One of the earliest circuits is the squaring loop, Fig. 9.9.
The radian frequency of the carrier is ®, here, and the carrier is multiplied by
the symbol signal m(z). In the simplest case m(¢) is a binary random sequence
taking on the values +1 and ~1. The modulated carrier signal s(¢) is therefore
represented by

s(¢) = m(t)sin(wq?)
The output of the (analog) squaring device is then
s2(t) = m2(¢)sin®(w2)

According to the multiplication theorems of trigonometry, this consists of a dc
term (which can be discarded here) and a high-frequency term of the form
cos(2m,2), that is, a term having twice the frequency of the carrier. A conven-
tional PLL is used then to lock onto that frequency. A replica of the carrier is
obtained by scaling down that signal by a factor of 2.

The Costas loop. Because squaring devices were hard to implement by analog
circuitry, alternatives have been searched for. A very successful sclution is the
Costas loop."* It originally was realized as an analog circuit, but is implemented
mostly by digital techniques today. An example is the digital Costas loop
HSP50210 manufactured by Harris.*? The basic Costas loop is shown in Fig.
9.10. The explanation becomes easier if we assume that the circuit has locked.
The input signal can be represented by m(¢) sin{w,t + 8,), and the reconstructed
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m(t)sine,t =g  Sguare | ey Mul g Loop filter

m2(t)cos(2m,t)

Carrier out

Figure 9.9 Squaring loop.

carrier (the output signal of the VCO) by sin(w;¢ + 6,). In the locked state, the
phases 0, and 0, will be nearly the same.

Let us see how the Costas loop manages to lock onto the carrier frequency.
Two closed loops are recognized, one in the upper branch (I branch) and one in
the lower branch (@ branch). Assume for the moment that only the lower loop
does exist, and discard the multiplier at center right; i.e., connect the output of
the loop filter in the lower branch directly to the input of the center low-pass
filter. This forms a rather conventional PLL. The multiplier at left i1 the @
branch acts as a phase detector. This PLL circuit would adjust the frequency of
the VCO in such a way that it is phase-locked to the carrier. The output of the
VCO would have nearly the same phase as the input signal (6, = 0,), and the
two input signals of the lower multiplier would be out of phase by 90°, as usual
with linear PLLs. This arrangement would work as long as the modulating
signal m(¢) does not change polarity. When m(¢) changes polarity, however, the
output of the multiplier is inverted as well, which means that the multiplier no
longer sees a phase error 6, = 8, — 8,, but rather a phase error of 8, = 0, - 6, +
n. Consequently the loop would lock in antiphase with the carrier now, which
is not the desired action. Rather, we are looking for a circuit that does not
change polarity when m(¢) is inverted. To overcome the problem, the 7 branch
is added, together with the additional multiplier at center right. As irdicated
in Fig. 9.10, the output signal of the loop filter in the I branch is given by m(¢)
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> MUL ™ Filter ,
m(t) sin(8; — 6,)

Q branch

Figure 9.10 Costas Loop for BPSK.

cos(6; — 6,). If phase is nearly correct for tracking (6, — 6, 1s small), the cosine
term in the I branch is nearly 1; thus the output of the upper loop filter is the
demodulated signal m(¢). Because the polarity of the output signal changes with
m(t), it 1s used to cancel the change in polarity at the output of th= lower loop
filter. Multiplying both loop filter output signals (I and @ branches) creates a
signal of the form

2
0 2w, - 6,)

hence a signal that is proportional to the phase error 6, when the loop is locked.
When lock is achieved, the output of the VCO is in phase with the carrier, so
the multiplier in the I branch synchronously demodulates the data signal. The
names of the branches are self-explanatory: the reconstructed carrier fed to the
I branch is the in-phase component, and the reconstructed carrier fed to the @
branch is the quadrature component.

Symbol detection by correlation filters: the matched filter. As we recognize from
Fig. 9.10, the received data signal passes through the loop filter in the 7 branch
of the Costas loop. Assume for the moment that the data signal has not been
low-pass-filtered at the transmitter, so it originally has a square wave shape.
The transients of the data signal are now flattened by the loop filter within the
receiver. To decide whether an incoming symbol is a logical 1 or 0, the receiver
must sample the demodulated signal at the right time. But what iz the “right
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time”? Taking a sample at the beginning of the symbol would certainly be
wrong, since the filtered symbol must first be allowed to settle to its final ampli-
tude (for example, +1 for logical 1 or -1 for logical 0). Hence it would be more
appropriate to sample that signal at the end of the symbol. The receiver then
would decide that the symbol is 1 if the final amplitude is positive, cr a 0 if it
is negative. But what if there is noise on the signal? If the current incoming
symbol is a 1 and a noise spike appears just at the end of the symbol, causing
the signal to take on a negative value, the receiver would falsely decide for a 0.
Had it taken a sample just prior to that noise spike, the result would probably
have been correct. This leads us to the idea that a decision for a symbol could
be more meaningful if the receiver would not just check one single sample of
the received symbol, but instead would form some statistic (e.g., an average or
a correlation) from all samples of the symbol waveform within the symbol
period. It has been shown that the best estimate—in the statistical sense-—is
obtained from a correlation filter, which is also referred to as a matched filter.

What type of correlation filter do we need? There are many variants of the
correlation filter. First of all, the correlation can be performed with the un-
demodulated or demodulated symbol waveform. Correlating the undemodulared
waveform is simpler to explain; hence we start with this topic. Figure 9.11
demonstrates the operating principle. It is assumed that the data signal has not
been filtered at the transmitter, and that a logical 1 is represented by one full
cycle of a sine wave (solid curve at top left) having initial phase 0. A logical 0
is also represented by one cycle of the sine wave, but has initial phase 7 (dashed
curve). Of course, the symbols could have longer duration, so one symtol could
extend over a number of sine wave cycles. The symbol waveform is sarnpled at
the input of the correlation receiver; here it was assumed that the sampling
rate is 4 times the symbol rate. We first consider the case where the incoming
symbol is a 1 (solid curve). The samples are digitized by an ADC, which is not
shown in the diagram. The digitized samples are shifted into an FIR filter
having length 4. To be more general, assume that the 4 samples of the symbol
have the values [a b ¢ d]; these values form a vector. The coefficients of the
upper FIR filter have the same values by definition, but in reversed order, so
they take on the values [d ¢ & al. When the samples are shifted into the FIR
filter, after four shifts the first sample (a) will be at the last tap of the filter
(coefficient a). The second sample (b) will be at the second last tap (coefficient
b), etc. At this instant the upper filter outputs a sample having the value a* +
b% + ¢* + d% If there is no noise on the received symbol, this equals the auto-
correlation of the symbol sequence (with time delay 1 = 0). We now consider
what happens with the lower FIR filter. Its coefficients are defined by [-d ~¢
-b —a] and hence correspond to the undistorted values of the symbol waveform
for a logical 0. In our example, the lower correlator outputs the value -a* —h*
—c? ~d? at the end of the symbol period, which is the cross correlation of the
logical 1 waveform with the logical 0 waveform (with time delay 1 = 0). Numer-
ically the upper correlator delivers an output of +2 when a 1 is received, and
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Block diagram of a correlation receiver. The incoming

symbol is correlated with the template functions that are stored in the

receiver.

the lower correlator delivers -2. If a logical 0 is received, the reverse happens:
the upper correlator outputs —2, and the lower outputs +2. To decide whether
a symbol is 0 or 1, the receiver compares the two correlator outputs at the end
of each symbol. Whenever the upper correlator output is more positive than the
lower, the receiver decides that the symbol is a 1 and vice versa. The benefit of
the correlation filter becomes obvious when we assume that a logical 1 was
received, but the second sample (nominal value 1) was corrupted by noise and
has a value of 0, for example. The upper correlator then would output +1, and
the lower —1, which means that this error does not lead to a wrong decision. An
error occurs only if the noise level is so high that it reverses the polarities of
the correlator output signals.

In this example the waveform for logical 0 was chosen identical with the wave-
form for logical 1, but with inverted polarity. In such simple cases the receiver
does not need two correlators. The upper correlator in Fig. 9.11 would be suf-
ficient: decisions would be made by looking only at the sign of the correlator
output. The filters shown in the diagram are called matched filters because their
coefficients exactly match the samples of the undistorted symbol waveform(s),
but are arranged in reversed order. It can be shown that the decision made by
a correlation receiver is a maximum likelihood decision in the statistical sense,”
since the receiver compares the incoming symbol waveform witk all existing
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theoretical symbol waveforms and checks which of the stored templates has the
greatest similarity (likelihood) to the received symbol.

What about raised cosine filters? As stated, the described correlation method
works best with carriers that are modulated with a square wave data signal. To
reduce the bandwidth, modern digital communications mostly work with fil-
tered data, as discussed in Sec. 9.4.1. When considering the working principle
of the Costas loop (refer again to Fig. 9.10), we became aware that the output
of the loop filter in the I branch provides the recovered data signal. When fil-
tering the symbol stream in the transmitter, we must design the filter such that
no intersymbol interference (ISI) can occur. The raised cosine filter has been
considered an optimum solution for this problem. But now in the Costas loop
the data signal passes through an additional low-pass filter. As was demon-
strated by the correlation receiver in the example of Fig. 9.11, the qualitiy of
symbol decision in the receiver would be optimum when the same RCF is used
in place of the I branch of the Costas loop. Unfortunately this does not work in
the desired way, because now the signal goes through two cascaded raised cosine
filters. The frequency response of the combined filter then would be no longer
symmetrical about half the symbol rate, and ISI would be generated. The fre-
qguency response of the low-pass filter in the receiver should be chosen such that
the combined filter represents an RCF in order to realize minimum ISI. Theo-
retically this goal is achieved only if the loop filter is an ideal low-pass filter. In
the best case, we could try to approximate a brickwall filter, but this is subop-
timal and results in an FIR filter with a very great number of taps. Moreover
the brickwall filter would not be matched to the symbol waveform, and hence
would have poor noise-suppressing capabilities.

There is a more elegant solution: the root raised cosine filter (RRCF). The
frequency response of the root raised cosine filter is defined to be the square
root of the frequency response of the raised cosine filter. Thus the RRCF has a
frequency response of the kind

1-r

1 f —

or Ifl< 5T
n 2T|fl+r-1 1-r 1+r y
H({f)= ——— i <ifl< 9.7)
(f)=qcos r or <o il o7 (9.7

1l+r

0 fi >
or |f] oT

The impulse response x(¢) of the RRCF is given by*!

sin[lt-t (1~ r)} + % cos{%t 1+ r)}

2h-(2)]

h(t) =

(9.8)
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Modulated

Like the impulse response of the RCEF, the impulse response given by Eq. (9.8)
has singularities. For some values of time ¢, h{(¢) becomes a divisicn 0/0. In
analogy, this problem is mastered by applying L’Hoé6pital’s rule and replacing
numerator and denominator by their derivatives.

The frequency response of the RRCF is no longer symmetrical about half the
symbol rate; hence it leads to ISI which, of course, is not desired. But if the
receiver also contains an identical RRCE, the overall frequency response is iden-
tical to that of the RCF; hence after the demodulator, ISI becomes zero again.
The second goal-—a maximum likelihood demodulator—is achieved simultane-
ously: the impulse response of the RRCF in the receiver closely matches the
symbol waveform, which is nothing else than the impulse response of the RRCF
in the transmitter. Consequently, the RRCF in the receiver is a matched filter.
The operating principle of the matched filter is shown in Fig. 9.12. This
schematic can be considered part of the block diagram of the Costas loop in Fig.
9.10. The modulated carrier is first fed to the input of a multiplier, which serves
as a demodulator. The multiplier can be an analog circuit, though in many cases
a digital multiplier is used today. The matched filter is given by the RRCF. This
filter is usually clocked with a frequency f that is an integer multiple of the
symbol rate fs. (In Fig. 9.12, fo = 1/Tc and fs = 1/T's.) The output of the matched
filter (correlator) is read out at the symbol rate fs. It must be emphasized that
the data signal at the output of the matched filter is no longer given by pulses
or square waves, but by the superposition of oscillating waveforms as was shown
by Fig. 9.8. To reconstruct the data correctly, it is very important that the
receiver sample the matched filter ouput at the correct times, i.e., precisely at
t=0,T,27T. ... This implies that the receiver must know when a symbol starts
and when it is over. This must be accomplished by appropriate symbol syn-
chronization circuits; these will be discussed at the end of this section.

The “integrate and dump” circuit. When the data signal is not low-pass-filtered
at the transmitter, the demodulated symbol stream represents nearly a square
wave signal. The input to the matched filter then would be almost constant

carrier

—

MUL r I Matched ‘ / I Symb ol

Filter out

Te Tg
Reconstructed
carrier
cos(wyt)

Figure 9.12 Principle of a matched filter that correlates the demodulated symbol wave-
form with a template stored in the receiver.
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during the symbol period (+1 or —1). Under this condition, the correlator can
be built from an integrator, as shown in Figure 9.13a. At the end of a symbol,
the integrator is reset (dumped) to zero. When the next symbol is a logical 1
and is shifted into the integrator, its output builds up a staircase (Fig. 9.13b).
The staircase function reaches its maximum at the end of the symbol. If the
incoming symbol were a logical 0, the staircase would run negative. The symbol
is determined at the end of the symbol period. Because the integrator is dumped
after every symbol period, this configuration is also called an integrate and
dump circuit. Integrated digital Costas loops such as the Harris HAS50210*
provide both RRCF and integrate and dump circuits. They can be configured
individually according to the given application and symbol format.

Symbol synchronization. To conclude we will deal with the problems related to
symbol synchronization. When performing phase synchronization, the receiver
reconstructs a replica of the carrier that is locked in frequency and phase to the

Modulated

. Ump
carrier g Integrate ! Symbol
> MUL | > and dump > oiin ©
Te Ts
Reconstructed Dump
carrier
cos(w;t)
(@)
UID
. Dump

Ty
(b)

Figure 9.13 Integrate and dump circuit: (a) block diagram; (b} output of the integra-
tor for a square wave input.
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I

incoming carrier. When synchronizing with symbol timing, the receiver must
recreate the symbol clock in order to know exactly when the end of a symbol
period has been reached. We remember that the receiver has to sample the
output of the correlation filter at the instant where the incoming symbol is ter-
minated and the next symbol period is starting. There are many methods to
achieve symbol synchronization; we discuss only the most often used.

“Midsymbol” sampling. We first discuss a method called midsymbol synchro-
nization. It is mainly used when the data are low-pass filtered, e.g., by the root
raised cosine filter. The correlator output is then sampled at the end of each
symbol period (which corresponds to the instants £ = =27, -T, 0, T, 27T, etc., in
Fig. 9.8). If a sequence of 1s is received, the end-symbol amplitudes will all be
around +1. If a sequence of Os is transmitted, all succeding end-symbol ampli-
tudes will be around -1. Whenever a 1 is following a 0 or vice versa, however,
the data signal crosses zero; this is shown in Fig. 9.14. When the symbol clock
is properly adjusted, the zero crossing will be in the center between two suec-
ceding decision points (labeled End symbol “1” and End symbol “0” in the
figure). The expected midsymbol time is now calculated by taking the average
of the two end-symbol times. The theoretical location of the zero crossing is
labeled Mid symbol (expected). If the actual zero crossing of the symbol signal
deviates from this precalculated value [the point labeled Mid symbol (actual)],
the symbol timing is erroneous and must be corrected. The timing error (the
difference between actual and expected location of midsymbol) is used to adjust
the frequency of a local symbol clock generator. The midsymbol synchroniza-
tion makes use of zero crossings. No timing information is available when a
logical 1 is following by another logical 1. The same holds true for a sequence
of 0s.

The early-late gate. Another symbol synchronization technique that is widely
used is the early-late gate, Fig. 9.15. This method works best when the data are
square wave signals. In this case the symbol signal s(f) is constant and

End symbol "1" +1

\ Data signal - - -

. ﬂ \\ R l
Mid symbol (actual) | ] Mid symb%)l (expected) P

7\\ .
s
s
-,
b

- - -1

|

End symbol "0"
Ts

Figure 9.14 Symbol synchronization using midsymbol values.
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positive during a symbol period if the incoming symbol is a 1, or constant and
negative if the symbol is a 0. The “early gate” is a gated integrator summing
up the symbol during the first half of the symbol period. The “late gate” is
another integrator that is gated on during the second half of the symbol period.
When symbol timing is correct, the outputs of both integrators are identical, as
shown in Fig. 9.16a (the shaded areas). The output signals y; and y, are equal
then, and the error signal e in Fig. 9.15 is zero. When there is an offset in symbol
timing, the outputs of the integrators become unequal (Fig. 9.16b), and the
error signal becomes positive or negative. Its polarity depends on the sign of
the timing error. The waveforms in Fig. 9.16 are shown for an incoming symbol
representing logical 1. If the symbol is a 0, the polarities of the integrator
outputs get inverted. Because the sign of the error signal must not change when
the symbol switches from 1 to 0, absolute value circuits follow the integrators
(Fig. 9.15).

Additional symbol synchronization circuits have been discussed in
references.’*

9.5 Digital Communications Using QPSK
9.5.1 Transmitter considerations

QPSK has been defined in Sec. 9.2; refer also to Fig. 9.3. To implement QPSK,
two carriers have to be generated in the transmitter that are offset in phase by
90°. As explained by Fig. 9.2, the symbol stream is partitioned into two data
streams; one of those is used to modulate the in-phase carrier, while the other
modulates the quadrature carrier. An example of a QPSK modulator is shown
in Fig. 9.17. This is a block diagram of the Harris HSP50307 burst QPSK mod-
ulator.®® Data are fed at a rate of 256 kbit/s to the TX_DATA input. The parti-
tioning into I and @ streams is made by the demultiplixer. The bit rate after
partitioning is reduced to 128kbit/s. I and @ data are filtered by an RRCF. This
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filter has order 64 (length 65) and is clocked at a frequency of 1.024 MHz; that
is, the filter input signal is oversampled by a factor of 8. Oversampling is accom-
plished by zero padding: 7 zeros are inserted between any two succeding
samples of the I and @ data stream. The excess bandwidth of the RRCF is
chosen r = 0.5. The filtered data are applied to the inputs of two DACs. The
unwanted high-frequency signals caused by digital-to-analog conversion are
removed by two analog low-pass filters. These filter outputs (IBBOUT and
QBBOUT) modulate the two carriers, as shown in the right half of the block
diagram. The carrier frequency can be programmed within a range of 8 to
15MHz in steps of 32kHz.

This integrated circuit is a mix of analog and digital circuitry. All operations
that can be done digitally are performed by digital circuits.

9.5.2 Receiver considerations

The receiver for BPSK had to regenerate a carrier that was in phase with the
carrier; this was done by the Costas loop in Fig. 9.10. With QPSK, we no longer
have to deal with one single carrier, but receive a signal that is the addition of
two carriers modulated by two different data signals, m(¢) and m(t), respec-
tively. If we assume that m(¢) modulates the in-phase carrier and my(t) the
quadrature carrier, the combined output signal uqgpsk of the transmitter can be
written as

UQPsK (t) = ml(t) COS((Dlt + 61) - Mgy (t) Sin((&)lt + 91)

where ®, is the radian frequency of the carrier and 6, is the phase. The Costas
loop was extended to lock onto a modulated QPSK signal.** This circuit is
shown in Fig. 9.18. It is quite similar to the original arrangement (Fig. 9.10).
The two low-pass filters (loop filters) in the I and @ branches are now followed
by limiters. By virtue of the limiters the output signals become independent of
the levels of the modulating signals, so the circuit can also be used to demodu-
late QAM signals (see Sec. 9.6). When the loop has locked, the VCO will gen-
erate a signal of the form

Uvco () = sin(m; +65)

where 6, is the phase of the output signal. Following the analysis of Gardner,’
the output v, of the adder (at center right in Fig. 9.18) is given by

vg(t) =[m,(¢)sin®, + m,(t)cosO, |sgn[m,(t)cosB, — msy(t)sinb, ]
—[m;(t)cosB, —my(t)sin®, |sgn{m, (¢)sin6, + m;(¢)cosH,]
where sgn (signum) specifies the action of the limiter and 6, = 8, — 6, 1s the

phase error. For rectangular data signals the average dc output v, of the adder
becomes
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Figure 9.18 Costas loop extended for the demodulation of QPSK.

sin®, if —-45°<9, <45°

—cosO, if 45°<H, <135
vg(t) =

-sinf, if 135°«<H, <225°

cos®, if 225°«H, <315°

There are four values for 8, where the loop can lock: 6, = 0°, 90°, 180°, and 270°,
respectively. If it locks at 6, = 0°, v4(¢) = sin®,, which can be approached by 6,
for small phase error. The Costas loop then operates like a conventional PLL.
If the loop locks at 6, = 90°, vy(t) becomes —cos 8,, which is near zero. When the
phase error deviates only slightly from 90° vy(¢) is proportional to that devia-
tion, and the circuit again operates like a simple PLL. Analog operations can
be performed with the remaining values of phase error where the Costas loop
can lock.

A realization of the Costas loop for QPSK reception is found in the circuit
HSP50210 manufactured by Harris.*” Figure 9.19 shows a block diagram of this
device. Actually the full receiver is made up from cascading two integrated
circuits, the HSP50110 (digital quadrature tuner) and the HSP&0210 to be
described here. Demodulation of the I and @ signals takes place at the complex
multiply circuit at the left. Complex multiplication simply means that the
incoming signal is multiplied with a cosine wave in one arm and with a sine
wave in the other arm of the demodulator. The complex multiplier output deliv-
ers the unfiltered baseband data. These are fed to two root raised cosine filters.
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The sine and cosine waveforms that are required for demodulation are taken
from a table lookup ROM, shown at bottom left. These signals are generated
digitally by interpolating values of sine and cosine functions stored in a ROM.
Also shown are two integrate and dump circuits, which can be used when the
data signals are rectangular. More detailed information is available from appli-
cation notes.*

9.6 Digital Communications Using QAM

As was demonstrated in Sec. 9.2, QAM can be considered an extension to QPSK.
While all symbols have the same amplitude with QPSK, the amplitude of both
in-phase and quadrature components now can take on a number of different
values with QAM. The circuits for transmission and reception of QAM signals
are similar to those used with QPSK, but the receiver must be equipped with
additional level discriminators. The major benefit of QAM is increased symbol
throughput without increased bandwidth. A nice application of QAM is found
in digital video broadcasting (DVB). In Europe, a proposal for digital video
broadcasting was presented under the name DVB-C.*” In analog video broad-
casting, channel spacing is standardized to 8 MHz. It was one of the goals of
this standard to use the same bandwidth with digital TV broadcasting. This can
only be realized by extensive use of source and channe] coding.*” Source coding
is a means to reduce the symbol rate at the data source. An analog TV signal
has a bandwidth of approximately 5 MHz. When transmitting the signal digi-
tally, we therefore would have to sample it at 10 MEz. Using & bits per pixel,
the luminance signal alone needs a channel capacity of around 80 Mbit/s. When
the color signal is added, we easily end up with 100Mbit/s. To transmit the
signal using BPSK the bandwidth would become around 50 MHz, which is far
from realistic. By source coding, some redundancy is removed from the signal.
Application of the MPEG-2 standards reduces the bit rate to about 38 Mbit/s.
Because MPEG-2 adds little error protection, the redundancy of the compressed
signal is slightly increased by making use of Reed-Solomon codes.* RS(188, 204)
is recommended in the proposal. This represents a Reed-Solomon code that adds
16 check bytes for each block of 188 bytes: instead of transmitting 188 bytes,
we transmit 188 + 16 = 204, hence the code RS(188, 204). With this amount of
added redundancy, the bit rate goes up to 41.4 Mbit/s. With QAMs,, 6 bits per
symbol can be transmitted (refer to Fig. 9.4). Consequently, the symhol rate
becomes (41.4 Mbit/s)/6 = 6.9 Mbaud. When transmitting the signal in the base-
band, a one-sided bandwidth of 6.9/2 = 3.45 MHz would be required. Because
the proposal recommends the RRCF (with r = 0.15) for filtering the data, the
bandwidth is slightly increased to (1 + r)3.45 = 3.97MHz. When a high-
frequency carrier is modulated with that signal, its two-sided bandwidth
becomes 2(3.97) = 7.94 MHz, which is below the required value of § MHz.
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9.7 Digital Communications Using FSK
9.7.1 Simple FSK decoders: Easy to implement, but not effective

FSK is still one of the most widely used techniques in the communication of
digital signals. Binary FSK has been extensively used in modems for moderate
speeds. In such applications a linear digital, or all-digital PLL can immediately
serve as an FSK demodulator. Such circuits are very easily implemented, but
have the disadvantage that the maximum symbol rate stays far below the limits
predicted by theory. Before discussing alternatives, let us recall what should be
achieved theoretically, and why the simpler circuits cannot reach these goals.

As stated in Sec. 9.2, there are two basic types of FSK decoding—coherent
and noncoherent. Equation (9.1) says that for coherent FSK, each frequency
representing a symbol value must be an integer multiple of half the symbol rate,
where the symbol rate is given by 1/Ts. The difference between any two fre-
quencies used in FSK must therefore be at least half the symbol rate. If a binary
coherent FSK system with a symbol rate of 2400 bit/s is envisaged, we could
use the frequencies f; = 1200 Hz and f, = 2400 Hz to represent the binary values
0 and 1, respectively. A binary 0 would then be given by just one half-cycle of a
1200-Hz oscillation, and a binary 1 would be given by one full cycle at 2400 Hz.
If an LPLL, DPLL, or ADPLL were used as FSK decoder (as in Fig. 6.21, for
example), it would have to lock onto a new frequency whenever an imcoming
symbol differs from the preceding. Although the ADPLL is the fastest circuit
of those mentioned, it would certainly not be able to settle to another input fre-
quency within one half-cycle only. The decoder circuit shown in Fig. 6.21 sets
the D flipflop on every positive edge of the input signal u; and hence needs at
least one cycle to react onto a frequency step. To accomplish the required symbol
rate, the frequencies f; and f; would have to be chosen much higher. This would
result in much larger bandwidth, of course.

As will be demonstrated later a coherent detector for FSK must know the
phase of the FSK signal. This requirement is dropped if the receiver uses non-
coherent detection. For noncoherent detection, the minimum frequency spacing
is larger by a factor of 2; that is, the minimum spacing becomes equal to the
symbol rate 1/Ts. This can be explained by looking at the spectrum of the tones.
We assume that FSK, is applied and two tones having frequencies f, and f; are
used to represent binary 0 and 1, respectively. Tone 1 is called s;(¢) and is rep-
resented by a burst of a cosine wave of frequency f; and duration T's, and hence
can be written as

$:(¢) = (cos 2nf1t)rect(t/TS) (9.9)
where rect(¢/Ts) denotes a rectangular pulse of duration T'5 and is defined by

1 for -Ts/2<t<Ts/2

rect(t/ T )={
/s 0 for lt>Ts/2

The spectrum of tone 1 is a sinc function



308 Chapter Nine

sin(nTs(f - f1))
7tTs(f‘ f])

The spectrum is symmmetrical about the frequency j = f1, as shown in Fig. 9.20
(solid curve). It has zeros at frequencies [ = f; £ k£/T, where k is an integer >0.
In order that two tones in binary FSK not interfere with each other during
detection, the peak of the spectrum of tone 1 must coincide with one of the zero
crossings of the spectrum of tone 2. This requirement is fulfilled if the frequency
of tone 2 is displaced by exactly 1/Ts. The spectrum of tone 2 is shown by the
dotted curve in Fig. 9.20. Its peak is at a location where the spectrum of tone
1 is exactly 0. Hence the two tones can be detected without interference. This
proves that the frequency spacing must be equal to the symbol rate 1/7T¢ and is
therefore larger by a factor 2 than the spacing required for coherent detection.
We are going now to discuss some of the most familiar coherent and noncoher-
ent FSK decoder schemes.

Si(H) =T, (9.10)

9.7.2 Coherent FSK detection

A coherent binary FSK decoder is shown in Fig. 9.21. The input is given by the
demodulated FSK signal. This demodulator is not shown in the block diagram.
The incoming symbol is correlated by two correlators. These are usually imple-

Figure 9.20 Spectra of tone 1 and tone 2 in noncoherent FSK detection.
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Figure 9.21 Coherent FSK decoder.

mented by FIR filters; their coefficients are identical to those of the samples of
the corresponding symbol waveforms; see Fig. 9.56. The FIR filters operate at
the clock frequency /- = 1/T¢, which is mostly an integer multiple of the symbol
rate. The correlator outputs are sampled at the symbol rate f5 = 1/T'5 at the end
of each symbol. If s,(¢) is the waveform for a logical 0 and the incoming symbol
is a logical 0, the upper correlator delivers a large positive output at the end of
the symbol; the result is actually the autocorrelation of the signal s,(¢) at a delay
of 0. The lower correlator will then output a signal that is close to 0; actually
it is the cross correlation between s,(¢) and s,(¢#) which is 0 by definition. To
decide whether an incoming symbol is a 0 or a 1, the detector compares the
outputs of both correlators. If the output of the upper correlator is larger than
the output of the lower, the decoder decides that the symbol was a 0, and vice
versa. In m-ary FSK, more than two frequencies are used to represent m-ary
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Figure 9.22 Noncoherent (quadrature) FSK decoder.
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symbols, e.g., four. For arbitrary m, m correlation filters must be provided in
the FSK decoder.

9.7.3 Noncoherent FSK detection and quadrature FSK decoders

A noncoherent binary FSK decoder is shown in Fig. 9.22. With noncoherent
detection, the receiver does not know the phase of the symbol waveforms. It
therefore generates quadrature signals for every existing symbol waveform.
This decoder is therefore referred to as a quadrature FSK decoder. Assume that
the FSK signal can have the two radian frequencies »; and w,. Consequently
the decoder provides four waveforms; i.e., cos;t, sin®;t, cosm,t, and sin ost.
It is still assumed that radian frequency o, represents a logical 0, and radian
frequency o, represents a logical 1. If the incoming symbol is a 0, its waveform
can be written as

s1(t) = cos(wqt + )

where ¢ is an arbitrary phase. If ¢ were close to 0, there would be a strong cor-
relation of the FSK signal with cosw,?, so the uppermost correlator would
deliver a large positive output at symbol end, but the second correlator output
would be near 0, because there is almost no correlation with the sine wave sin
oit. If ¢ were close to n/2, the reverse would happen: the uppermost correlator
output would be near 0, but the second correlator would deliver a large corre-
lation. For arbitrary phase ¢, there would be a correlation with both cosine and
sine waves. By squaring and adding the outputs of the upper two correlators,
the combined correlator output becomes independent of phase ¢. In fact the
output signal of the adder is proportional to the energy of the symbol wave-
form. The lower two correlators provide correlation of the incoming symbol with
the stored replicas for a logical 1. Again, a maximum selector checks which of
the summed correlator outputs is greater at symbol end. If it happens that the
upper correlator has a larger output, the decoder decides that the received
symbol is a logical 0. This circuit can also be extended for m-ary FSK. [t then
must provide a pair of correlators (cosine and sine waves) for each state the
symbol can take on.
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State of the Art of Commercial PLL
Integrated Circuits

The designer of a PLL system has a broad choice of ICs built from different
semiconductor technologies. The first available ICs were mainly manufactured
in “bipolar” technology; i.e., they used a process known from bipolar operational
amplifiers. Shortly after, transistor-transistor logic (T'TL) circuits appeared, and
somewhat later complementary metal-oxide-semiconductor (CMOS) devices
became available. Faster circuits were produced in emitter-coupled logic (ECL)
technology. In the late 1980s, some gallium arsenide (GaAs) PLLs were added
to the already big family of silicon devices. The GaAs devices extended the fre-
quency range to the gigahertz region. The GaAs technology could not realize
the expected breakthrough, however; in recent years, silicon and SiGe devices
came on the market that outperformed even the GaAs types in speed. In the
last few years, production of GaAs devices has been discontinued.

There are a great number of ICs that contain a complete PLL system. In addi-
tion, there exist ICs that include only one or more phase comparators, a single
VCO, or just an analog multiplier. Furthermore, many PLL frequency synthe-
sizer systems are available in one single package. Besices the usual PLL com-
ponents, the synthesizer ICs mostly include fixed- or variable-ratio down-scalers
for the reference input and one or more programmable down-scalers for the
VCO output signal. The first of these down-scalers is used to scale down the
frequency of a quartz oscillator that typically operates at 5 or 10 MHz. Most of
these synthesizer ICs include the circuitry of the reference oscillator.

In the last few years, a great number of PLL-based semiconductor devices
have been introduced that contain the full circuitry for radio and television
receivers or for mobile phones. Because the frequency range of many such
circuits exceeds the capabilities of standard CMOS devices, the number of
high-speed prescalers is increasing very fast.

Many of the offered ICs contain some extras such as an additional op-amp,
an additional in-lock detector, and the like. Table 10.1 lists the presently avail-
able ICs containing a full PLL, a full frequency synthesizer, or parts of a PLL
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system. The PLL ICs are sorted by device family, which is listed in the first
column. The second column describes the function of the IC. When looking
for an ADPLL circuit, for example, we recognize that only one typz is on
the market, the 74xx297. It is available in two device technologies, however:
in CMOS and in LS-TTL. Furthermore, the general-purpose DPLL chips
are all based on the old 4046 chip, which is a member of the 4000 CMOS
family originally introduced by RCA. The 4046 contains two phase detectors:
an EXOR and a PFD. Three descendants have been derived from this circuit:
the 7T4HC/HCT7046, the 74HC/HCT4046, and the 74HCT9046. The 74HC/
HCT7046 is functionally equivalent to the former 4046, but the 74HC/HCT4046
is different, because it contains three different phase detectors instead of
two: an EXOR, a JK-flipflop, and a PFD. The 74HCT9046 is similar to the
74HCT7046, but the PFD integrated in this chip provides charge pump outputs
(see Sec. 2.7). In addition, a bandgap reference has been added which controls
the frequency generated by the VCO. Using a stable source improves the sta-
bility of the VCO output frequency. Many of the newer frequency synthesizer
PLLs include phase detectors with charge pump output.

The choice is largest among the LPLL chips. Besides the PLL systerns, the
market offers a wide selection of related circuits such as phase detectors, VCOs,
prescalers, and frequency synthesizers.

Searching for PLL devices has become simple because most of them are listed
in IC Master, a data book published yearly by Hearst Business Communica-
tions, Garden City, New York. This library is also available on CD-ROM and
can be accessed from http:/www.icmaster.com free of charge. The PLL circuits
are listed in the category of linear circuits. There are links to all PLL IC man-
ufacturers, which enables the user to download almost every data sheet and a
great number of application notes. There is also a link to a Web site created by
National Semiconductor that performs frequency synthesizer designs based
on the company’s synthesizer ICs (http://www/national.com/appinfo/wireless).?
This design feature can be accessed by calling the FasyPLL option c¢n this
Web site.
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TABLE 10.1 Commercially Available PLL ICs and Related Components, 2002

Device

technology

HC

HCT

HC

HCT

4xxx

HCT

HC

HCT

LS-TTL
TTL

Linear

Linear

Linear
Linear

Linear

General-purpose DPLL containing
three phase detectors: EXOR,
JK-fipflop, and PFD. Frequency

Genera -purpose DPLL containing
two phase detectors: EXOR and

General-purpose DPLL containing
two phase detectors: EXOR and

General-purpose DPLL containing
two phase detectors: EXOR and
PFD. PFD has charge pump output.

reference for high stability of

General -purpose ADPLL. Has two
phase detectors: EXOR and JK-
flipflop. +N divider is external.

200—-400MHz, for cordless phones.

Function Device Source Features
Phase-locked loop (DPLL) *74HC4046* Fairchild
Intersil
On Semi
Philips range to 19MHz.
Rochester
T1
Phase-locked loop (DPLL) *74HCT4046* Intersil As 74HC4046.
Philips
TI
Phase-locked loop (DPLL) *74HC7046* Philips
T1
Intersil PFD.
Phase-locked loop (DPLL) *74HCT7046* Philips As T4HT70486.
TI
Phase-locked loop (DPLL) *4046* Fairchild
Intersil
Lansdale PFD.
On Semi
R&E Intl
ST Micro
T1
Phase-locked loop (DPLL) 74HCT9046 Philips
VCO powered by band gap
center frequency.
ADPLL T4HC297 Philips
ADPLL 74HCT297 Philips As 7T4H(C297.
Intersil
ADPLL 7415297 T1 As 74H(C297.
Phase-frequency detector 4344 Lansdale
Clock recovery and data  ADB02-155 AD For cordless phones.
retiming PLL ADB02-45 AD
AD802-52 AD
ADB805 AD
CLCo16 National
PLL prescaler TB2109 Toshiba
TB31201 Toshiba
Count extender SP8790* Mitel +4, +10/11 becomes +40/41.
Count extender SP8794* Mitel +8, +10/11 becomes +80/81.
Frequency synthesizer RCK604 IntCirSys Crystal controlled.
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TABLE 10.1 Continued

Device
technology Function Device
Linear Frequency synthesizer MC145106
SM5133*
SM5142A
SM5165
SM5166
1V2105V
1vV2151V
V2153V
Linear Frequency synthesizer 1LV2158V
U2781B
TH7010
Linear Frequency synthesizer UPB1004GS
and down-converter
Linear Frequency synthesizer, SP5510%
bidirectional SP5512
SP5611
Linear Frequency synthesizer, SP5055
bidirectional SP5655
CMOS Frequency synthesizer TDD1742T
Linear Frequency synthesizer/ LC7185-8750
controller
Linear Frequency synthesizer, SP2002
direct
Linear Frequency synthesizer TDA7326
Linear Frequency synthesizer LC72121*
LC72131*
LC72132*
LC72133*
LC72134M
LC72135M
LC72136*
LC72137*
LC72144M
LC72146*
LC72191
Linear Frequency synthesizer NJU6104
Linear Frequency synthesizer LC72140
Linear Frequency synthesizer BU2611*
BU2614*
BU2615*

Source Features

Motorola Chip contains reference oscillator, +2
reference divider, and +2
reference output, another reference
divider (scaling factor 2" or 2'%),
phase detector, and 8-bit
programmable divide-by-N counter.
Programming by parallel data
input (9 + 1 bits).

NPC

NPC

NPC

NPC

Sanyo

Sanyo

Sanyo

Sanyo

TEMIC

Thesys

NEC Dual, 3V.

Mitel 1.3GHz, for TV/VCR tuning systems.

Mitel

Mitel

Mitel 2.6 GHz, for satellite TV.

Mitel 2.7GHz, for TV tuning systems.

Philips

Sanyo For CB transceiver.

Mitel Up to 400MHz, square,
triangular, or sine wave output.

ST Micro For AM/FM radio.

Sanyo For AM/FM tuners.

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

Sanyo

NJR For DTS.

Sanyo For FM/AM tuner.

ROHM For tuners.

ROHM

ROHM
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Device
technology Function Device Source Feature:
BU2616F ROHM
BU2618FV ROHM
Linear Frequency synthesizer M64895 Mitsubishi For TV/VCR tuners, [*C-bus.
Linear Frequency synthesizer M54937 Mitsubishi For TV/VCR tuners, serial input.
M54938 Mitsubishi
M54939 Mitsubishi
M56768 Mitsubishi
M56769 Mitsubishi
M56770 Mitsubishi
M56771 Mitsubishi
M56773 Mitsubishi
M56776 Mitsubishi
M64092 Mitsubishi
M64093 Mitsubishi
M64892 Mitsubishi
M64893 Mitsubishi
M64894 Mitsubishi
Linear Frequency synthesizer M64897GP Mitsubishi For TV/VCR tuners, witk. de-de
M64898GP Mitsubishi converter.
Linear Frequency synthesizer TRF2040 TI Fractiorial-N/integer-N operation,
triple channel.
Linear Frequency synthesizer SAT7026 Philips Fractional N, dual, 1.3GHz.
SAB016 Philips Fractionial N, dual, 2.5 GHz.
SAB026 Philips
SAT015 Philips Fractional N, 1GHz.
SAT025 Philips
SAT7016 Philips Fractional N, 1.3GHz.
SAB025* Philips Fractional N, 1.8 GHz.
SA8015 Philips Fractionial N, 2GHz.
Linear Frequency synthesizer NJ88C33 Mitel I’C-bus.
Linear Frequency synthesizer SP5658* Mitel Low phase noise, 2.7 GHz.
SP5659 Mitel
Linear Frequency synthesizer SM5160* NPC
Linear Frequency synthesizer MK1711-01 IntCirSys 20 to 200MHz.
Linear Frequency synthesizer SY89429V Micrel 31.25 to 510 MHz.
Linear Frequency synthesizer SY89430V Micrel 50 to 950 MHz.
ECL Frequency synthesizer MC12181 Motorola 125 to 1000 MHz.
Linear Frequency synthesizer MB87094 Fujitsu Serial input.
4xxx Frequency synthesizer MC145156-2 Motorola Programmable reference

divider (scaling factor 8/64/128/256/
640/1000/1024/2048), programmable
+N counter (3 to 1023) and
programmable +A counter (0 to 127).
Digitel programming of A and N by
serial input signal (10 + 7 bits).
Uses external 2-modulus prescaler.
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TABLE 10.1 Continued

Device
technology Function

Device

Linear

4xxx Frequency synthesizer
Linear Frequency synthesizer
Linear Frequency synthesizer
Linear Frequency synthesizer
4xxx Frequency synthesizer
Linear Frequency synthesizer
Linear Frequency synthesizer
4xxx Frequency synthesizer
Linear Frequency synthesizer
Linear Frequency synthesizer
4xxx Frequency synthesizer

MC145157-2

M(C145158-2

PLL0305*
PLL2001
SM5158A

MC14159-1

UMA1014

SP8s6l
SP8s53*
SP8858
SP8855D
SP8855E

MB87093A
MB87095A
MB87096A

MC145170
MC145170-1
MC145170-2

TBB206

UMA1005T
ST7162

MC145162
MC145162-1
MC145165
MC145166
MC145167
MC145168
MC145169

BU2630*

UMA1021*
UMA1022M
UMA1020M

MC145225
MC145230

Source

Motorola

Motorola

NPC
NPC
NPC

Motorola

Philips
Mitel
Mitel
Mitel
Mitel
Mitel

Fujitsu
Fujitsu
Fujitsu
Motorola

Motorola
Motorola

Infineon

Philips

ST Micro
Motorola
Motorola
Motorola
Motorola
Motorola
Motorola
Motorola

ROHM
Philips
Philips
Philips

Motorola
Motorola

Features

Chip contains reference osciliator,
2 phase detectors, in-lock detector,
14-bit programmable reference
divider, and 14-bit programmable
divide-by-N counter. Programming
by serial data input.

Programmable reference divider
(scaling factor 3 to 163864),
oscillator, PFD, in-lock detector,
10-bit programmable +NV counter,
programmable +A counter, uses
external 2-modulus prescaler
Programming by serial signal.

Serial input, with analog phaze
detector.

For mobile phones.

1.3GHz.
1.3/1.5GHz.
1.5GHz.
1.7GHz.
2.7GHz.

With power-saving function.

With serial interface.

With 3-line bus.
Dual.

Dual, for cordless phones, 60 MHz.

Dual PLL.
Dual, up to 2.2GHz.

Dual, up to 2.4 GHz.

Dual, with DACs and voltage
multipliers, 2 GHz/280 MHz
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TABLE 10.1 Continued
Device
technology Function Device Source Features
4xxx Frequency synthesizer MC145149 Motorola Dual, with serial interface.
Linear Frequency synthesizer WB1315 IC Works Dual, with 2.5-GHz prescalers.
Linear Frequency synthesizer M64074 Mitsubishi Dual 1GHz.
Linear Frequency synthesizer LMX2335* National Dual, 1.15Hz/1.1 GHz.
ECL Frequency synthesizer MC12302 Motorola Dual, 1.1 GHz/500 MHz.
Linear Frequency synthesizer PE3282 Peregrine Dual, 1.1GHz/510 MHz.
LMX2332* National Dual, 1.2GHz/510 MHz.
PE3292 Peregrine Dual, 1.2GHz/550 MHz.
UMA1018M Philips Dual, 1.25GHz.
LMX2336* National Dual, 2GHz/1.1GHz.
LMX2331* National Dual, 2GHz/510MHz.
ECL Frequency synthesizer MC12306 Motorola Dual, 2.0 GHz/500MHz.
MC12310 Motorola Dual, 2.5GHz/500 MHz.
Linear Frequency synthesizer LMX2330* National Dual, 2.5GHz/510MHz.
HFA3524 Intersil Dual, 2.5GHz/600MHz.
S4503 AMCC Dual, 10 to 300MHz.
UMA1015* Philips Dual, 50 to 1100 MHz.
NJ88C50 Mitel Dual, 125 MHz (AMPS, ETACS,
DECT).
M54958 Mitsubishi Dual, 400MHz.
LMX2337 National Dual, 550 MHz/550 MHz.
1CS9502 IntCirSys Dual, 900 MHz/500 MHz.
TH7023 Thesys Dual, 1200MHz/520MHz, with
prescaler.
4xxx Frequency synthesizer MC145173 Motorola Dual band with ADC/frequency
counter
Linear Frequency synthesizer SY89424V Micrel 1GHz.
SP5026 Mitel 1GHz, for TV/VCR tuning systems.
4xxx Frequency synthesizer MC145192 Motorola 1.1GHz.
Linear Frequency synthesizer LMX1501A National 1.1GHz.
LMX9301 National 1.1GHz.
4xxx Frequency synthesizer MC145190 Motorola 1.1 GHz, with PFD and prescaler.
MC145191 Motorola 1.1GHz, with 5-V phase detector.
Linear Frequency synthesizer TSA5511 Philips 1.3GHz, for TV tuning systems.
TSA5512 Philips
TSA5514 Philips
TSA5515T Philips
Frequency synthesizer SP5024 Mitel 1.3GHz, for TV/VCR tuning systems.
TSA5520 Philips
TSA5521 Philips
TSA5526* Philips
TSA5527* Philips
Frequency synthesizer TSA5522 Philips 1.4 GHz, for TV/VCR tuning systems.
Frequency synthesizer TSA5523M Philips 1.4GHz, I*C-bus.
Frequency synthesizer SP8852D Mitel 1.7GHz.
SP8854D Mitel



318 Chapter Ten

TABLE 10.1  Continued
Device
technology Function Device Source Features
Frequency synthesizer Q3236 Qualcomm 2GHz.
CXA1787 Sony 2 GHz, for mobile phones.
4xxx Frequency synthesizer MC145200 Motorola 2GHz with 8- to 9.5-V phase detector.
Linear Frequency synthesizer SP5070 Mitel 2.4 GHz, for satellite receivers.
SP5054 Mitel 2.6 GHz, for satellite TV tuning
systems.
Frequency synthesizer SP8852E Mitel 2.7GHz.
SP8854E Mitel
M64896 Mitsubishi
Frequency synthesizer SP5657 Mitel 2.7GHz, for satellite TV,
SP5668 Mitel 2.7GHz, for TV/VCR tuning systems.
SP5654 Mitel 2.7GHz, 3-wire bus.
SP5502 Mitel 1.3GHz, 4-bit address.
SP5511* Mitel 1.3GHz, 4-bit address, for TV/VCR
tuning systems.
4xxXX Frequency synthesizer MC145145-2 Motorola 4-bit data bus input. Chip contains
reference oscillator, 12-bit
programmable reference divider, 2
phase detectors, in-lock detector,
14-bit programmable divide-by-N
counter, and data latches for
parameter storage.
MC145146-2 4-bit data bus input. Programmable
reference divider (=3 to 4096),
oscillator, PFD, in-lock detector,
programmable +N counter,
programmable +A counter (for
external 2-modulus prescaler).
Linear Frequency synthesizer PCK604 OnChipSys 50 to 600MHz.
SC11346 Int. Semi 80MHz.
ADR09 AD 155.52MHz.
LMX2301 National 160 MHz, for RF communications.
SY89429A Micrel 400 to 800MHz.
M56760 Mitsubishi 500MHz.
LMX2305 National 550MHz, for RF communications.
M64080 Mitsubishi 410MHz.
LC72130 Sanyo For FM/AM tuner.
Linear Intercarrier modulator 4002Y-A NCM Internal PLL and comparator.
ECL Mixer MC12002 Motorola Double balanced, analog mixer.
4xxx Phase detector IMI4345 IMI
ECL Phase-frequency detector 12540 Lansdale
: MCH12140 Motorola
MCK12140 Motorola
MC12040 Motorola
Linear PLL with prescaler MB1501H Fujitsu 1.1-GHz prescaler, 2-modulus,
+64/65 or +128/129.
PIF processor/PLL pPC1820 NEC
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Device
technology Function Device Source Features
Linear PLL NE565 Philips Frequency range 0 to 500kHz, VCO
SE565 has parallel square and triangular
wave outputs.
XR215* Exar
XR2212* Exar
SL652 Mitel LPLL having 4 timing current inputs
and 2 binary control inputs for
switching of timing currents. Main
application is FM, FSK, PSK
modulator/demodulator, etc.
Frequericy range 0-500kHz.
MN6152 Panasonic
MN6153 Panasonic
MN6155 Panasonic
NE564 Philips Postdetection processor and
SE564 Philips limiting circuit at the input of the
PD integrated on chip. Frequency
range tc S50MHz.
LC7150 Sanyo
LC7152 Sanyo
Linear PLL and prescaler MB1503 Fujitsu 1GHz.
Linear PLL-based zero delay MPCo61* Motorola
buffer
Linear PLL clock driver MC881V930 Motorola
MC88LVI50 Motorola
MCB88LVI70 Motorola
CDC2509* TI
CDC2510* TI
CDC2516 T1
CDC509 TI
CDC516 TI
Linear PLL clock driver MPC932 Motorola Programmable.
MC88PL117 Motorola Power PC 601, Pentium applications.
SN54CDC586 TI 3 state outputs.
PLL clock recovery and ADB800 AD
data retiming AD800-45 AD 45MHz.
ADB800-52 AD 52MHz.
ADB80N-155 AD 155MHz.
ADB803 AD 30Mbps.
Linear PLL controller for DC UC1637 Unitrode
motor drive UC2637 Unitrode
UC3637 Unitrode
Linear PLL demodulator LMC568 National FM/FSK demodulator.
CMOS PLL for radio receiver L.C7218 Sanyo
NMOS PLL for radio receiver LM7001 Sanyo
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Device
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technology Function

Device

Linear

Linear

Linear

Linear

ECL

Linear

PLL frequency controller

Frequency synthesizer

Frequency synthesizer,
clock chip

Frequency synthesizer

Frequency synthesizer

Frequency synthesizer

UC1633

UC1634

UC1635
UC2633
UC2634
UC2635
UC3633
UC3634
UC3635

MB1503/13
HPLL8001
PMB2307R
TBB200
SM5162
SM5168
SM5170A

IMISC434
IMISC464
IMISC465
IMISC466
IMISC468
IMISC470
IMISC471

IMIZXFSUT157

MK16574-01*
TDAB735*
MK2049-01

SM5160
ILC1080
MB15C101
MB15C103
IMI4347
PMB2306

MC12179
MC12202
MC12206
MC12210
MC122179

SM5158
GM6530
MBI15E03SL

Source Features

Unitrode PLL for motor speed control.
Contains sense amplifier for speed
feedback signal {from Hall sensor
or other speed detector).

Unitrode Similar to UC1633, but is intended to
drive two-phase brushless motors.

Unitrode

Unitrode

Unitrode

Unitrode

Unitrode

Unitrode

Unitrode

Fujitsu

HP

Infineon

Infineon

NPC

NPC

NPC

IMI

M1

IMI

IMI

IMI

M1

IMI

IMI Two independent serial input PLL
frequency synthesizers equivalent
to two IMI145157's on one chip.
Input frequency >50 MHz (typical).

IntCirSys For frame rate communications.

Philips For satzllite receivers.

IntCirSys Generates T1, E1, T3, E3, and OC3
frequencies.

NPC High speed.

Impala Linear High speed, 40 to 120 MHz.

Fujitsu IF band.

Fujitsu

IMI Phase detector.

Infineon Serial control.

Motorola Serial input.

Motorola

Motorola

Motorola

Motorola

NPC Serial input, high speed.

Hyundai Serial interface.

Fujitsu With 1.2-GHz prescaler.
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Device
technology Function Device Source Features
MBI15E05SL Fujitsu Single serial input, 2.0GHz.
MBI15EQ7SL Fujitsu
MB15F02SL Fujitsu Dual serial input.
MB15F03SL Fujitsu Dual serial input.
MBI15F07SL Fujitsu Dual serial input.
MB15F08SL Fujitsu Dual serial input.
IMI145145 IMI 4-bit data bus input.
Chip contains reference oscillator, 12-
bit pregrammable reference divider,
2 phase detectors, in-lock detector,
14-bit programmable divide-hy-N
counter, and data latches for
parameter storage.
Linear PLL SM5153 NPC Fixed-ratio frequency dividing.
SM162LF1S NPC
PLL + prescaler MB15F02* Fujitsu Dual, 1.2GHz, +64/65 or +128/129.
MB15F03L Fujitsu Dual, 1.8 GHz, +64/65 or +128/129.
MB15F05L Fujitsu
MB15F03 Fujitsu Dual, 2GHz, +64/65 or +128/129.
MB15F04 Fyjitsu
MB1504* Fujitsu 0.5GHz.
MB1505 Fujitsu
MB1507 Fujitsu
MB1508 Fuyjitsu
MB1509 Fujitsu
MB1519 Fujitsu
MB15A01 Fujitsu 1GHz.
MB15A02 Fujitsu
MB15A16 Fujitsu
MB15B01 Fujitsu
MB15B03 Fujitsu
MB15B11 Fujitsu
MB15B13 Fujitsu
MB1501 Fujitsu
MB1502 Fuyjitsu
MB1502H Fuyjitsu
MB1510 Fujitsu
MB1511 Fujitsu
MB1512 Fujitsu
MB1513 Fujitsu
MB1516A Fuyjitsu
WB1332 1C Works 1.2GHz.
MB15E03* Fujitsu 1.2GHz, --64/65 or +128/129.
MB15A19 Fujitsu 1.5GHz.
MB1514 Fujitsu
MB1506 Fujitsu 2GHz.
MB1517* Fujitsu
MBI15E05* Fujitsu 2GHz, +64/65 or +~128/129.
MBI15E06 Fuyjitsu 2.5GHz.
MB1515 Fujitsu
MB1518 Fujitsu
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TABLE 10.1  Continued

Device
technology Function

Device

PLL programmable
divider

NMOS PLL

Linear Frequency synthesizer

4xxx Frequency synthesizer

Linear

MBI15EQ7*
MB15C03
MB15503
MB15501
MB153502
MB87086A
MB87087

LM7005
IMI145155

IMI145157

SAA1057

IMI145106A
IMI145151

MC145151-2

MC145152-2

HC0320

IMI145152

Programmable reference divider
(scaling factor 16/512/1024/2048/
3668/4096/6144/8192), +N counter
with scaling factor of 3 to 16383.
Scaling factor N digitally controlled
by serial input signal (14 bits),

Chip contains reference oscillator,

2 phase detectors, in-lock detector,
14-bit programmable reference
divider, and 14-bit programmable
divide-by-N counter. Programming

Prograinmable reference divider
(+8/128/256/512/1024/2048,2410/
8192) and =N divider with scaling

Prograramable reference divider
(+8/128/256/512/1024/2048/2410/
8192) and +N divider with scaling

8/64/128/256/512/1024/1160,2048),
oscillator, PFD, in-lock detector, 10-
bit programmable =N counter, 6-bit
programmable +A counter for
external 2-modulug prescalzr. Fully

Programmable divider, to 1021
channels, adder, phase comparator.

Source Features
Fujitsu 2.5GHz, +32/33 or --64/65.
Fujitsu 120 MHz, ~64/65.
Fujitsu 178 MHz, ~16/17.
Fujitsu 259MHz, +16/17.
Fujitsu 284 MHz, +16/17.
Fujitsu Binary 10-bit counter.
Fujitsu Binary 14-bit counter.
Sanyo Ranges to UHE.
IMI
IMI
by serial data input.
Philips
IMI Parallel input.
IMI Paralle] input (14 bits).
factor 3 to 16383.
Motorola Parallel input (14 bits).
factor 3 to 16383.
Motorola Prograramable reference
divider (scaling factors
parallel programming,
Hughes
IMI

Programmable reference
divider (scaling factors
64/126/256/512/1024/1160/2048),
oscillator, PFD, in-lock detector,
10-bit programmable +N counter,
6-bit programmable +A counter for
external 2-modulus prescaler. Fully
parallel programming.
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Device
technology Function Device Source Features
IMI145156* IMI Programmable reference divider
(scaling factor 8/64/128/256/640/
1000/1024/2048), programmable +N
counter (3 to 1023) and
programmable +A counter (0 to
127). Digital programming of A and
N by serial input signal (10 -
7 bits). Uses external 2-modulus
prescaler.
IMI145158* IMI Programmable reference
divider (scaling factor 3 to 16584),
oscillator, PFD, in-lock detector,
10-bit programmable +N counter,
programmable +A counter, uses
external 2-modulus prescaler.
_ Programming by serial data input.
MC145155-2 Motorola Programmable reference divider
(scaling factor 16/512/1024/2048/
3668/4096/6144/ 8192), +N counter
with scaling factor of 3 to 16383.
Scaling factor N digitally controlled
by ser:al input signal (14 bits).
MB37001A Fujitsu Serial input, 13MHz, 5V, 3mA.
IMIFSUT157* IMI Serial input, 2 channel.
IMI145146* IMI Programmable reference divider
(+3 to 4096), oscillator, PFD. in-lock
detector, programmable +N counter,
programmable +A counter
(for external 2-modulus prescaler),
4-bit data input.
PLL tuning circuit MC44818 Motorola 1.3GHz, for TV/VCR.
MC44824 Motorola
MC44825 Motorola
MC44826 Motorola
MC44827* Motorola
MC44828 Motorola
MC44829 Motorola
MC44871 Motorola
MC44802 Motorola 1.3-GHz prescaler.
MC44864 Motorola 1.3-GHz prescaler, D/A converters.
PLL, universal KS8805B Samsung
PLL, video dot clock CH9073 Chrontel
generator AV9173 IntCirSys
AV9173-01 IntCirSys
4xxx PLL + prescaler MC145220 Motorola 1.1 GHz, dual, +64/65 or +32/33.
Linear PLL + prescaler TEA8805 ST Micro 1.3GHz, +8.
4xxx PLL + prescaler MC145201 Motorola 2GHz, +64/65.
MC145202 Motorola
Linear MB1501L Fujitsu 1.1GHz, +64/65 or +128/129.
PLL, dual SM1532* NPC 60MHz, for cordless phones.
SM1534* NPC
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Device
technology Function

PLL, dual, with
prescalers

PLL, dual

PLL + prescaler
PLL
PLL + prescaler

PLL, dual, with
prescalers

PLL + prescaler

PWM controller

Frequency synthesizer

PLL system block

Subcarrier PLL

Frequency synthesizer

Tone decoder

VCO

LS-TTL VvCO

Linear VCO + phase detector
VCO buffer amplifier

Device Source Features

WB1310 IC Works 1.2-GHz prescalers, serial input.

WB1336 IC Works 2-GHz/1.1-GHz prescalers,
serial input.

WEB1331 IC Works 2-GHz/510-MHz prescalers, serial
input.

WEB1330 1C Works 2.7-GHz/510-MHz prescalers, serial
input.

WE1305 IC Works 510-MHz prescalers, serial input.

WB1333 1C Works

MB15U20 Fujitsu 1.1GHz

2782 Temic

SYR9420 Micrel 1.12GHz.

SY89423 Micrel

U2783B Temic 1250MHz, 400MHz.

U2784B Temic 2200 MHz, 400 MHz,

MB87014A Fujitsu +64/65 or +128/129.

SY89421V Micrel 1.12GHz.

WRB1220 IC Works 2GHz, serial input.

WB1215 IC Works 1.2 GHz, serial input.

WB1337 1C Works 550MHz.

WB1225 1C Works 2.5GHz, serial input.

MB3785 Fujitsu

MB87091 Fujitsu Serial input, power saving function.

MB87006A Fujitsu Serial input, 10MHz, 3 to 5V, 3.5mA.

MB87076 Fujitsu Serial input, 15MHz, 3 to 5V, 3mA.

MB87086 Fujitsu Serial input, 95MHz, 3 to 5V, 10mA.

MC44144 Motorola For video applications.

NJ&811 Mitel For mobile radio, 2-device set.

NJ8812 Mitel

SP8901 Mitel

SP8906 Mitel

NE567 Philips Operation to 500kHz. Has additional
quadrature phase detector that can
be used as in-lock detector.

KA567C Samsung

CEM3340 OnChipSys

CEM3345 OnChipSys

ANE585 Panasonic

ANE586 Panasonic

ANEE87 Panasonic

LC7444 Sanyo

SN741.5624 TI

SN741.S628 TI

LM565C National

KGF1145 OKI

KGF1146 OKlI

RF2501 RF Micro For ISM cellular.

RF2502 RF Micro

KGF1191 OKI 300MHz to 2.4GHz.
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Device

technology Function Device Source Features
VCO function generator ~ XR2209* Exar
LM566* National Frequency range 0-1 VIHz.
Simultaneous square and i
triangular wave ouiput, no sine,
XR2207* Raytheon Frequency range 0-1 MHz.
XR2207* Exar Simultaneous square and triangular
RC2207 Fairchild wave output, no sine. Four iiming
resistors can be switched in and
out by two binary inputs.
ECL VCO, low power MC12148 Motorola
MC12149 Motorola
Linear PLL SL.650 Mitel Multiplier phase detector.
Chip contains addit:onal op-amp.
Frequency range 0-500kHz
SL651 Mitel As SL650, without op amp.
VCO waveform generator XR2206* Exar
XR8038A Exar
ICL8038 Intersil Sine, square, triangular, sawtooth,
and pulse output.
VCO waveform generator, CEM3371 OnChipSys
dual
VCO, dual CEM3374 OnChipSys
LS-TTL SN741.8625 TI
SN741.S629 TI
SN74L.S124 TI
Linear Video dot clock generator 1CS1394 IntCirSys
Video PLL system LM1291 National For continuous-sync monitors.
LM1292 National
ECL Voltage-controlled MC12101 Motorola
multivibrator MC12100 Motorola
Voltage-controlled MC12147 Motorola Low power.
oscillator buffer
Linear 2-modulus prescaler SP8643 Mitel +10/11.

Note: Asterisks (*) preceding and/or following a part number mean that this device is registered with different pre-

fixes and/or suffixes. Example: *4046* is delivered as CD4046B, MC14046B, CD4046BC, etc.
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Measuring PLL Parameters

This chapter deals with the measurement of PLL parameters. When an ADPLL
is used, nothing has to be measured, because all parameters of the circuit are
multipliers for clock frequencies and divider ratios of counters. In the case of
the DPLL, the parameters are normally well specified in the data sheets. The
phase detector gain, for example, depends uniquely on the supply voltage in
most cases. For a DPLL built from CMOS technology, the levels of the phase
detector output signal come close to the supply rails, so the phase detector gain
K, is approximately Upg/n for the EXOR, Ug/27 for the JK-flipflop, and Ug/4r for
the PFD. Moreover, the VCO characteristics are well specified on the data sheets
of the 4046 and the 7046 ICs (refer to Table 10.1), so there is sufficient infor-
mation to calculate the values of the external components of the DPLL system.
The situation is different in the case of LPLLs, where some parameters are
poorly specified for some products.

Many LPLL ICs have a large supply voltage range, and some of the PLL
parameters can vary with it. Furthermore, the phase detector gain depends on
the level of the reference signal.

It is therefore advantageous if the users are able to measure these parame-
ters themselves. It will be shown in this section that the relevant parameters
such as K, K;, ®,, {, and many others are easily measured with the standard
equipment available even in a hobbyist’s lab, i.e., an oscilloscope and a wave-
form generator. For the following measurements a multifunction integrated
circuit of type XR-S200 (EXAR) has been arbitrarily selected as the device under
test (DUT).

11.1 Measurement of Center Frequency f,

Only the VCO portion of the DUT is used for this measurement (Fig. 11.1). The
two pins of the symmetrical VCO input are grounded. Consequently the VCO
will oscillate at the center frequency f,. The center frequency is now easily mea-
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sured with an oscilloscope (Fig. 11.2a). If the values C., = 82nF and R, =
2.2kQ are chosen for the external components, the VCO oscillates at a center
frequency f, of 6.54 kHz.

11.2 Measurement of VCO Gain K,

The same test circuit (Fig. 11.1) can be used to measure the VCO gain K. One
of the VCO inputs (VCO in) stays grounded; a variable dc voltage is applied to
the other. This signal corresponds to the loop filter output signal u,. By defini-
tion the VCO gain K, is equal to the variation of VCO angular frequency Awm,
related to a variation of the u, signal by Au,=1V. As shown in Fig. 11.2b, the
VCO frequency falls to 5.78 kHz for Aus= 1V, which corresponds to a variation
of 0.76 kHz.

The sign of the frequency variation is irrelevant here; it would have been pos-
itive if the VCO input pins had been connected with inverted polarity. For the
VCO gain K, we now obtain

VCO in
VCO out

to Oscilloscope (Counter)

H Figure 11.1  Test circuit f>r the
- measurement. of the center fre-
quency w, and the VCO gein K.

T 2008

VCO out F L 7 VEO out T

EN 4

juroy : 3 jural

Figure 11.2 (a) Measurement of @y, u;= 0V; (b) measurement of K, u;= 1V.
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_A0 _27-0.76- 107 _ ) 20 108 rad s V-
Auy 1

K

The test shows furthermore that K, would be larger by a factor of 10 if
®, had been chosen larger by a factor of 10. Hence, for this device, K, varies
in proportion to ®w,. When R, = 2.2kQ is chosen, K, is given by the general

equation

Ky=0.73f,rads™ V™! 11.1)

where f; is in hertz. For example, for f, = 1kHz, we find K, = 730 rad s V',

11.3 Measurement of Phase Detector Gain K,

The test circuit of Fig. 11.3 is used for the measurement of K; The PD of
the XR-S200 is realized in form of an operational multiplier. In the configura-
tion shown, the PD and the VCO are used. The VCO output signal is coupled
capacitively to one of the PD inputs. A variable dc level is applied to the other
input.

The measurement procedure is explained by the waveforms in Fig. 11.4.
In Fig. 11.4a the signal applied to phase detector input 1 (PD in #1) is a
sine wave, and the signal applied to phase detector input 2 (PD in #2) is
a square wave (usually the VCO output signal). It is furthermore assumed that

R,=0 R,=0
—_——0 QO ', O — —
DC-LEVEL {_ o 11 R o
|
) & 2 Y
4 ' % '
PD in{ ! >< 11 PD out to Oscilloscope
s 4 1Y
. 1
|
|
|
!
I
|
|
é 3
LT
VCO in {LZ'& _

Figure 11.3 Test circuit for the
measurement of phase detector
gain K, .
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| i | H | )
N e
. o i | | [DC-Level | N
PDin # 1 (Pin 7)-4 \ + — 1
| 0 ! ! :
| \/ ‘ \ !
|
PDin # 2 (Pin 5) -+ —)
' - .
PD out ‘ r x
(Pin 3 or 4) X, $
i ; i | i |

Figure 11.4 Waveforms of the phase detector output signal u, for different signals applied to
input 1. (@) For a sine-wave signal. () For a dc level.

both signals are in phase. Consequently the phase error 6, is $0°. The phase
detector output signal (PD out) is a full-wave rectified sine signal; its average
value is given by

uy; = Ky s1mm90°= K,

1.e., the measured output signal is identical with K.

If a dc voltage is applied to PD in #1, whose level is equal to the average
value of the previously applied sine signal, the output signal of the phase detec-
tor becomes a square wave having a peak amplitude K. In most data sheets,
K, is specified as a function of the reference signal level; a sine signal is usually
chosen for the reference signal, and the signal level is usually given as an rms
value. In Fig. 11.4b we see that the rms value of the sine signal is 1.11 times
its average value. [For a sine signal of peak amplitude 1, the rms value is
1/v2 , and the average value (linear average) is 2/rn.] Consequently, to measure
K, for a reference signal level of 1Vrms, we have to apply a dc level of 1/1.11
~ 0.9V to PD in #1 and then simply measure the peak value of the output
signal.

The phase detector gain of the DUT in Fig. 11.3 was measured at four dif-
ferent levels of the reference signal: at 10, 30, 40, and 100mVrms. The mea-
sured signals are displayed in Fig. 11.5. The four oscillograms show the results
for u, = 10, 20, 30, and 40mVrms, respectively. As Fig. 11.3 demonstrates,
this PD has a symmetrical output. Three signals are displayed in each os-
cillogram: the top trace shows multiplier output 1 (MUL OUT 1), the center
trace the reference signal (dc), and the bottom trace multiplier output 2 (MUL
OuT 2).



Measuring PLL Parameters 331

oV —h»

OV —»

oV —m

Figure 11.5 Waveforms measured with the test circuit of Fig. 11.3 for different dc levels applied to input 1.
{a) 10mV. (b) 30mV. (c) 40mV. (d) 100mV.

Because the output of the PD is a symmetrical signal, the phase detector gain
is twice the measured peak amplitude of the square wave. This means that
the PD output signal (shown in the bottom trace of Fig. 11.4) must be mea-
sured differentially between pins 3 and 4. The phase detector gain is then
the amplitude of the square wave measured from the centerline, as indicated
in Fig. 11.4.

The measured K, values are plotted against the reference signal level in Fig.
11.6. It is clearly observed that the PD becomes saturated at signal levels above
400 mVrms. .

11.4 Measurement of Hold Range A®wy and Pull-in Range Aw,

To measure these parameters, a full PLL circuit must be built. This is easily
done by adding a loop filter to the test circuit of Fig. 11.3 and bv closing the
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Figure 11.6 Plot of K; against input voltage level in millivolts rms.

loop. The new test circuit of Fig. 11.7 is then obtained. This PLL does not use
a down-scaler; hence we have N = 1 (N = scaling factor). A passive loop filter
(Fig. 2.16) is chosen for simplicity; it consists of two on-chip resistors, R; =
6kQ each, and the external capacitor C. (Note that resistor R; is set 0 here,
although this is a bad choice for loop stability.) A signal generator is applied to
the reference input (pin 7) of the DUT.

Both reference signal u; and VCO output signal u, are displayed versus time
on an oscilloscope. The oscilloscope is triggered on i, The frequency of the
signal generator is now varied manually until lock-in is observed (Fig. 11.8). In
the case of Fig. 11.8a the reference frequency f; is far away from the center fre-
quency f, and the system is unlocked. Figure 11.8b shows the situation where
f1 has come closer to the center frequency. The PLL is trying to pull in the VCO.
Frequency modulation of u, is easily observable. If the reference frequency
approaches f; slightly more, the PLL suddenly locks (Fig. 11.8¢).
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Figure 11.7 Test circuit for the measurement of hold range Awj; and pull-in range Awp.

Figure 11.8  Waveforms of signals u, and u, in the test circuit of Fig. 11.7. (a) PLL unlocked. (b) PLL near

locking. (¢) PLL locked.
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Determination of the hold range Afy and the pull-in range Afr 13 very simple.
The hold range is measured by slowly varying the reference frequency f; and
monitoring the upper and lower values of f; where the system unlocks.

The pull-in range Afy is determined in a similar way. To get Afp, we first set
the reference frequency f; to approximately the center frequency f; and then
increase f; slowly until the loop locks out. To see where the loop pulls in again,
we must reduce the reference frequency slowly and monitor the value of f;
where the loop pulls in. The difference between the value of f; and the center
frequency f; is the pull-in range Af».

11.5 Measurement of Natural Frequency w,, Damping Factor (,
and Lock Range Aw,

The PLL circuit of Fig. 11.7 is used for the following measurements. To measure
the natural frequency w, and the damping factor { of a PLL, we apply a dis-
turbance to the PLL that forces the system to settle at a different stable state.
This is most easily done by modulating the reference frequency with a square
wave signal. The corresponding test circuit is shown in Fig. 11.9. The PLL
under test operates at a center frequency of approximately 70kHz. The fre-
quency of the signal generator is modulated by a square wave generator. Of
course, the modulating frequency must be chosen much smaller than the center
frequency, for example, 1kHz.

If the frequency of the signal generator is abruptly changed, « phase error 9,
results. The output signal u, of the loop filter can be considered a measure of
the average phase error. Thus the transient response of the PLL can he easily
analyzed by recording on an oscilloscope. This is shown by the waveforms in
Fig. 11.10a, which displays the signals u, (reference signal, top trace), u, (center
trace), and the 1-kHz square wave (bottom trace). The oscilloscope is triggered
on the 1-kHz square wave. Because the reference signal has a much higher fre-
quency than the 1-kHz square wave and is by no means synchronized with the
latter, it is displayed as a bar only.

ITAVAVILIY u
1 3
14
square wave |J LI PE’VI input Oélt u,
generator B [ - uy u, N
=1ikH7 signal generator|” 0kHzp  PD ——'4 LF +

to
oscilloscope

Uz

3
14

Figure 11.8 Test circuit for the measurement of natural frequency ®, and damping

factor C.
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Il P B * 1ZTR ok \YL |
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Figure 11.10 Waveforms of the test circuit shown in Fig. 11.9. (a) Top trace—input signal u,; center
trace—output signal of the loop filter; bottom trace—modulating signal, 1-kHz square wave.
(&) Enlarged view of the u, waveform shown in (a), center trace.

The u, signal performs a damped oscillation on every transient of the 1-kHz
square wave and settles at a stable level thereafter. Now w, and J can be cal-
culated from the waveform of uy. Figure 11.105 is an enlarged view of this signal,
L can be calculated from the ratio of the amplitudes of two subsequent half-
waves A; and A,. (Any pair of subsequent half-waves may be chosen.) The
damping factor is given by

In(A;/ A;)

C = 1/2

[7° + In(A,/ A} ]

The natural frequency o, is calculated from the period T of one oscillation in
Fig. 11.10b according to

®. = 2r
TorV1-¢?

Let us now evaluate numerically the waveform of Fig. 11.105. For A, and A, we
read approximately 1.9 and 1.5 divisions, respectively. Consequently we ohtain

£=~0.08
For T we find T' =~ 240 us. Hence o, is
®, = 26.0-10® rad s™
or

f. =4.1kHz
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To complete this measurement, let us calculate the values of ®, and { using the
theory of the linear PLL [Eq. (2.41)] and check whether our measurements
agree with the predicted results. Using Eq. (11.1), we obtain for the VCO gain

K, =0.7370-10° =51.5-10° rad s"* V!

According to Fig. 11.10a the amplitude of the reference signal i about 120 mV
peak to peak, which corresponds to an rms value of 43mV. For this signal level
we read a phase detector gain K; = 3.7V/rad from Fig. 11.6. The two time con-
stants 1, and 1, can be derived from the test circuit in Fig. 11.7

1, =12£Q-20nF = 240us
To =0

Using Eq. (2.41), we finally get

12 5 172
0, = (—I—{Lk—vd—j = (5—1—1—10——3—7—] =28-10°rad s™'
Nt +12) 240-10°°
N 28-10°

(O
C:——(‘[Z-{— ): =
2 K,K,/) 2-51.1.10°.8.7

(Note: N = 1.) This agrees well with the experimental measurements.

Note that this experimental method of measuring w, and { is applicable only
for { < 1. This requirement is met, however, in most cases. If {{ were greater
than 1, the transient response would become ‘aperiodic, and it would become
impossible to define the values A, and A, in Fig. 11.10a. In the example of
Fig. 11.10a the damping factor { has purposely been chosen too small in order
to get a marked oscillatory transient. An underdamped system is often obtained
when a loop filter without a zero is chosen. To increase {, 1, should be chosen
> 0.

Measurement of the lock range Aw, is possible, though not so easy. It can be
done using the setup shown in Fig. 11.9, which was built to measure the natural
frequency and damping factor. The signal generator is still frequency-modulated
by the square wave generator as shown. Assume that the radian center fre-
quency of the PLL under test is w,. The higher of the two frequencies (Wpign)
generated by the signal generator must now be chosen higher then the pull-out
frequency, i.e., Wygn > @y + Awp. The lower frequency () has to be chosen ini-
tially to be as high as the higher (W, = Wyig). In this situation the amplitude
of the square wave generator will be zero. The test circuit must now be tuned
such that wyg, stays always the same, but that w,,, decreases when the square
wave amplitude is made larger. The square wave amplitude is now continually
increased while watching the u, signal with the scope as shown in Fig. 11.10a.
During the interval where the frequency of the signal generator is high, u, will
be a “high-frequency” signal, which is visible only as a smeared trace. When
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the lower frequency reaches a value around o, = 0y + Awy, the PLL will lock
quickly; i.e., the u; signal will settle to a stable value within at most one cycle
(oscillation). The lock range Aw;, is now given by the difference w,,, — ®. For
larger values of @, a pull-in process will be observed: the u,signal also settles
to some finite value, but shows up more than one cycle.

11.6 Measurement of the Phase-Transfer Function H(®) and the
3-dB Bandwidth w,5

There are different methods of measuring H(w); some of these use PM
techniques, others use frequency modulation.***® The PM technique has the
advantage that the maximum phase error 6, can be limited to small values
(e.g., 0, < /4) so the PD never operates in its nonlinear region. Unfortunately,
most signal generators used in the lab can be frequency-modulated but not
phase-modulated.

To enable the measurement of H(w), we use FM techniques, therefore. The
test setup is shown in Fig. 11.11. The frequency of the signal generator is tuned
to the center frequency of the PLL. A sine wave is applied now to the FM input.
Consequently, the output signal of the generator is given by

®W; = Wy +A® SINW,, ¢ (11.2)

where ®,, is the modulating frequency and Aw is the peak frequency deviation.
The size of A® will be determined later. Because the phase ©,(¢) of the reference
signal is equal to the integral of the frequency deviation Aw sin(w,, ¢) over time,
we have

A ,
0,(t) = - 22 cosw, ¢ (11.3)
©,

The amplitude of the reference phase signal 6,(f) is therefore

AW
©1(w,)l=—
Om (11.4)
FM Signal NANNY
. @, {FMinput out
Sine Generator ad o u, ~ H(jo)
Signal Generator PD LF to Oscilloscope or
Spectrum Analyzer
vCO

Figure 11.11 Test circuit for the measurement of H(w).
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The Pull-in Process

Because the pull-in process is a nonlinear phenomenon, it can be calculated to
an approximation only. Different authors have derived expressions for pull-in
range A®p and pull-in time T for one particular linear PLL, i.e., for a LPLL
that contains a passive loop filter.'** The approximation developed by the
author is much more general and can be used to calculate Awp and T’y for any
kind of LPLL and DPLL. Though the procedure is simpler than those presented
by other authors, practical experiments have proved that the new approxima-
tions come closer to reality. As we will see, the simplified model derived to cal-
culate Awp and Tp for the LPLL can be adapted to calculate these parameters
for the DPLL as well, with the exception of a DPLL using a PFD. As pointed
out in Sec. 2.6.2, under “Pull-in Range A®wy and Pull-in Time T'p,”the model of
Fig. 2.39 was used to calculate the pull-in process of this kind of DPLL, so we
can restrict ourselves to the DPLLs having an EXOR or a JK-flipflop phase
detector. We start with the model for the pull-in process of the LPLL and later
extend the method to the DPLL.

Simplified Model for the Puli-in Range Aw, of the LPLL

We assume that a linear PLL system (as shown in Fig. 2.1) is switched on at
t = 0. The frequency w; of the reference signal is furthermore assumed to be so
much higher than the (scaled-down) center frequency w," of the PLL that the
initial frequency offset Aw, = ®; — ®," is greater than the lock range Aw; . There-
fore, the LPLL will not lock immediately, and the VCO will oscillate initially at
the center frequency .. As we know from Sec. 2.6.2, the PLL will pull in when
the initial frequency offset Aw, is smaller than the pull-in range Awp. We are
looking now for a method to compute Awp to an approximation.

In the following computation, the instantaneous (angular) frequency of
the VCO is denoted w,, with @,(0) = w,. As long as the PLL stays unlocked,
the output signal of the phase detector is an ac signal given by
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Figure A.1 Plot of uy(t) and w,'(¢) against time for the unlocked PLL. It is
assumed that the power supply of the PLL has been turned on at ¢ = 0.

output signal is not zero, but slightly positive. This slowly pulls the frequency
o, of the VCO in the positive direction.

Under certain conditions to be discussed in the following, this process is
regenerative; i.e., the down-scaled VCO output frequency ,” is pulled to a fre-
quency close enough to w, that the PLL finally locks. For the calcu.ation of
the pull-in process, we assume that the down-scaled frequency w,” of the VCO
has already been pulled somewhat in the direction of w, (Fig. A.2). The average
down-scaled angular frequency of the VCO is denoted by ., and the average
frequency offset is Am = ®; — my". Next the average value wu; is calculated as a
function of the frequency offset Aw.

As will be demonstrated below, u; can be computed from the waveform of
;' (1); hence we will derive first an approximation for w,’(¢). Four distinct points,
A, B, C, and D, of the signal m,'(t) (see the lower curve in Fig. A.2) are known
exactly. At points A and C the instantaneous frequency w, (¢) is exactly o,y At
point B, ®;’(¢) is at its positive peak deviation; that is,

0z (£) = g + FHKoKd/N
By analogy the frequency at point D is at its minimum and is given by

w3’ (1) = 0y — FyKK /N
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angular
frequency = ®; — wy'(t)

T

A(Dmin = AW~ FHKOKd/N

©g'(t) AW
Wgp'

: T
ol Ay \ 7 B0 = Ao + FyKoKy/N

Approximation of w,'(t)

-
"t

Figure A2 Plot of u,(¢) and «,'(¢) for the unlocked PLL during the pull-in process. It is
assumed that the frequency of the VCO has already been pulled somewhat toward the
reference frequency ;.

The function w,’(¢) is now approximated by two sine half-waves (see the dashed
curve in Fig. A.2). This simplification allows us now to calculate the average
frequencies @,,” and w,.’ during the positive and negative half-waves, respec-
tively. The average value of a half-wave is obtained by multiplying its peak
amplitude by 2/x.

For w,,” and w,_  we get

032+, = (,020, +"2—FHK0K(1/1V (A5a)
T

(02—, = (»020’ _ZFHKoKd/JV (A5b)
T

The average values of the frequency offset Aw(t) = ©, — 0y (#) in the positive
and negative half-waves can now be calculated as well:

Aw. = Ao — gFHKOKd /N (A.6a)
T

Aw- = Aw+ gFHKOKd /N (A.6D)
T
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with Ap. = average frequency offset in the positive half-wave and ag. = average
frequency offset in the negative half-wave. The duration of the half-waves T}
and T, (Fig. A.2) can then be approximated from Aw. and Zg_:

T _i 21 3 T o
LT 0 A0, Aw- (/0 FuK K,/ N (A.Ta)
1 2¢ T
) = (A7h)

T2, Aw+(2/m)FuK,Ko/N

Knowing T, and T,, we can now calculate u;. As shown in the upper curve
of Fig. A.2, the amplitude of the positive half-wave of u,(¢) is K;, and the ampli-
tude of the negative half-wave is —K,. Because the duration of the positive
and negative half-waves is different, the average value u, of signal u,(¢) becomes
nonzero. As we did for the computation of the ®,” waveform, we replace
the nonlinear signal u,(¢) by sine half-waves, too. Because the duration of
the positive half-wave of wu,(t) is T;, the positive half-wave contributes the
portion

_2_ K T

T dT1+T2

to u,; the negative half-wave, whose duration is T, contributes the portion

—EK T

2 T 4T

Hence the average signal i, is given by

T -T,
dT1+T2

2
Ug =—
T

(A.8)

To get a simple expression for wug, T,, and T, are expended to a Taylor
series and terms of second and higher order are dropped. Then we get for T,
and T:

2 FuK K
T, = T :i( Z7nd )-) (A.9q)
A li1—2FHKdKO} A® T Ao N
n AoN
T, = 2’; 7 zAi( —EF—ZK—f)—) (A.9b)
Aw[1+———~—H d O} ® ToAe
n AoN

With these approximations u; becomes
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— 4F4KiK,
Ug =—>————

A10
Ao N (A.10)

This can be written in simplified form as

— c
Ug = —< (A.10q)
A®

with

4FyKiK,

Ca=" "9
n‘N

Thus the average phase detector output signal w, is inversely proportional to
Aw. This is valid for large values of Aw only, because u; can never become larger
than K, as is easily seen from Fig. A.2. If the average u, signal is plotted against
Aw (Fig. A.3), the curve is a hyperbola for large values of Aw but approaches K,
for small Aw.

Next we derive an expression for the average loop filter output signal u; as
a function of the frequency offset Aw. As defined by Eq. (1.1), the (down-scaled)
average frequency of oy of the VCO is given by

’ K - \
W9y =Wy +_]\70Uf (All)

where #, is the average output signal of the loop filter. With the abbreviations
AW = ®; — Wy and Awy = w; — ', this can be written as

K. —
Aw = Awy ——ATOuf
or
Z:M (A.12)
K,/N

Plotting u; against Aw yields a straight line. This line is also shown in Fig. A3.
From this illustration we can determine whether or not a puli-in process
will take place. Depending on the slope of &, against Aw, the line z; (Aw) can
intersect with the curve 7 (Am) at one point (case 1), at three points (case 2),
or at no point at all (case 3). Consider case 1 first. The curves #; (Aw) and z,
(Am) intersect at point P;. In this case the frequency of the VCO is pulled up
slightly, but the system remains “hung” in point P;. An analysis of stability
shows that point P; is a stable point; thus no pull-in process will occur.
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\

\Us(Aw) case 1

Figure A3 Plot of the average signals 1,(¢) and u,(t) against fre-
quency offset Aw for the unlocked PLL.

In case 2 the curves u,; (Aw) and u; (Aw) intersect at points P,, P;, and P;. A
stability analysis shows that points P, and P, are stable, but P, is unstable. After
power-on, the system will thus remain hung at point Ps.

Apparently a pull-in process takes place only when there is no point of inter-
section, as in case 3. The two curves do not intersect if the equation

ur (A®) = ug (A®) (A.13)

does not have a real solution.
Inserting Eqgs. (A.10a) and (A.12) into (A.13) yields the quadratic equation

K
AmZ—AmOAmeWOcd:O (A.14)

Its solutions are

A®y, = (A.15)

The roots become complex if the discriminant (the expression under the radical)
becomes negative. Putting the discriminant to zero yields the limiting case Awy
= A®p; that is, the pull-in range Awp is the initial frequency offset Aw, for which
the discriminant becomes zero. If we perform this calculation, we obtain

/K o
Awp =2 —2\70‘:" (A.16)
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If we insert ¢, from Eq. (A.10a) and make use of the substitutions defined in
Eqgs. (2.41) and (2.42), we finally get the expressions

K
A®p =é\[2Co)n——°Kd—mi (A.17a)
s N

for a passive lead-lag filter and a low-gain loop,

N -
Awp = 4vz (o, ﬁKd (A.17b)
oo N

for a passive lead-lag filter and a high-gain loop,

2
AWp :é\/ZCwHEO—Kd —"U‘)L (A.18a)
T N JKa

for an active lead-lag filter and a low-gain loop, and

5 )
A®p :ﬂql@)nﬁl{d (A.18b)
T N

for an active lead-lag filter and a high-gain loop.

Because most loops are high-gain loops, Eq. (A.170) can be used for most
active and passive lead-lag filters. The situation is completely different if the
active PI loop filter is used. Since the gain at low frequencies approaches infin-
ity for this type of filter, the pull-in range becomes infinite, too, as explained in
Sec. 2.3.6.

We conclude that the model shown in Fig. A.3 enables us to calculate the pull-
in range Awp. To get that result, we simply postulated that the two curves
for u;(Aw) and #;(A®) shall not intersect. In the following section we will
see that a slightly expanded model leads to an approximation for the pull-in
time Tp.

A.2 Simplified Model for the Pull-in Time T, of the LPLL

To get an approximation for the pull-in time, we now try to find a differential
equation which tells us how the instantaneous frequency offset Aw = @, — 020’
varies with time ¢. A model for the pull-in process is shown in Fig. A.4. To
compute the pull-in process, the transfer functions of the three building blocks
must be known for the unlocked state of the PLL. The models for the phase
detector and for the VCO have already been derived in the preceding section.
We found that the average output signal 1z, varies in inverse proportion to the
frequency offset Aw = ; — 0y, where wyy is the down-scaled average instanta-
neous radian frequency () of the VCO. Equation (A.10a) describes phase
detector performance in the unlocked state. Since the variable Aw appears in
the denominator—and not in the numerator—of Eq. (A.10a), the differential
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Uq 'Y
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Figure A.4 Mathematical model for the pull-in process of the PLL.

equation yielding Aw(¢) will certainly be nonlinear, which precludes the use of

the Laplace transform. The pull-in process must therefore be calculated in the
f time domain. The operation of the VCO is governed by Eq. (A.12), which is
f linear. To complete the analysis, we must introduce the differential equation of
l the loop filter. If we assume for the moment that the pessive lead-lag filter is
; used, its transfer function is given by

F(s)= _lrst (A.19a)
1+s(t;+71y)

When transformed back into time domain, we have
ur(t)+ (1 + tz)imt) = () + 1 S i) (A.190)
dt dt

The three equations (A.10a), (A.12), and (A.196) fully describe the pull-in
process. When 1, and u; are eliminated, we get the nonlinear differential equa-
tion

(A.20)

d (’Cl +1Tq T.QCd) Cq Aw Awy
— Aw - +——+ — =
dt \K,/N Aw’) Aw K,/N KN

for A versus t. Of course, such a differential equation can be numerically inte-
grated on a computer, but unfortunately this dees not deliver us an explicit
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expression for the pull-in time. In order to get such a formula, the differential
equation should be simplified such that we get an algebraic expression for Ag
versus time. The solution becomes much simpler if we approximate the trans-
fer function of the loop filter by

F(s)= =N

5T (A.21a)

which is the transfer function of an ideal integrator. The following discussion
shows under which circumstances this approximation is acceptable.

Figure A.5a shows the step response g(t) of a passive lag filter having the
transfer function given in Eq. (A.19a) for the case 1; >> 1. In Fig. A.5b, the step
response g(¢) of the ideal integrator [Eq. (A.21a)] is shown. The initial slope of
both step responses is the same. It follows that the ideal integrator is a valid
approximation to the passive lag filter as long as events are considered whose
duration is not much more than the loop filter time constant t,. Experience
shows that this is not necessarily fulfilled. In cases where 7 turns out to be
less than 1,, the approximation is quite good; i.e., the errors are normally below

g 4

- — — —
-V

Ty + To
(a)

Figure A.5 Step response of first-
order low-pass filters. (a) Step
response of a passive lag filter. (b)

Step response of the ideal inte-
grator.

-y

< I»—tﬂh—-——

(b)
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10 percent of the predicted value. When T turns out to be larger than 1,,
however, the approximation becomes rather crude. Finally, if the initial fre-
quency offset Aw, comes close to the pull-in range Awp, the pull-in time
approaches infinity. As a rule of thumb, the formula for T's, which will be derived
below, delivers reasonable estimates (errors less than 10 percent) when Acy is
less than about 0.8 Awp.

Transforming Eq. (A.21a) back into time domain yields

_ d — N
ug(t) =1, Euf@) (A.21b)

Inserting Eqs. (A.10a) and (A.21b) into Eq. (A.12) yields the simplified differ-
ential equation

4 g4
dt

Ko/N Aw

Although this equation is still nonlinear, the variables Aw and ¢ can be sepa-
rated, so we have

A(.I)L Tp
— L [ Awd Aw=-]dt (A.23)
Cq KO/N Ay 0

The limits of integration on the left side are Aw; and Aw;, which says that the
pull-in process ends when the instantaneous frequency offset Aw falls below
the lock range Aw;. At that time, an ordinary lock-in process follows, as has
been shown by the simulations in Sec. 2.6.2. The limits of integration on the
right side are 0 and T'». In most cases, Aw, is much larger than Aw;, so we finally
get

T,Aw%

S T (A.24)
2c4 Ko/ N

P

Inserting ¢, from Eq. (A.10a) and using the substitutions of Eq. (2.15a), we get
for the pull-in time

o
16w

(A.25ba)

P

If the loop filter is an active lead-lag filter, its transfer function can also be
replaced by the transfer function of the ideal integrator. When the computation
is repeated for the active lead-lag filter, the pull-in time becomes

2 2
LT Aok, (A.25b)
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Finally, when the loop filter is an active PI filter, the pull-in time is given by

¢ Aw§

16l w?

(A.25¢)

A.3 The Pull-in Range Aw, of the DPLL

The approach described in Sec. A.1 can be adopted to calculate also the pull-in
range of the digital PLL. We assume first that the EXOR gate is used as phase
detector. As explained in Sec. 2.6.2. and Fig. 2.36, the output signal of the PD
in the unlocked state is no longer sinusoidal but is an asymmesrical triangular
wave. For a given average frequency offset Aw, we can again calculate the result-
ing dc component of the phase detector output signal u,. The result is

— m*KiK Fy

Uy = ———— (A.26a)
16 Ao N

which can be rewritten as
Ug =—— (A.26b)
with

16N

The characteristics of the loop filter and of the VCO stay the same as in the
case of the LPLL, so the pull-in range is obtained simply by inserting ¢, into
Eq. (A.16). The result becomes

Awp = g@cmnKoKd IN - o2 (A27a)
(PD = EXOR, passive lead-lag filter, low-gain loop),

Awp = 77;:1/ (0. KK /N (A.27b)

(PD = EXOR, passive lead-lag filter, high-gain loop),

2
A(DP = g\/ZQ(D,IICOI{d/]\/r — -O;n (A280)

a

(PD = EXOR, active lead-lag filter, low-gain loop), and
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Awp = %2«/ (o.KoKa/N (A.28)

(PD = EXOR, active lead-lag filter, high-gain loop).
The pull-in range for a DPLL using a JK-flipflop phase detector remains to
be calculated. As shown in Sec. 2.6.2. and Fig. 2.37, the phase detector output

4 . . . . . .

| signal is an unsymmetrical sawtooth in the unlocked state. Again using the
é same argument as in Sec. A.1, the coefficient ¢, can be shown to he

‘, KK Fy

a3 Cd I

9 4 N

L in this case. If we insert ¢; into Eq. (A.16) and make use of the substitutions in
Eq. (2.42), we get

Awp = 71\/ 200, KoK/ N -2 (A.29a)

(PD = JK-flipflop, passive lag filter, low-gain loop)

A®p =T 20w, KoKy /N

! {A.296)
(PD = JK-flipflop, passive lag filter, high-gain loop)
02
Awp =1, 2000, K K4 /N - e (A.30a)
(PD = JK-flipflop, active lag filter, low-gain loop)
Awp =1y 200, K K4/ N (A.30b)

1 (PD = JK-flipflop, active lag filter, high-gain loop).

A.4 The Pull-in Time T, of the DPLL

As we have seen in Sec. A.3, the behavior of LPLLs and DPLLs in the unlocked
state is very similar. For all types of phase detectors used, the average output
signal can be represented by the same formula:

_ Cd
Ug = ——
AW

where only the coefficient ¢, depends on the phase detector type. Therefore, the
same differential equation is valid for the pull-in process of DPLLs. The pull-
in time T'» is found by inserting the appropriate expression for ¢; into Eq. (A.24).
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For the DPLL using the EXOR phase detector the pull-in time T becomes [for
the substitutions of Egs. (2.41) to (2.43)]

To-% 50“;5’ (A.31a)
for the passive lead-lag filter,

P:%A?j)?_ (A.31)
for the active lead-lag filter, and

Ty = ;42’?;35 (A31c)

for the active PI filter.
When the DPLL uses the JK-flipflop phase detector, the pull-in time T,
becomes [for the substitutions in Eqgs. (2.41) to (2.43)]

2
Ty~ —12— AW (A.320)
Lo
for the passive lead-lag filter,
2
T, ~ L A0K, (A.32b)
n Lo
for the active lead-lag filter, and
2
T, ~ L B0 (A.320)
n* Lo

for the active PI filter.

As we stated in Sec. 2.6.2, the approximations for the pull-in time are valid
if the initial frequency offset Aw, is markedly below the pull-in range Aws,
Le., below about 0.8 Awp. If the initial frequency offset comes close to Awp, the
pull-in time approaches infinity.
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The Laplace Transform

B.1 Transforms Are the Engineer’s Tools

Trying to solve electronic problems without using the Laplace transforin is like
traveling through a foreign country with a globe instead of a map (Fig. B.1). An
engineer who tries to find the transient response of an electric network to an
impulse function by solving differential equations, for example, certainly 13
working with inadequate tools (see Fig. B.2). The engineer familiar with the
techniques of the Laplace transform may find a solution very quickly, as shown
in Fig. B.3.

A map images a three-dimensional object to a plane. Every spatial point of
the three-dimensional object is represented by a unique point in the plane of
the map. Things are similar, though different, in the case of the Laplace trans-
form. Here a function in the time domain (such as an electric signal) is trans-
formed to another function in the complex frequency domain. The trouble with
the Laplace transform starts right here: even an electronic hobbyist can imagine
what the frequency spectrum of an electric signal is, but what is complex
frequency?

One need not be a cow to know what milk is, but it is surely easier to under-
stand the term complex frequency if we first consider real frequency spectra.
The Laplace transform is a more general form of the Fourier transform; in other
words, the Fourler transform is a special case of the Laplace transform. In this
context it may be easier to start with the special case before proceeding to the
more general one.

The Fourier transform is explained best by first looking at a periodic signal
such as a square wave (Fig. B.4). The angular frequency of this signal is
assumed to be w,. This square wave can now be thought to be composed
of a(n) (infinite) number of sine wave signals having frequencies
(fundamental frequency), 2wy, 3wy, ...(harmonics). Mathematically, any
periodic signal f(¢) having a repetition frequency of w, can be written as a sum
of 1ts harmonics,

355
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Figure B.1 Trying to solve electronic problems without using the Laplace transform is as
cumbersome as traveling through a foreign country with a globe instead of a map.

Figure B.2 Looking at the tran-
sient response of electric net-
works without using the Laplace
transform can be tricky . ..

)= i F(nwy) exp(jrnwgt) (B.1)

n=—oo

The so-called Fourier coefficients F(nw,) are calculated from

7/2
F(nmo)z% _[ f(t) exp(~jnwgt) dt (B.2)

-T/2

where T is the period of the periodic signal f(t), T = 2n/w,, and Fl(nw,) is the
amplitude of the harmonic component with frequency nw, Note that the
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Figure B.3 ...but the engineer
familiar with Laplace techniques
may find the solution very

quickly.
Time domain == Fourier transform Frequency domain
ft)
bt
F(jw)
. L e
\

‘decomposition

Figure B.4 The principle of the Fourier transform.
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Fourier coefficients F(no,) are generally complex numbers; we can therefore
write

Flnwy) =|F(nw) exp(jP,) (B.3)

where | F(na,)| is the amplitude and @, the phase of F(rnw,.

In plotting the Fourier transform of a signal f(), the amplitude \F(nu)o) | and
the phase @, are normally plotted against w; these functions are called ampli-
tude and phase spectra, respectively. In the case of periodic functions f{¢) the
Fourier spectra become discrete; that is, the Fourier coefficients F(nw,) are
defined only at the discrete frequencies y, 20y, 3wy, . . . .

Figure B.4 shows the amplitude spectrum | F(nay) | of a symmetrical square
wave; for a symmetrical waveform it can be shown that the even harmonics dis-
appear. Consequently, the Fourier spectrum of Fig. B.4 shows only lines at w,,
3wy, 5wy, . ...

In real life we find many signals that are not periodic, such as a single pulse.
What about the Fourier transform of such signals? If a signal f(¢) is not peri-
odic, we could state that its period approaches infinity, which means its funda-
mental frequency approaches zero. If the fundamental frequency approaches
zero, the spectral lines in Eq. (B.1) come closer and closer, and finally the sum
18 replaced by an integral,

&)= —;—niF(m)ef‘“dt (B.4)

For an aperiodic signal f(z), the Fourier spectrum F(w) becomes continuous; F(w)
is called the Fourier transform of the signal f(t). The Fourier transform is cal-
culated in the same way as the Fourier coefficients F(nw,) in Eq. (B.2). If T
approaches « in this equation, we get

F(w) = T f(t)e 7 dt (B.5)

This is the definition of the continuous Fourier transform. Note that the Fourier
transform F(w) for any given signal f(¢) can be calculated by evaluating the inte-
gral in Eq. (B.5). If the Fourier transform of a signal f{#) is given first, the cor-
responding signal f(¢) in the time domain can be obtained by applying Eq. (B.4).
This equation is also called the inverse Fourier transform. The Fourier trans-
forms F(w) for the most important signal waveforms are tabulated in many ref-
erence books.%

The usefulness of the Fourier transform is limited by a serious drawback: if
we try to evaluate the Fourier integral in Eq. (B.5), we find that the integr al
does not converge for most signals A(z). You will find it impossible to find a solu-
tion of the Fourier integral by conventional methods, even for such a simpl_e
signal as f(¢) = sinwt. The Laplace transform offers a way to circumvent this
problem.
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B.2 A Laplace Transform Is the Key to Success

Imagine we would like to know the Fourier transform of an extremely simple
signal, f{t) = sinwyt [with f(¢) = 0 for ¢ < 0]. Using the definition of the Fourier
transform, Eq. (B.5), we get

oo

F(o)= | f(t)e/ dt = [sinwot e dt
0

0

Using an integral table, we find for F(w)

— joe ™’ sin @t — wee ’ cosmot|
2

Flo) =

0f - {0

Introducing the limits of integration (here 0 and o) yields

~jme /= sinee — Wee /" cos oo + (g

wE - m?

Flo)=

But what is sine, and what is cos? Both functions are periodic and are within
a range of —1 to 1; hence sine and cos are not defined.

The evaluation of the Fourier integral would be simpler if the function f(¢)
would approach zero for very large values of ¢. The solution of the Fourier inte-
gral becomes possible if f(¢) is multiplied by a damping function e™”, where o is
a positive real number:

oo

F'(0,0) = [[f(t)e e~ dt (B.6)

0

The notation F'(w,0) is chosen to emphasize that now F” is also dependent on
o. The prime is furthermore chosen to differentiate F” from the Fourier inte-
gral in Eq. (B.5). The product f{it)e™™ approaches zero for large ¢. This is true
even when f(¢) is an exponential function f(¢) = ¢* with positive a. If ¢ is chosen
larger than a, the product approaches zero for ¢t — «. The modified Fourier inte-
gral in Eq. (B.6) is now easily evaluated. Let us perform the calculation for the
previous example f{t) = sin wy¢. We then have

Flw,0)= Jsin Wot e™% e/ dt
0

Again using an integral table, we get

—(o + jo)e T sin ot — woe Y cos mgt

Fw,0) = >
0 +(c+ jo)
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If the limits of integration are now inserted, the term e °¥*** becomes zero for

positive 6. Then F'(w,0) becomes

)

F'(0,0) = —
w5 +(0+ jo)

Of course, F'(w,0) contains the damping factor 6. The Fourier integral F(w) is
now obtained simply by letting ¢ — 0:

Wo

w3 —?

F(w)= lingF’((o,cs) =

If ¢ is set equal to zero in Eq. (B.6), this equation is transformed into Eq. (B.5).
Thus the Fourier transform of any function f(t) is obtained by first introducing
a damping function €™, evaluating the integral [Eq. (B.6)] for o> 0, and finally
letting 0 - 0.

Let us now see what the Laplace transform really is. Equation (B.6) can also
be written in a different form:

F'(0,0) = j f@)e e~ dt
o}

In contrast to Eq. (B.6), we now combine the damping function ¢ with the
exponential function e”*'. This can be written as

F'(0,0) = | f(H)e” " dt
0

We now define
S=0+jO

and call the new variable s complex frequency. Because the two variables ¢ and
o appear only in the form ¢ + jo, F'(®,0) can be written as F(c +jo) = F(s). We
then have

F(s)= Tf(t)e‘“dt (B.7)
¥}

This is the definition of the Laplace transform.

In the case of the Fourier transform, F(w) is a complex function of the real
variable . To plot F(w) against ®, we have to plot amplitude | F(w)| and phase
®(o) as a function of . (This plot is commonly called a Bode diagram.) In the
case of the Laplace transform, however, F(s) is a complex function of the complex
variable s. Plotting F(s) is much more difficult than plotting F(®). To plot F (s),
a relief of the magnitude IF (s) ] and of the phase ®(s) could be constructed; 8
relief of | F(s)| is shown in Fig. B.5.
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The construction of such a relief is a cumbersome procedure. As we shall see
later, it is sufficient to know the locations of some singular points of F(s) only,
namely, the poles and zeros of F(s). A pole is a point in the s plane where F(s)
becomes infinity, and a zero is a point in the s plane where F(s) is zero. The so-
called pole-zero plot (Fig. B.6) shows the locations in the s plane where F(s) has
poles (@) or zeros (O). [Note that not every function F(s) necessarily has poles
or zeros.] We see immediately that the Fourier transform [Eq. (B.5)] is a special
case of the Laplace transform [Eq. (B.7)]. The Fourier transform F(w) is simply
obtained by finding the Laplace transform F(s) and then putting ¢ = 0:

F(w)=1lim F(s), §=0+jm (B.8)
-0

jo

Figure B.5 The magnitude of the Laplace transform F(s) plotted as a function
of complex frequency s yields a relief. This illustration shows a pole and a zero
of the transfer function F(s).

A0}

T (=

Figure B.6 Plot of the poles and
o zeros of a given transfer function
[ F(s).
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In other words, F(w) is equal to the function F(s) on the imaginary axis of the
s plane. Equation (B.7) shows us how to calculate the Laplace transform from
a given function f(¢) in the time domain. As was the case with the Fourier trans-
form, it is also possible to calculate f(z) if F(s) is given first. This transforma-
tion is called inverse Laplace transform and is defined by

c+ Joo

£t) = 2—1[; jJ wF(s) e ds (B.9)

where ¢ is a real constant. As is seen from Eq. (B.9), the path of integration is
a line parallel to the imaginary axis.'*®

In most cases, computation of the Laplace transform of the inverse Laplace
transform by evaluating Eqs. (B.7) and (B.9) is no longer necessary since trans-
formation tables are available (see Table B.1). To conclude this section, let us
introduce some convenient abbreviations:

F(s)= L{f(®)} (B.10a)
f@)=L{F(s)} (B.10b)

Equation (B.10a) says that F(s) is the Laplace transform of the signal f(¢);
Eq. (B.1056) states that f(¢) is the inverse Laplace transform of F(s).

B.3 A Numerical Example of the Laplace Transform

To see how the Laplace transform F(s) of a signal f{¢) could be obtained by eval-
uating Eq. (B.7), let us calculate an example.

Assume f(¢) is the unit step function f{¢) = u(¢) as plotted in Fig. B.7. For the
Laplace transform F(s) we have, according to Eq. (B.7),

oo
oo oo st

e

F(s)= [ut)e™dt = [e~dt ==

0 0 s

0

1 1 .1
=——(e~-e)=-=(0-D==~
s s s

Figure B.7 Plot of the unit step
function against time.

)
pt
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that is,

F(s):l
s

F(s) has one single pole at s = 0, that is, at the origin of the s plane. Evaluat-
ing the Laplace integral in Eq. (B.7) for the most common test signals f(¢) yields
Table B.1.

B.4 Some Basic Properties of the Laplace Transform

For practical applications it is useful to be familiar with some basic properties
of the Laplace transform. The most important ones are discussed below.

B.4.1 Addition theorem

The Laplace transform as defined by Eq. (B.7) is linear with respect to f(¢). If
two signals f,(¢) and f5(¢) are given, the Laplace transform of the sum of f; + f5
is therefore equal to the sum of the individual Laplace transforms #,(s) and
FQ(S):

L{A@®) + @)} = LIA®)} + L{f2 ()} = Fi(s) + F3(s) (B.11)

B.4.2 Multiplication by a constant factor k

For the same reason we have
Li{kf(t)} = RL{f (1)} = RF (s) (B.12)

If the signal f(¢) is multiplied by a constant factor %, the Laplace transform F(s)
is simply multiplied by the same factor.

B.4.3 Multiplication of signals

If two signals f1(¢) and f,(¢) are multiplied together in the time domain, the
Laplace transform of f;(¢) - fo(2) is not given by multiplying the individual Laplace
transforms Fi(s) = L{fi(¢)} and Fy(s) = L{f;(2)}. Thus

L{A®) f2()} # Fi(s)- Fy(s)

The operation in the complex frequency domain that corresponds to the multi-
plication in the time domain is much more complicated; it is called complex con-
volution >'**37 We will not consider this operation in detail here, but will define
it for completeness:

LUA®- 100 = —zl;j§F1<x>-F2<s—x> dy (B.13)
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TABLE B.1 Laplace Transform, f(t)=0for t <0

Signal fi) Laplace transform F(s)
General rules
Differentiation df(t) sF(s) - lO)
dt
Integration ! F (V]
& [Fiyae Fg) , f7(0)
. s s
Time delay fit-1 F(s)e™
Multiplication by constant Ef(t) kF(s)
Convolution 1D - fol8) Fi(s)* Fy(s)
f1(t)*f2(t) Fi(s) Fas)
Functions
Zero 0 0
Unit step u(t) 1
s
Delta function 3(t) 1
Ramp function ¢ 1
32
Parabola 2 1
2 s?
1 1 n-1
Polynomial in ¢ t i,n >0 (can be fractional)
(n-1)! s
Exponential functions 1
eUJ
s—a
1
l(e“’ -1)
o s(s—a)
l(1 -} 1
a s(s+a)
LA L ,n>0 (can be fractional;
(n—1)e™ (s—a)
Trigonometric functions
1 . 1
—sinot
o st+af
cos ot s
s+
1

1
—z(l—cosat)
a

s(s? + o)
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TABLE B.1 Continued

Signal f(¢) Laplace transform F(s)
Hyperbolic functions
lsinhoct L
o s? —o?
coshot s
§% - or;
—1-(cosh(xt—1) 1
o s(s* - a?)
Second-order systems
(aperiodic)
eV —e™ 1
- (s—o)s—P)
Be¥ — g s
- (s— (s —B)
pe” e 1 1
of(a-p) ap s(s—a)(s—B)
Second-order systems
(periodic)
et gin V1 — ¥ w,t . !
\/1—C2co 52+ 2slw, + w2
N _ g s r2 —Jat - s
{qos 1-Cwat @ sinvl-{ mnt}e 12500, + 0!
[2€2_1sin11—§2w t—2{cosV1-Cfw t}w emton! - s
Jl—_Q'z s?+ 25Cw, + w2
L 1+(cos~1—§2wnt+ & sin\/l—C"'wnt)e‘;‘”"’] L
z e s(s? + 2slw, + ©2)
Third-order systems
e” ~[1+ (o —B)t}e” L
2 2
(o=B) (s—o)(s=P)
ae” —[o+B(o —B)t]e s
2
(=B (s—a)s—B)
o’e” ~[20~ B +B(o ~ B)t)Be” s*
2 2
(0. -B) (s—a)s-P)
(B-7y)e™ +(y~a)e¥ +(a—Ple” - 1

(o =B)B-v)y-a) (s —o)(s =B)(s —7)
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TABLE B.1 Continued

Signal fit) Laplace trensform F(s)

Various functions
asinft ~Psinos 1
af(a? -B*) (s* +a?)(s* +BY)
cosft — cos ot s
(7.2 ‘B2 (SZ+O'.2)(52 +B?ﬁ)
1 1
T 7
1
t
2t L
\ b1 S'\/g
n! 4_ntn-1/2 1
@n)l\n s'Vs
1o 1
Vnt Vs-a
Error functions
2 ll? . 1
\/g . e~ df sVs+a
- Vi-a 1
2 (BJ oo )
—— e~ d{ .
“/H(B—oc) : (s+a)Vs+[
e ™ o Vs+a
——+2= [e¥dL
Jre  Vm oo s
Bessel function of zero
order Iy(at) 1
Vst +a?
Modified Bessel function
of order zero
Jolat) 1
1}52 —a?

where

Fi(s) = L{fi()}
Fy(s) = L{f2 ()}

and 7 is an auxiliary complex variable. The integral on the right-hand sidg of
Eq. (B.13) is called a complex convolution integral. The contour of integration
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is a closed loop and must be chosen on the basis of mathematical considera-
tions®” that will not be discussed here. For the complex convolution integral
the simplified form

LSRG Rs-p dr=F)+ R
217

is often used.

Now we determine which operation in the time domain corresponds to a
multiplication in the complex frequency domain. The result is given without a
mathematical derivation:

L {Fy(s)-Fy(9)} = | (0f¢ - D)dr (B.14)
0

The integral on the right-hand side of Eq. (B.14) is called convolution and is
often written as

[Aft-vdi= AB)* £

B.4.4 Delay in the time domain

A signal f(t) and its Laplace transform F(s) are given. The signal is now delayed
by the time interval 1 (Fig. B.8). What is the Laplace transform of the delayed
signal f(t — 1)? The derivation®*’ yields

L{f(t—1)} =F(s)e™ (B.15)

Numerical Example We shall calculate the Laplace transform of a rectangular pulse
(Fig. B.9). The pulse is first decomposed into two unit step functions, one starting at
¢t = 0 and the other being delayed by the time interval 1. The Laplace transform of the
first unit function is given by 1/s, and that of the second by —(1/s)-e™". Hence the
Laplace transform of the pulse becomes

ST

F(s):l_e;
S

It is interesting to see that the Laplace transform describes a function with one single
expression, whereas three separate equations would be required to describe the pulse
in the time domain,

0 t<0
ft)=+<1 0<t<
0 t>71
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f
ﬂh
f(t) f{t - 1)
p Figure B.8 Plot of a function f¢)
displaced by a time delay 1.
$t
f(t)
P N
1
0 E A
decomposition
1 f u(t)
[
! Figure B.9 If the Laplace trans-
i bt form of a single square-wave
+ ! Y pulse (top trace) has to be
| ' Mt calculated, the pulse is first
4 decomposed into two unit step
functions (center and bottom
traces).
1 —ult-1)

B.4.5 Ditferentiation and integration in the time domain

A signal f(¢) and its Laplace transform F(s) are given. In many cases we
are interested to know the Laplace transform of the derivative df/dt or of the

t
integral I f(#)dt. The Laplace transform of the derivative is**’
0

L{%(;Q} = sF(s)~ £(0) (B.16)

where f(0) is the value of the signal f(¢) at ¢ = 0. A differentiation in the time
domain corresponds to a multiplication by s in the complex frequency domain.
The second term in Eq. (B.16) can be dropped if f(0) is zero.

A similar rule applies to integration. The Laplace transform of the integral
of a function f(t) is®

S

¢ (1) _
L{f f (t)dt} _FG) + ) (B.17)
) S
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f(t)

Figure B.10 The term f“V(0) is
given by the shaded area under
3t the curve f(2).

Oscillogram Type of signal Original function f(t) Laplace Transform F(s)
{
! 1
Step function fit) = u(t) Fs) =
'Y
d 1

V | Ramp | fh=t t=0 | Fl) =L2
¢ S

t2 1

Parahola fty=— t=0) F(s) = =

Y | 2 5

t . |

Figure B.11 Example of applying the rule of integration. The Laplace transforms of a unit
step, a ramp, and a parabola are determined.

The term f"Y(0) is by definition the integral of f(t) over the time interval
between — and 0:

0
F0) = | f@) de

F£71(0) is equal to the shaded area in Fig. B.10. If f(¢) is zero for ¢ < 0, the second
term in Eq. (B.17) can be dropped. Integration in the time domain corresponds
to a division by s in the complex frequency domain.

Let us now apply the rule of integration to an example (Fig. B.11). This figure
shows a unit step function u(¢) and its first and second integrals. The first inte-
gral is a ramp function given by f(¢) =¢ in the time domain, and the second inte-
gral is a parabola given by f(¢) = t*/2. Because f(¢) = 0 for ¢ < 0 in the case of
the unit step function, f~V(0) is zero. The Laplace transform of the unit step
has been shown to be F(s) = 1/s (see Sec. B.3 or Table B.1). The Laplace trans-
form of the ramp function (second row in Fig. B.11) is therefore obtained by a
division by s,

1

F(S)=;;
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Finally the Laplace transform of the parabola (third row in Fig. B.11) is given
by

L

83

F(g)=

Let us now work out an example of the differentiation rule [refer to Eq.
(B.16)]. The unit step function (see, for example, Fig. B.7) has been used
throughout this text. Its Laplace transform has been showa to be F(s) = 1/s.
But what is the first derivative of the step function, and what is its Laplace
transform? The first derivative of the unit step is called the delta fuunction §(t)
(or impulse function). For ¢ < 0, the unit step function is 0. Hence its derivative
is also 0 in this range. For ¢ > 0 the unit step function is 1. Its derivative must
therefore also be 0. At ¢ = 0 the unit step function shows a transient from 0 to
1. Consequently its derivative, the delta function, must be infinite at # = 0. The
delta function &(¢) is shown in Fig. B.12.

The amplitude of the delta function is e; the pulse width is 0. The area under
the delta function is obtained by multiplying the amplitude ty the pulse width.
The result must be unity because the area of 6(¢) must be equal to the ampli-
tude of the unit step function. An impulse of infinite amplitude and zero pulse
width is hard to imagine, of course. But there is another way to understand
better what a delta function really is (Fig. B.13).

The first row of this figure shows a flattened unit step function. Its ampli-
tude is still 1, but it takes a time of one unit (such as 1 second) to reach this
amplitude. Consequently the derivative of this function is an impulse having
an amplitude of 1 and a pulse width of 1. The area under the pulse is 1. Assume
now that our unit step becomes a little steeper (second row in Fig. B.13); there-
fore it rises from 0 to 1 within 0.5 unit of time. The derivative of this function
is an impulse having an amplitude of 2 and a pulse width of 0.5. The area under
the pulse is still 1, of course. If the unit step becomes even steeper, it may rise
from 0 to 1 in as little as 0.1 unit of time. Its derivative then will be a pulsc
having an amplitude of 10 and a pulse width of 0.1. Of course the area of the
pulse still is 1. This process can be continued as long as desired, until we finally
end up with a pulse of infinite amplitude, a duration of zero, and the area under
the peak is still 1.

Figure B.12 Plot of the delta
function 8(z).

$t
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1+ 1
I
; Differentiation
| plakitry
1
14
Differentiation
——-

I

1 :
] . L Figure B.13 Practical approxi-
b{ Dlﬁezx_tl_anon i mation of the delta function.
T

1/10 1/10

What is the Laplace transform of the delta function now? The answer is
very simple, because we only have to multiply the Laplace transform of the unit
step function by s. The Laplace transform of the unit step has been shown to
be

F(s)= 1
s

Hence the Laplace transform of the delta function is

F(s)=1

B.4.6 The initial- and final-value theorems

In many cases where the Laplace transform F(s) of a signal f(¢) is given, we are
interested in knowing only the initial value f(0) or the final value f(eo) of f(t).
The initial and final values, f(0) and f(e), respectively, can be obtained imme-
diately from the Laplace transform F(s) without performing the inverse Laplace
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transform. The initial and final-value theorems are given here without proof *
The initial value theorem reads:

F(0) = limsF(s) (B.18)

§—3e0

The final-value theorem reads:
f(°°)=lirrolsF(S) (B.19)

A numerical example is given to illustrate these theorems. The Laplace trans-
form of a (hitherto) unknown signal f(¢) is given by

1

Fls)= s1+sT)

where T is a time constant. What are the values of {0) and fi=)? Using the
initial-value theorem [Eq. (B.18)], we get

0) = limsF(s) = lim———— =
f(0) = lim sF(s) i TeT)

On the other hand, the final value, according to Eq. (B.19), is

S
) =limsF(s)=1i —=1
f( ) sl—l;IOlS (S) 314—1-1(} 3(1 +sT)

B.5 Using the Table of Laplace Transforms

Table B.1 lists the Laplace transforms of the most commonly used signals fiZ).
The table also includes some of the most important theorems of the Laplace
transform. When using the table, we should be aware that the Laplace trans-
form F(s) was obtained by integrating the Laplace integral of Eq. (B.7) over the
time interval 0 < ¢ < . The values of the signal f(¢) at negative ¢ therefore did
not contribute to F(s). It is equivalent to state that f(t) is effectively 0 for
negative ¢.

This fact has an effect on the inverse Laplace transform Performing the
inverse Laplace transform for a given function F(s) yields signal values f(¢) for
positive ¢ only. If the Laplace transform of a signal f(z) is given by, say,

1

s+a

F(s)=

the table gives the corresponding signal f(¢) as f{t) = e. This holds true for
positive ¢ only. For negative ¢, f(t) = 0 by definition.
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B.6 Applying the Laplace Transform to Electric Networks

The Laplace transform is the most effective tool for analyzing the transient
response of electric networks. All linear electric devices, from electric motors to
operational amplifiers, are modeled by a configuration of passive elements
(resistor R, inductor L, and capacitor C) and active elements (voltage and
current sources, controlled voltage and current sources). The transient response
of such electric networks is analyzed in the time domain by writing the differ-
ential equations for the branch currents and voltages. Voltages and currents in
the R, L, and C elements are related by Ohm’s law as follows: for resistors,

u(t) = Ri(?) (B.20a)
for inductors,
u(t) = L2 (B.20h)
dt
and for capacitors,
1%,
u(t) = [idt (B.20¢)
C 0

When analyzing a network in the complex frequency domain [using the rules
of differentiation, Eq. (B.16), and of integration, Eq. (B.17)], we obtain, for
resistors,

Ul(s) = RI(s) (B.21a)

for inductors,

U(s) = L{sI(s) - 1(0)] (B.21b)

and for capacitors,

-(-1)
@ + l——@jl (B.21¢)

1
UWE[ S

S

If the initial current {(0) in an inductor L is zero, the second term in Eq. (B.218)
is also zero. In this case we have U(s) = sLI(s) and the quotient

Ul _ sL
I(s) (B.22a)

can be defined as the impedance of the inductor. If the Laplace transform is
replaced by the Fourier transform, s is replaced by jw, and this expression
becomes
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U@ _ oL
()

which is the familiar ac impedance of the inductor known ‘rom the theory of
alternating currents.

If the initial charge i“V/C in a capacitor C is zero, the sacond term in Eq.
(B.21e) is also zero. In this case we have \

1
Uls)=—1
(s) sC (s)

and the quotient

Uk) 1 (B.22b)

1(s) Y

is defined as the impedance of the capacitor. If the Laplace transform is again
replaced by the Fourier transform, s is replaced by jo, and Eq. (B.225) becomes

U _ 1

I®) joC

which is the familiar ac impedance of the capacitor known from the theory of
alternating currents.

Let us now apply the Laplace transform to the analysis of a simple electric
network.

Numerical Example: Transient Response of the Passive RC “Differentiator’” We
want to find the transient response u,(t) of the differentiator in Fig. B.14a on a single
square wave pulse u.(¢). First we introduce the variables in the time domain on
the right-hand side of Fig. B.14a. These variables are transformed into the complex
frequency domain in Fig. B.14b. It is assumed that there is no initial charge on the
capacitor.

Solution We can now write the node and mesh equations of the network directly in
the complex frequency domain. Making use of Egs. (B.21a) and (B.22b), we have

U,(s)= RI(S)+LI(S)
sC

Us(s) = RI(s)

After the elimination of I(s) we obtain

sRC
1+sRC

Us(s)= Ui(s)
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uy(t)
Tt
1 ; Transformation
sC
o—
UI(S)T T(s) R TUQ(S) =7

RC=T

Figure B.14 Calculating the
transient response of the passive
RC differentiator using the
Laplace transform. (a) Defining
the variables in the time domain.
3t (6) Introducing variables in the

T
' complex-frequency domain. (¢)
Plot of the output signal u,
against time.

This can be written as

U,(s) = F(s)U,(s) (B.23)

where F(s) is the transfer function of the network. If F(s) is known, the transient
response of the network in any input signal u(#) may be calculated. In our example,
u,(¢) is a single square-wave pulse whose Laplace transform was previously deter-
mined in Sec. B.4.4. For Ui(s) we can therefore write

1 — e‘S’(

S

Ui(s)=uo

where 1 is the duration of the pulse and u, is its amplitude. Then U,(s) becomes

l_e—s‘[
Uy(s) = uy ———
#{8)=uo s+ l/T

where T = RC.

To transform this expression back into the time domain, we decompose it as follows:

1 e
+1T s+1T

U,(s) =ug
S
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From the table of Laplace transforms (Table B.1), the signal corresponding to the first
term of Eq. (B.24b) is

ugy(t) = uoe—(H)/T (B.25q)

The second term in Eq. (B.24b) corresponds to a decaying exponential function delayed
by 1,

~¢-1)/T

Ugs(t) = —uge (B.25b)

Because the signal us(t) is zero for ¢ < 0, the delayed signal us() is defined only for
t 2 1, but is zero for ¢ < 1. Therefore, for the combined output signal u,(i) of the dif-
ferentiator we obtain

0 t<0
Uus(t) = Jue™ /T 0<t<t
uole™T —e= T tsg

The waveform of u(f) is plotted in Fig. B.14c.

B.7 Closing the Gap between the Time Domain and the
Complex Frequency Domain

As demonstrated in the previous section (Eq. B.23), the Laplace transforms of
input and output signals of any linear electric network are related by the trans-
fer function F(s),

Usz(s) =Ui(s)F(s)

Equation (B.23) enables us to determine the transient response of the network
for any input signal u,(¢).

Assume now that the network is excited by a delta function, u,(¢) = 8(¢). The
transient response of the network on a delta function §(t) will be hereafter
denoted by u,(t) = h(t). As shown in Sec. B.4.5, the Laplace transform of the
delta function is

L{3t)} =1
Introducing this expression into Eq. (B.23) we obtain
Usa(s) = F(s)

From this expression we learn that the transfer function F(s) of an electric
network is the Laplace transform of the transient response h(f) on a delta
function

F(s)= L{h(t)} (B.26)

A practical example will clarify the correspondence given by Eq. (B.26).
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Numerical Example A passive RC low-pass filter (commonly called an RC integra-
tor), as shown in Fig. B.15, is excited by a delta function
u, () = (1)
What is the transient response u,(¢) on this input signal?

Solution Applying Ohm'’s law to the resistor and capacitor [Egs. (B.21a) and (B.225)],
we obtain for the transfer function

U,(s) _ 1

F(s)=
U(s) 1+sT

where T = RC. According to Eq. (B.26), the transient response of the integrator on a
delta function applied to its input is

1 1
t)=L{F(s =L‘1{—-—-—}
us(t) {F(s)} 1+sT
Using the table of Laplace transforms (Table B.1) we obtain
1
us(t) = h(t) = Fe“/T

This is the impulse response plotted on the right-hand side of Fig. B.15.

Some readers will have observed that the impulse response A(z), calculated
in the previous example, has the dimension of s instead of the expected V. This
stems from the definition of the delta function, which is the time derivative of
a unit step and has the dimension s in fact. To get the correct physical unit,
we would have to multiply the delta function by a‘factor U,T,, where U, = 1V
and T, = 1s. For simplicity, this factor is omitted here and in the following
calculations.

B.8 Networks with Nonzero Stored Energy at =0

We now apply the Laplace transform to electric networks having either an
inductor in which a nonzero current i(0) flows at ¢ = 0 or a capacitor on which

u,(t) uy(t)
R 1
A — ° T
C
® il
‘ —+t T=RC = x - )t
T

Figure B.15 Calculating the transient response of the passive RC integrator
by using the Laplace transform.



378

Appendix B

there is a nonzero voltage u(0) at ¢ = 0. In both cases nonzero initial energy is
stored in the network at ¢ = 0. Let us again calculate the transient response of
the RC integrator in Fig. B.15 on a delta function, assuming now that the initial
voltage across the capacitor is u(0) # 0.

Two equations in the time domain can be written for the RC integrator:

us(t) =i(t)R + uy(t)
Us (t) = _é’.!.l dt

Applying the Laplace transform to these equations [refer to Eqs. (B.21)], we
obtain

U,(s) =1(s)R+U,(s)
(=11 ()
l’]2 (S) = %[_IE)_ + l__ﬁ)_":!

S S

We can eliminate I(s) from the first of these equations. We then get

U2<s>=l[

Ui(s)—Us(s) . A (O)}
C

Rs s

After some manipulation, we have

1 i) T
Uy(s)=U +
2(5) 1(s)1+sT C 1+sT

where T' = RC and i"7(0) is the integral of current that flowed into the capaci-
tor in the time interval —e < ¢ < 0; that is, {"V(0) is the initial charge stored in
the capacitor at ¢ = 0. Hence {"V(0)/C is simply the initial voltage ©(0) across
the capacitor. Consequently we obtain

T
1 +u(0)———

U =U
Q(S)v 1(S)1+sT 1+sT

Because u;(t) has been assumed to be a delta function, U;(s) = 1, and we have

1
U = +u(0
2(8) 1+sT “ )1+sT

Transforming this equation back into the time domain (see Table B.1), we
obtain for us(¢)

uy(t) = —;:e"/ T 4 w(0)e T
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Note that the first term is identical with the response of the RC integrator
obtained for zero initial voltage across the capacitor. The second term is due to
the initial charge stored in the capacitor. [Here again, to get the correct unit,
we would have to multiply the first term of u,(¢) by the factor U7, where U,
=1Vand T, = 1s.]

B.9 Analyzing Dynamic Performance by the Pole-Zero Plot

The transfer function of any linear network built from lumped elements such
as resistors, inductors, capacitors, and amplifiers is given by a rational function
of s,

8" +a, 18"+ .. a5+ a

F(s)=

h mzn o
b,,,Sm + bm_lsm—l + ...+ b18+ bO (13.‘_ 7(1)

This transfer function can also be written in the factored form:

_ (s—o)s—0og)...(s—0a,)

F(s)=
(S_Bl)(s—B2)---(S'—Bm)

Here the o, values are the zeros and the B; values the poles of the transfer
function.

The o; and B; can be either real or complex. For example, a real value of f3,
corresponds to a pole located on the real axis (¢ axis) in the complex s plane
(refer to Fig. B.16). If a complex pole is located at §; = A + jB, another conju-
gate complex pole will exist at §;* = A — jB, where the asterisk denotes the
conjugate value of ;. Hence complex poles always exist as pairs of conjugate
complex poles.

We will now see that the transient response of a network is very easily found
if the locations of the poles and zeros of the network transfer function F(s) are
known. To transform Eq. (B.27b) back into the time domain, it is most con-
venient to decompose this expression into partial fractions:

(B.27b)

R, +R2

s—B1 s-Ps

partial fractions generated
by single real poles

F(s)= o

(B.27¢)
R, R* '
+ - + - + -
s—(A;+jB) s—-(4 - JB)
2 partial fractions generated by
one pair of conjugate complex poles
The terms Ry, R,, . . . are constants and are called residues.?* In Eq. (B.27¢) we

separated two groups of partial fractions, those emanating from the single real
poles, and those emanating from the pairs of conjugate complex poles.

Let us first look at the transient response f(¢) due to the real poles of F{(s).
The inverse Laplace transform of the term
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Figure B.16 Calculating the transient response of first- and second-order systems from
the pole positions. (a) First-order system, pole on the negative o-axis. (b) Second-order
system, complex conjugate pole pair in the negative half-plane (damped oscillation).
(c) Second-order system, poles on the imaginary axis (undamped oscillation).

'R,
S—O;

F(s)=
is
F() = R; exp(o;t)
Hence the contribution of the single real poles to the signal f(¢) is
F(®) ingle poles = B €xp(0tit) + Ry exp(o,T) +. .. (B.28)

Note that the residues of the partial fractions due to single real poles are always
real numbers. [If they are not, the signal f(¢) would become complex, which 1s
physically impossible.]

The next portion of the transient response f(¢) is contributed by the complex
pole pairs. For simplicity we isolate one complex pole pair:

R; R *

F(S) ot e = "
(S)polepﬂll" S—(A+jBi) s—(A‘jBi)

(B.29a)

Here the residues R; and R;* must not necessarily be real, but can be complex.
Moreover, if R, is a complex number, R;* is its conjugate value; i.e., in the most
general case we have
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R, =a+ _]b
R,'* =a-—- Jb
where g and & are real constants.

This is easily proved by combining the two terms in Eq. (B.29a) over a
common denominator:

_ S(Ri + R,*) - A(Rl + RL*) + ‘]B(Rl - Rz*) s

F (St pae = ? —2As+ (A% + BY)

(B.290b)

All individual coefficients in the numerator of Eq. (B.296) must be real; that is,
R, + R;* - real
J(R; — R*) - real or R; - R* — imaginary

These conditions are met only if R; and R;* form a conjugate complex pair of
numbers, as stated above. Equation (B.29a) can therefore be rewritten as
+Jb -Jjb
F(S)pole pair = a2/ . + azJ A (ng‘(’,‘)
s—(A+jB) s—-(A-JB)

Referring to Table B.1, we recall that the inverse Laplace transform of
1/(s — o) is f{t) = e*. This also applies for complex o. Applying this to Eq. (B.29¢),
we obtain

f(t)pole pair = a[eAtejBt + eA[e—jBt] + jb[eAtejBt - eA[e_jBr] <B29d)

Using the well-known Euler theorem,

ot — gt

sinx = -

27
e +e
cosx = ————

we can write
@) = 2ae? cos Bt — 2be? sin Bt (B.29%¢)
pole pair

This can be brought into the more general form

F @) pote pair = Ce™ cos(Bt + @) (B.29f)
where
C=2Va?+6°
®=-tan™! 4
a

The results are summarized in Table B.2.
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These results allow a simple interpretation of the term complex frequency,
introduced earlier, which will be discussed in the next section.

B.10 A Simple Physical Interpretation of “Complex Frequency”

Refer again to the pole-zero plot in Fig. B.16. A single pole located on the
negative ¢ axis (o < 0) gives rise to the decaying exponential function (see

Table B.2)
F(t)<e” a<0

This is an exponential function having a real exponent; hence « is called a rea!
frequency.

A complex pole pair located on the imaginary axis [A = 0 in Eq. (B.29f)] gives
rise to an undamped oscillation:

f(t) < cos Bt

This is an exponential function having a purely imaginary exponent; hence B
is called an imaginary frequency.

A pole pair located in the left half of the s plane, with A < 0 and B = 0, gives
rise to a damped oscillation:

F(t) < e? cos(Bt + @)

This is an exponential function having a complex exponent; hence we speak of
an oscillation with a complex frequency.

It has proved useful to write partial fractions generated by complex conju-
gate pole pairs in the so-called normalized form. When doing so, we introduce
the substitution [refer to Eq. (B.29¢)}:

: o
a+jb . a—j

F ir =
(s)polepalr s—(A+.]B) S_(A~.]B)
. a+.Jb :
s—(-lw, +jV1-CFw,) (B.29¢)
a~-jb

e (on—NI-Con)

TABLE B.2 Laptace Transforms of Generalized First- and
Second-Order Systems

F(s) 163}
R, Re™
S—Q;
R, R* Cée* cos(Bt + @)

s(A+B) s—(A-B)
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Comparing the coefficients on both sides of the arrow, we obtain the equalities

A=-Lo,
B=V1-C’w,
where { and w, are the damping factor and the natural frequency, respectively.
If a transfer function F(s) has a conjugate complex pole pair located at

A 1B in the complex s plane, this pole pair will generate a transient response
fit) of the form

(B.30)

f(t) = exp(~Lw,t) cos(V 1 -{* w,t + D) (B.31)

The time constant of the decaying exponential function in Eq. (B.31) is
given by 1/(w,); the frequency of the damped oscillation iz given by
O, =V1-{?m,. If the complex pole-pair is plotted in the complex s plane,
the distance of the poles from the origin is seen to be exactly w,, as shown in
Fig. B.16b.
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Digital Filter Basics

In the age of all-digital PLLs and software PLLs, increasing use of digital filters
is made. This appendix is a short overview on digital filter design.

C.1 The Transfer Function H(2) of Digital Filters

Analog filters are mostly described by their frequency response H(jw) or by
their transfer function H(s). [Note: the frequency response of a network is often
denoted H(jw), but can also be written H(w).] H(s) is defined to be

0(s)
H(s)=——= C.1
(s) 1) (C.1)

where O(s) is the Laplace transform of the output signal o(¢) and I(¢) is the
Laplace transform of the input signal i(¢). If the input signal is a delta furction

i(t) = &(t)

the response of the filter is called impulse response h(t). Because I(s) = 1 in this
case (refer also to App. B), we have

O(s)=I(s)H(s) = H(s) (C.2;

i.e., the transfer function H(s) of the analog filter is the Laplace transform of
the impulse response h(f). This simple property is extensively used to build
digital filters. Often digital filters are designed to have an impulse response
similar to that of an analog filter. This is explained by Fig. C.1. Figure C.1a
shows the impulse response h(#) of an analog filter; a low-pass filter has been
chosen in this example. Of course, A(¢) is a continuous function of time. For
most analog filters, the impulse response h(¢) is a damped oscillation or a decay-
ing exponential function; in any case the duration of the impulse response 1s

385
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Impulse responses of analog and digital filters. (@) Impulse response
h(t) of an analog filter. (b) Impulse response £ *(¢) of a digital filter. A*(¢) is a sampled
version of h(t).

infinite, because A(¢) asymptotically approaches zero (or a constant value) for
t — co. With a digital filter, both input and output signals are sampled signals.
Its impulse response £*(¢) must therefore be a sampled signal, too. It shows up
that the transfer function H*(s) of a digital filter comes close to the transfer
function H(s) of a corresponding analog filter (with some distinctions, as will
be shown later), if the impulse response 2*(t) of the digital filter is 2 sampled
version of the impulse response A(¢) of the analog filter; this is illustrated
by Fig. C.15. We will see later that the sampling frequency f, = 1/T cannot be
arbitrarily chosen but must satisfy the so-called sampling theorem.

The sampled impulse response shown in Fig. C.1b has infinite duration as
well. (It will be discussed later that the duration of the impulse response can
be made finite by truncation.) For the sampled impulse response in Fig. C.1b
we can write
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h*(t) = Ti h(nT)6(t ~nT) (C.3)

n=0

where A(nT) is the amplitude of the nth sample of A*(t). We observe that each
sample of the impulse response has been multiplied by the sampling interval
T in Eq. (C.3). This is necessary because the area under the delta function &t
sampling instant ¢ = nT should be identical with the area under the ccntinuous
impulse response (shaded area in Fig. C.1a) in the interval nT <t < (n + 1)T.
If the factor T were omitted in Eq. (C.3), the dimension of the impulse response
h*(t) would be wrong. To simplify the expressions, we drop the sampling
interval T in the following formulas; i.e., we write h(n) for h(nT), etc.

Because the Laplace transform of a time-shifted delta function 8(¢ — 1) is given
by e, the transfer function H*(s) of the digital filter becomes

H*(5)=TS h(n)e*" (C.d)

n=0

We note that the complex frequency s appears only in the form of e?"7. To
simplify the notation, we introduce the substitution

z=eT (C.5)

This is the definition of the z transform. Using Eq. (C.5), we can rewrite the
transfer function of the digital filter as

HG) = H*()ur = TS bl (C.6)

n=0

The star symbol in H(z) is dropped for simplicity, and H(z) is called the z-
transfer function of the digital filter. We observe that the z transform is nothing
more than an alternative notation of the Laplace transform.

By the z transform in Eq. (C.5), the complex s-plane is projected onto the
complex z plane. When working with the z transform, we are performing opera-
tions in the z domain. The variable z is called the z operator and has a very
simple physical interpretation: since z! = 7, multiplication with 2™ in the z
domain corresponds to a time shift by one sampling interval in the time domain.
Assume that x(¢) is a sampled signal that exists only at the sampling instants
t=0,T, 2T, ..., nT, and that X(z) is the corresponding z transforin. Then
2'X(2) is the z transform of the time-shifted signal x(¢ —~ T), 22X(2) is the z trans-
form of the time-shifted signal x(¢ = 27), etc. As we mentioned above, the
impulse response of the most general digital filter is an infinite series of delta
functions. Digital filters having an infinite impulse response are callec infinite
impulse response (IIR) filters. There is another class of digital filters where the
impulse response is truncated when the amplitudes of the delta functions have
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fallen below a given threshold. This class of filters is called finite impulse
response (FIR) filters. Though FIR filters look simpler at a first glance, the cor-
responding theory is more complex, so we start the discussion with the IIR filter.

IR Filters

Most IIR filters are designed to perform like a known analog filter. Things are
complicated by the fact that there are different approaches to transforming an
analog filter into a digital. Only two of the various design procedures have sur-
vived, however: (1) the impulse-invariant z transform and (2) the bilinear z
transform. The second method is by far more important, but it is easier to start
with the first.

The impulse-invariant z transform

We suppose that an IIR filter is to be built whose impulse response is a sampled
version of the impulse response of a known analog filter, as shown in Fig. C.1.
The transfer function of the analog filter is assumed to be H(s). The impulse
response h*(¢) of the IIR filter is therefore given by Eq. (C.3). £*(¢) is obtained
by multiplying the impulse response A(t) of the analog filter by the sampling
function w(t), which is an infinite series of delta functions, all having the ampli-
tude 1. This is illustrated by Fig. C.2. Figure C.2a shows the continuous func-
tion A(¢) again, Fig. C.2b the sampling function w(?), and Fig. C.2¢ the result of
the multiplication. Obviously, the transfer function H*(s) of the IIR filter is
obtained by transforming the impulse response A*(¢) = A()w(¢)T into the s
domain. As we see from App. B (Sec. B.4.3), a multiplication of two signals
corresponds to the complex convolution of their Laplace transforms in the
s domain; i.e., we have

H*(s) =—T—,H(S)*W(s) =-T—,§ch(x)W(s—x)dx .7
27y 2my

In this integral,  is an auxiliary variable for complex frequency and C is the
contour along which the integration has to be performed. First we must know
the Laplace transform W(s) of the sampling function w(z). Applying the Laplace
transform to w(t) yields

W(s)=1+eT +e2T ... (C.8a)

This is clearly a geometric series, and using the formula for the sum of geo-
metric series leads to

1

1-e

Wi(s)= (C.8b)

-sT

When Eq. (C.8b) is inserted into Eq. (C.7), H*(s) becomes
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Figure C.3 Locations of the poles of H(y) and W(s — ) in the x-plane. The closed
curve is the integration path for the convolution integral.

system, they must be in the left half of the y plane. The poles of W(s — %
can be shown to be at locations ¥, = s + kjo,, where w, = 21/T is the ang'ula_r
sampling frequency and % is an integer in the range —oo < k < .% 5 is an arbi-
trary displacement here; in the example of Fig. C.3, s is assured to be real and
positive.

The contour C of integration must be chosen such that the integrand in Eg.
(C.9) is analytic everywhere. According to function theory, this is true when the
contour is a closed curve as shown by Fig. C.3. The vertical branch of C must
be located right from the poles of H(y) and left from the poles of W(s - x). We



Digital Filter Basics 391

note that only the poles of H(y) are enclosed by the integration path (" The

integral can be solved by applying Cauchy s residue theorem to Eq. (C.9).*" and
we get
Res H(y) .-
H*(s)=T ]Z‘ f'l——e‘js_'x)—T (C.10a)
B’ ‘

In Eq. (C.10a), Res H(y) denotes the residue of the function H(y) at x = y,, where
Xo is the location of a pole of H(y). Since H*(s) is the transfer function of a
sampled system, the s operator appears only in the form of e, so we can again
substitute z for ¢’” and obtain

H(z)=

). =7 Y AW (C.10b)

sofl Z_IG’XT

Here again, the star symbol in H(z) has been omitted. Equation (C.106) iz the
definition of the impulse-variant z transform. It enables us to calculate the z-
transfer function H(z) of an IIR filter from the transfer function H{s) of a cor-
responding analog filter. This computation has been done for the most
important transfer functions H(s). The result is shown in Table C.1. From the
definition of H(z) in Eq. (C.105) it follows that the order of H(z) is identical with
the order of H(s); i.e., the impulse-invariant IIR filter has the same number of

poles as the corresponding analog filter.

TABLE C.1 Table of the Impuise-Invariant z Transform for Filters of Order 0 to 2

Filter type H(s) H(z)
Zero-order term 1 1
Integrator 1 T 1
sT, T
First-order 1 ]
rst-order lag _1/ o, T 1
1+s/w, 1-z7 exp(~woT)

Second-order lag

Second-order lag,
linear term
in numerator

Second-order lag,
constant + linear
term in numerator

1

27Hwo T/V1-17) exp(~Lw,T) sin(w,V1- (2 T)

1+ ZC(s/coo) + (ks2/u>§)

S/(Dl

1+20(s/wo) + (s2/w?)

1+s/(1)1

1+ 2(_,(3/(00) + (ﬁsz/(o%)

1-27'2 exp(-Lw,T") COS((DO'\/ITQ2 T)+2z" exp(-2Lw,T)

@3T 1-2" exp(~LooT)cos(@oV1=C*T)+({/V1-1?) sin(w V1-T*T)]
o1 1-272 exp(-LocT) cos{wsV1-CT)+ 27 exp(-2wnT)

1-z7 exp(—LwT) {cos(cooﬂ/i-——GT)
3T (/@5 — /1= 2] sin(weV1 - L2 T}
®; 1-272 exp(-Lw,T) cos(wow/l —0*T)+z7% exp(—-2Lw,T)
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It follows from Eq. (C.10b) that the z-transfer function can always be repre-
sented as the ratio of two polynomials in z, whose order is finite; i.e., we have

O(Z) _ bQ +b12_1 + - +bMZAM

A (C.10c¢)

H(z) = :
Iz) 1+aqiz7+ - +ayz”

Thea;and b, ¢ =0, 1, 2, .. .) are called filter coefficients. There is no restriction
on the size of the orders N and M of the polynomials in Eq. (C.10¢). M can be
smaller, equal to, or larger than N. Taking all terms containing O(z) to the left
side of the equation gives

O(2)+az7'0(2)+ - =bl(2)+ bz I(z)+ - (C.10d)

If this is transformed back into the time domain and the sampling interval T
is dropped everywhere, we get

oln) =bo(n) +biiln -1+ - —ayoln-1)~azoln—-2) - --- (C.10e)

which is a recursion for the output signal at sampling instant ¢ = n7". The IIR
filter is therefore also referred to as recursive filter. Equation (C.10e) says that
o(n) is calculated from a weighted sum of one or several input signals i(n),
i(n — 1), ...and from one or more terms of the output signals that have been
calculated in previous sampling instants.

To see why the impulse-invariant z transform is an inconvenient tool for the
design of digital filters, we consider the frequency response of the impulse-
invariant IIR filter. Let H(jw) be the frequency response of the analog and
H*(jw) be the frequency response of the IIR filter. Then, using Eq. (C.7) and
setting s = jw and dy =jdn, we have

H* (o) = §HmWL - mldn (€11
C

where 1] is an auxiliary variable for angular frequency. Equation (C.11) says that
the frequency response of the IIR filter is obtained by convolving H( j®) with
the spectrum W(jw) of the sampling function w(?).

The sampling function w(¢) is shown once more in Fig. C.4a, and its spectrum
in Fig. C.4b. Let us investigate the result of the convolution by the example of
Fig. C.5. Figure C.5a shows the frequency response H(jw) of a low-pass filter.
Figure C.5b presents the spectrum W(jw) of the sampling function w(t). The
gain of a low-pass filter is defined to be 1 at ® = 0 and 0 at very high frequen-
cies. The gain of the filter rolls off at frequencies higher than the 3-dBB corner
frequency. In the given example the corner frequency has been chosen such that
the gain of the filter is near 0 for frequencies higher than ©, = ©,/2; ®, 1s called
the Nyquist frequency. The result of the convolution is shown in Fig. C.5c.
Because the impulse response of the IIR filter is a sampled function, its fre-
quency response becomes periodic. The period on the frequency axis is equal to
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Figure C.4 Sampling function w(¢) and its spectrum W(jw). (a) Sampling function
w(t). (b) Spectrum W(jw).
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Figure C.5 Result of the convolution of X(jw) and W(jw) for the case of negligible
aliasing. (a) Frequency response X(jo) of an analog filter. () Spectrum W(jw) of
the sampling function w(#). (¢c) Result of the convolution X{( jo)*W(jw).
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the angular sampling frequency ®,. The solid curve in Fig. C.5¢ is the so-called
main lobe; the dashed curve represents the side lobes of the frequency response.
Because the gain of the analog filter is nearly zero at frequencies above the
Nyquist frequency, the side lobes do not markedly overlap with the main lobe
of the frequency response H*(jw).

We are going to consider now an example where the gain H(jw) has a value
much greater than 0 at the Nyquist frequency (Fig. C.6a). Figure C.6b6 once
more shows the spectrum W(jw) of the sampling function w(t), and Fig. C.6¢ is
the result of the convolution H(jw)*W(jw). Now the main and side lobes
strongly overlap, and the transfer function of the digital filter (in the frequency
range —0J/2 < ® < ®,/2) markedly deviates from the transfer function of the
analog filter. This effect is called aliasing. The sampling theorem (also called
the Shannon or Nyquist theorem) dictates that the sampling frequency must
be chosen at least twice a critical frequency ®,, where the gain H(jo.) is so low
that it can be neglected. A numerical example will demonstrate the implications
of the sampling theorem.

T!xum)!

o

[ﬁe )
o
e

ey

20

Figure C.6 Conditions are similar to those in Fig. C.5, but with severe aliasing.
The gain X(jw) of the analog filter is too high at the Nyquist frequency o, = w,/2.
{(a) Frequency response X(jw) of an analog filter. (b) Spectrum W(jw) of the
sampling function w{). (¢) Result of the convolution X(jw)*W(jw).
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Numerical Example Assume that we want to design a digital two-pole low-pass
filter having a 3-dB corner frequency of 1kHz. A corresponding analog low-pass filter
would roll off its gain above 1kHz with 40 dB/decade, so the filter would have an atten-
uation of 40dB at 10kHz, 80dB at 100kHz, etc. If we claim that the IIR filter actu-
ally reaches an attenuation of 80dB, its Nyquist frequency must be at least 100 kHz.
Thus the sampling frequency must be af least 200kHz, i.e., 200 times as high as the
3-dB corner frequency.

The requirement for very high sampling frequencies is the main drawback of
the impulse-invariant IIR filter. Fortunately, the bilinear z transform enahles
us to realize IIR filters, where the main and side lobes of the transfer function
do not overlap and can therefore be realized with a much lower sampling
frequency.

C.2.2 The bilinear z transform

The bilinear z transform also converts the transfer function H(s) of a given
analog filter into the transfer function H(z) of a digital filter but uses a differ-
ent mathematical procedure. Figure C.7a shows the frequency response of an

| H(jo) |

- ®
| H(jog) |
i
|
|
! !
! ! d
_Oﬁ g 3035 (O]
2 2
(b)

Figure C.7 Principle of the bilinear z transform. (a) Frequency response H( jo) of
an analog filter. (&) The frequency axis of (a) is projected onto the pseudo-frequency
axis wy. Transforming the frequency response of the filter in (a) into the pseudo-
frequency domain results in the periodic frequency response H*(jw).
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analog filter; again a low-pass filter has been chosen. Its 3-dB (angular) corner
frequency is denoted w,. We now introduce a new radian frequency variable, the
so-called pseudo-frequency ,. We define that the pseudo-frequency », and the
(radian) frequency o are related by a tangent transform

2 w,T
o =—tan—— (C.12)
T 2

Le., the frequency range —< < ® < = is projected onto the pseudo-frequency
interval -,/2 < o, < ©y/2, which is called the Nyquist interval. Because the
tangent transform is not unambiguous, the frequency range — < 0 < o is also
projected onto the other Nyquist intervals, i.e., onto the pseudo-frequency inter-
vals 0/2 < o, < 30,/2, 30/2 < o, < 50,/2, ete. If we transform the frequency
response of the analog filter into the pseudo-frequency domain, we get the
periodic transfer function H*(jw) as plotted in Fig. C.76. Between H( j®) and
H*(jo) there is the relation

H *(jo‘)‘l’) = H(j(l)>m:(2/T)tarl(w‘,,T/Z} (C13)

which says that the gain of the new filter at pseudo-frequency w, is identical
with the gain of the analog filter at frequency ®, where ® and o, are related by
Eq. (C.12). Because the frequency response of the new filter is periodic, it is a
digital filter. The 3-dB corner frequency of the digital filter is cenoted wy in
Fig. C.7b, which is called the pseudo corner frequency. By the tangent trans-
form, the pseudo corner frequency becomes smaller than the original corner
frequency of the analog filter. Normally it is required that the digital filter
should have the same corner frequency as the original analog filter; i.e., the
pseudo corner frequency should be w,. This is easily accomplished by prewarp-
ing the frequency response of the analog filter. If the prewarped corner fre-
quency of the analog filter is denoted w,,, we have

2 weT
WOgp, = E’-tan 9

(C.14)

It is easily seen then that the pseudo corner frequency becomes .

To realize the digital filter, we must know its z-transfer function H(z,. To get
H(z), we first introduce complex frequency variables. We assume taat the trans-
fer function of the analog filter is H(s); its frequency response H(jm) is obtained
simply by setting s = jw. In the same way, the transfer function of the digital
filter is given by H*(s,); its frequency response H*(jw,) is alsc obtained by
setting s, = jo,. To transform the complex frequency domain into the complex
pseudo-frequency domain, we must use now the transformation

g2 2 tann ST (C.15)
T
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When we set s =jo and s, = jo, in Eq. (C.15), Eq. (C.12) is obtained again. From
Eq. (C.15), the transfer function H*(s,) of the digital filter is calculated from

H*(sy) = H(S)|s=(2/7‘)tanh(sw7‘/2) (C.16)
Using Euler’s relations, the tanh function can be written in the form of expo-
nential functions:
tanh—— = ———— (C.17)
Equation (C.16) can therefore be rewritten as

H*(sy) = H(S)|s=(2/7‘)(1~e’s“’T)/(1+e_s“’T) (C.18a)

Because the complex pseudo-frequency appears exclusively in the form
exp(ns,T), exp(s,T) can be replaced by z:

z=e™" (C.18b)
1.e., we apply the z transform to the pseudo-frequency domain. Using the sub-

stitution of Eq. (C.18b), we finally get

H(z)= H(S)]s:(ﬁl/’l‘)(l—z’l)/(1+z") (C.19)

The star symbol in H(z) has been omitted for simplicity. Equation (C.19) defines
the bilinear z transform. It enables us to calculate the z-transfer function H(z)
of a digital filter directly from a given transfer function H(s) of an analog filter
just by substituting s by

21-271
s=—
T1+z7

Table C.2 shows the bilinear z transforms for filters of order 0 to 2. As with the
impulse-invariant z transform, the order of the bilinear z transform H({z) is iden-
tical with the order of the corresponding transfer function H(s) of the analog
filter. When comparing Table C.2 with Table C.1 (impulse-invariant z trans-
form), we observe that the expressions are quite similar but that the numera-
tor polynomials are different.

When the z-transfer function H(z) is transformed back into the time domain,
a recursion for the output signal o(n) is obtained that has the same form as the
impulse-invariant IIR filter [Eq. (C.10e)].

To see the real benefit of the bilinear z transform, let us have a look zgain at
Fig. C.7. The filter in this example is a low-pass filter. The gain H(jw) of the
analog filter (Fig. C.7a) approaches 0 only for ® — . Because of the tangent
transformation, however, the gain of the digital filter becomes exactly O at the
Nyquist pseudo-frequency o, = ®,/2, as shown in Fig. C.76. Consequently, the
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TABLE C.2 Table of the Bilinear z Transform for Filters of Order 0 to 2

Filter type

Integrator

His) H(z)
Zero-order term 1 1 -
1 T 1+27
sT, 2T 1-z7
First-order lag 1 14271
1+ S,/(Do 1+ 2}/(mOT) +2z 1~ 2/((1)0T)]

Second-order lag

Second-order
lag, linear term
in numerator

Second-order
lag, constant
plus linear term
in numerator

1 1+2z7 + 272

/ / 5 i /
1+28(s/00)+ (% 08) 1447/ (@oT)+ 4(woT) +27 [2-8/ (00T )2] ~22[1+ 4L/ (00T 4(@.UT)2]

s/, 2 1-27

1+ 24(s/00) +(s*/0f) 0T 14 41 /(@,T)+ 4(wcT) + 22~ 8/ ((DOT)2}+ 271+ 4t/ (T + 4(0307')2]

(1+2/0,T)+227 +z7%(1 - 2/w,T)
/ 2/ 2 ; 2
L+ 20(s/@0) +(s* 08) 1447 /(0,T)+ 4(0eT) + 22~ 8/ (0sT) ]+ 21+ 4/t0,T)+ 4, T) ]

1+s/w;

main and side lobes of the pseudo-frequency response H*(jw) do nct overlap,
which means that this digital filter does not exhibit aliasing. This enables us to
choose the sampling frequency much lower than with the impulse-invariant IIR
filter. The lack of aliasing is specially important for the realization of high-pass
filters and differentiators. For both of these types, the gain at ® = 0 should be
zero. When realized by the impulse-invariant z transform, however, the gain of
the digital filter becomes nonzero at ® = 0 owing to aliasing. This is the reason
why practically all I1IR filters are designed by the bilinear z transform.

Numerical Example We are going to design a single-pole Butterworth low-pass
digital filter. The 3-dB corner frequency of the IIR filter is required to be f; = 200 Hz.
The transfer function of the corresponding analog filter is given by

1

H(S): 1+S/(00

(C.20a)

The sampling frequency is chosen f, = 1000 Hz, which is not considerably higher than
the corner frequency. First the 3-dB corner frequency of the corresponding analog
filter must be prewarped; thus we have

Wy = 21-200 =1256s!

2 W

Wy, = Ftan =1453s7!
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The bilinear z transform of the digital filter is found in Table C.2 and reads

1+z7!

H =
@ 1+ 2/(w0,T) + 27 [1 - 2/ (w0, T)]

{(C.206)

Entering numerical values and normalizing the constant term in the denominator to
1, we get

0.4208 +0.4208z*

H(z)=
@ 1-0.1584z"

Transforming back into time domain, we get the recursion for the IIR filter
o(n) = 0.15840(n —1)+ 0.4208i(n) + 0.4208i(n - 1)

In the most general case, the filter to be realized can have a large number of
poles and zeros. The analog filter from which the design starts then will have
a transfer function of the form

B 1+ 5/0301)(1 + 25@3/(003 + [S/v(l)os]z)(' )
(1+ /o)1 + 280 [ o4 +[5/@og ]2)(. )

Elliptic filters, for example, have transfer functions of this kind.!® Their trans-
fer function may include a real-axis zero (first term in the numerator); if this
zero does not exist, the corresponding term does not show up. The second term
in the numerator represents a complex conjugate zero pair. There may be
further complex conjugate zero pairs, as indicated by the empty parentheses in
the numerator. In a similar way, the transfer function may have a real-axis pole
(first term in denominator) and one or several complex conjugate pole pairs.
The corresponding corner frequencies of this filter would be wy, ®ps, . . ., ®y,
o4, . . . , etc. When an IIR filter having this transfer function has to be designed,
all corner frequencies in the numerator and in the denominator have to be pre-
warped by using Eq. (C.14).

A user who wants to design an IIR filter today probably will no longer use
z-transform tables, but rather one of the numerous software tools that are
available now.??®

(s)

C.3 FIR Filters

Like IIR filters, FIR filters are often designed on the base of an existing analog
filter. As we will see later, this must not necessarily be the case. Let us start
again by plotting the impulse response h(¢) of an existing analog filter as shown
in Fig. C.1a. The digital filter is assumed to have an impulse response as shown
in Fig. C.1b, but we now set all samples h(n) =0 for n > N. N is a positive integer
and is also referred to as length of the FIR filter. The impulse response of the
digital filter now reads
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N-1
h* @) =T, k)8t - nT) (C.21)

n=0

The z-transfer function of the FIR filter then becomes [Eq. (C.6)]

N-1
H(z)=TY h(n)z™" (C.22)

n=0

Transforming back into the time domain, the output signal of the FIR filter at
sampling instant ¢ = n7 is obtained from

N-1
o(n) =T i(nhin—~Fk) (C.23)

k=0

This is not a recursion, since o(n) does not depend on previously calculated
samples o(n — 1), o(n — 2), etc. For this reason, FIR filters are often referred to
as nonrecursive filters. The signal flow diagram of an FIR filter is shown in Fig.
C.8; in this drawing, T has been set to 1 for simplicity. Because the FIR filter
looks like a tapped delay line, the filter length N is also called number of taps.
The filter coefficients hA(0), h(1), ..., h{N — 1) are nothing more than the values
of the impulse response A*(¢) at sampling times ¢ = 0, T, 2T, .. .. For the FIR
filter, the coefficients hA(n), n = 0...N -~ 1 can be chosen arbitrarily, so the
impulse response may have any desired shape. This degree of freedom was not
attainable with the IIR filter. We conclude therefore that FIR filters can be built
that do not have an analog counterpart.

Let us first consider two kinds of impulse response that are of particular inter-
est. Figure C.9a shows a finite impulse response that is an even function of time
t; in Fig. C.9b another impulse response is plotted, one that is an odd function
of time. From the theory of the Fourier transform it follows that the spectrum

v >—> O(nT)

Figure C.8 Signal flow diagram of the FIR filter. The blocks marked with T are delay

blocks.
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Figure C.9 Two special cases of impulse response of an FIR filter. (¢) The impulse
response 1s an even function of time. (b) The impulse response is an odd function of
time.

of a signal that is an even function of time is purely real.’*!*!* The spectrum of
a signal, however, that is an odd function of time is purely imaginary. Because
the frequency response H( j®) of the FIR filter is by definition the Fourier trans-
form of its impulse response, the frequency response of an FIR filter having an
even impulse response would be purely real.

This means that the FIR filter provides frequency-dependent gain with zero
phase shift. Such a filter is called a zero-phase filter; unfortunately it 1s not real-
izable in real-time operation. Moreover, the frequency response of an FIR filter
that has an odd impulse response would be purely imaginary. Its phase shift
would be 90° independent of the frequency, and the amplitude response could
be any desired function of frequency. This kind of FIR filter can also be con-
sidered as a zero-phase filter; sometimes they are referred to as zero-phase filters
of the second kind. If zero-phase filters were realizable, they could be used
to build ideal filters. To give an example, an ideal low-pass filter would have a
real frequency response H(jm) that is exactly 1 within the passband and 0 at
all other frequencies. The impulse response A(¢) of the ideal low-pass filter
would be a sinc function

Sin wet

h(t) = (C.24)

T
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where @, is the angular corner frequency of the ideal low-pass filter. [Note:
sinc is an abbreviation for sin(mx)/(nx).] The frequency response of the ideal
low-pass filter is shown in Fig. C.10a, and the impulse response in Fig. C.105.
Such a filter is not realizable, of course, because the impulse response starts at
t = —eo. The filter becomes realizable to an approximation after two important
modifications, First, a window function w(t)—as shown in Fig. C.10c—is used
to cut out a finite portion of the impulse response; i.e., the finite impulse
response h*—as shown in Fig. C.10d—is obtained by multiplying the continu-
ous impulse response h(t) with the window function:

h*(t) = h®wt)T

[The multiplication with sampling interval T must be made to get the correct
dimension for A*(¢); see also Eq. (C.3).] The impulse response shown in Fig.
C.10d is finite. If the filter were realizable, its frequency response could be made
to approximate very closely that of the ideal low-pass filter by choosing a large
number of samples N. Let H,,,(jo) be the frequency response of this (unreal-
izable) filter (Fig. C10e). To get a realizable filter, a second modification must
be made. The impulse response of Fig. C.10d is delayed such that it starts at
t = 0. If the required time delay is 1, the frequency response oi the modified
FIR filter is given by

Hyn (jo) = H g (jo)e 7" (C.25)

The phase of term H,;,(j») is zero by definition. The phase of the second term
in Eq. (C.25) varies linearly with frequency; i.e., we have

d(w) = -0t (C.26)

Consequently, the obtained FIR filter has linear phase, and its frequency
response is denoted Hy,,(jw) in Eq. (C.25). Linear-phase filters are the most
important applications of the FIR filter. Zero-phase filters can be realized when
the signal to be filtered is first recorded and filtered thereafter. As the filter
algorithm of Eq. (C.23) demonstrates, the filtered output sample at time ¢ =nT
must then be calculated from a number of samples that have occurred prior to
t and from a number of samples that will occur only later. This becomes possi-
ble now because they are already recorded. We can conclude this introduction
to FIR filters by stating that the FIR filter is able to approximate an ideal filter
to any desired precision with the exception that the filter exhibits a time delay.
Two important design techniques for FIR filters are in common use today: (1)
the window technique and (2) the Parks-McClellan algorithm, slso called the
Remez algorithm. When the window technique is used, the filter is effectively
designed in the time domain; i.e., its impulse response is derived from the
impulse response of the fictive ideal filter. When the Parks-McClellan algorithm
is used, however, the filter is designed directly in the frequency domain. The
term frequency sampling was formerly used for this approach.
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Figure C.10 This figure illustrates the design procedure for window FIR filters. (@)
The design starts by defining the frequency response H(jo) of an “ideal” analog
filter. (b) The impulse response k() of the “ideal” analog filter is calculated. (¢) To
get a finite and sampled impulse response, a window function w(t) is defined, which
will be used to cut out a finite portion of the impulse response k(z). (d) Result of
the multiplication of A(#) and w(t). This is the impulse response of the FIR filter. (e)
H*(jw) is the frequency response of the windowed FIR filter.
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Window-FIR filters

When the window method is used, the FIR filter is designed in the time domain.
The design procedure is illustrated by Fig. C.10. It starts by defining the
frequency response of an “ideal” analog filter, which means that we set a goal
that should be approximated within a given error specification. The *ideal”
frequency response is plotted in Fig. C.10a. Next, the impulse response hA(t) of
the ideal filter is calculated (Fig. C.10b). To get a finite impulse response, a
portion of h(¢) is cut out using the window function w(#) shown in Fig. C.10c.
In this example the simplest window is used: the rectangular window. The finite
impulse response A*(¢) of the FIR filter is given by the multiplication of A()
and w(¢) and is plotted in Fig. C.10d. To get a filter that is capable of working
in real time, the impulse response is delayed by half its duration, so the first
nenzero sample of A*(¢) starts at ¢ = 0.

Two parameters of the window have still to be determined: (1) the sampling
frequency f, = /T and (2) the filter length N (number of taps). The sampling
frequency must be chosen large enough to avoid aliasing; it must be larger than
twice the corner frequency f; of the ideal filter. The effect of filter length is dis-
cussed in the following. To see its impact, we must calculate the frequency
response H*(jo) of the FIR filter. As the impulse response of the FIR filter
is obtained by the multiplication of A(¢#) with w(¢), its frequency response
is obtained by convolving the spectra H(jw) and W(jo). The spectrum of the
rectangular window can be shown to be 1231

_ sinc(wNT/2)

W(jo) = (C.27)
Vo) = T2

and hence is periodic on the frequency scale with the period o, = 2r/T. Figure

C.11 shows a portion of the spectrum W(jw). It consists of a main locbe whose

width is

Aw, = 20, (C.28)
N

and hence is inversely proportional to filter length N. The amplitudes of the
side lobes decay slowly with increasing frequency, i.e., proportional te 1/f. For
an ideal low-pass filter, the result of the convolution H(jw)*W( jw) is shown 1n
Fig. C.12. In the example shown, the sampling frequency has been chosen 4
times the corner frequency of the filter. The filter length has arbitrarily been
chosen N = 31. Figure C.12a shows the frequency response H*(jw) with loga-
rithmic amplitude scale, and Fig. C.12b with linear amplitude scale. [For cal-
culation of H*(jm) it was assumed that the impulse response ~A*(¢) is an even
function of time, i.e., that the FIR filter is a zero-phase filter. When the FIR
filter is required to operate in real time, its amplitude response would simply
be the absolute value of the curve shown in Fig. C.12a). Two effects of the con-
volution are easily recognized in Fig. C.12a: (1) the steep transition from pass-
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Figure C.11 Spectrum W(jo) of the rectangular window w() in Fig. C.10c. Only a
portion of W(jw) is shown here. The function is periodic in w.

‘band to stopband is widened by an amount that equals the width of the main

lobe of W(jw) and is given by Eq. (C.28). The transition width can be made arbi-
trarily narrow by increasing the filter length N, but we should keep in mind
that increasing N means also increasing the number of computations to be made
in every sampling interval. (2) Owing to convolution, ripple is superimposed to
the frequency response of the FIR filter. The ripple amplitude is not constant,
moreover. Starting with f = 0, the ripple in the passband increases with fre-
quency and reaches a maximum near the corner frequency. In the stopband,
the ripple amplitude decays only slowly with frequency. The impact of ripple is
better recognized from the semilogarithmic representation in Fig. C.12a. Each
ripple maximum on the linear amplitude scale corresponds to a damping
minimum on the logarithmic scale. The first damping minimum (i.e., the first
peak right from the transition in Fig. C.12a) is a poor -21dB. At the Nyquist
frequency, the damping minima are slightly larger but do not exceed the very
modest value of ~35dB. Unfortunately, increasing the filter length does not
improve the size of the damping minima. To get improved filter performance in
the stopband, we must utilize alternative window functions. Windows must be
found, therefore, whose spectrum decays faster with increasing frequency. A
great many different windows are known, e.g., the Hanning (also called von
Hann), Hamming, Bartlett, Blackman, Kaiser, and flat-top windows.'*'%1*1?
Each of these windows has its particular pros and cons.
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Figure C.12 The frequency response H*(j) of the FIR filter is obtained by the

complex convolution H(jw)*W(jw). (a) Frequency response H*(jo) on a loga-
rithmic scale. (b) Linear plot of H*(jw).



Digital Filter Basics 407

A Wg
1
_N-1 0 N-1 ¢
2 2
{a)
WR (_]Cl))
VAVAV 1 VAVAV >
B g 9 W
N N
(b}
rf $ WHAN \
N-1 0 N-1 t
2 2 Figure C.13 Comparison of dif-
= ferent window functions and
Wyan (jo) their spectra. (a) The rectangu-
lar window wg(¢). (b) The spec-
trum Wi(jw) of the rectangular
window. (¢) The Hanning win-
. dow wyan(?). (d) The spectrum
SN TR —+  Wuan{jo) of the Hanning
2% 5 98 ®  window.
N N
(d)

To save space, we just demonstrate the application of the simplest of these.
the Hanning window (Fig. C.13). To compare it with the known rectangular
window, Fig. C.13a shows once more the function of the rectangular window,
which is now denoted wg. Figure C.13b shows again its spectrum Wi(jo). In
Fig. C.13c, the Hanning window is plotted.

Its envelope is simply a cosine function; for this reason the Hanning window
is often referred to as raised cosine window. Figure C.13d shows the spectrum
Wiaan(jw) of the Hanning window. When comparing it with the spectrum of the
rectangular window, we note that the main lobe of the Hanning window is twice
that of the rectangular. This is clearly a drawback, as it widens the transition
region (refer to Fig. C.12) by a factor of 2. The advantage of the Hanning
window is in the fact, however, that the side lobes (refer to Fig. C.13d) decay
much faster with increasing frequency, i.e., with 1//*. When the same FIR low-
pass filter as above is realized using the Hanning window with filter length N
= 31, the frequency response shown in Fig. C.14 is obtained. It is easily recog-
nized that the transition has become wider, but the first damping minimum is
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now at —44dB (instead of —21dB for the rectangular window). Still better
performance in the stopband is obtained by making use of more sophisticated
windows; the Kaiser window is considered the “best” available window because
it provides largest damping minima with shortest filter lengths.’? A common
drawback of all window FIR filters is the fact, however, that the ripple in the
passband and in the stopband is not constant over frequency.

The FIR filters designed with the Parks-McClellan algorithm show up con-
stant ripple in both stopband and passband, hence are often called eguiripple
filters. Moreover, the ripple amplitudes can be specified independently for the
pass- and stopbands. The Parks-McClellan approach is explained in the next
section.

C.3.2 Designing FIR filters with the Parks-McClellan algorithm

The Parks-McClellan algorithm enables us to design FIR filters that have con-
stant ripple in the passband and in the stopband. The method furthermore
allows design of multiband filters, differentiators, and Hilbert transformers. A
multiband filter is a filter having more than one passband and stopband. We
could think, for example, of a filter passing the frequencies in the range Of 0
to 1kHz, rejecting frequencies in the band from 1 to 4kHz, passing frequencies
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from 4 to 6kHz, etc. When used to design a differentiator, the frequency
response of a band-limited ideal differentiator'? can be approximated to any
desired degree of precision, of course, to the account of filter length. The same
holds true for the Hilbert transformer,'® which is a filter having a gain of 1 and
a constant phase shift of 90" over the whole frequency range.

To save space, we concentrate on FIR filters with only one passband, such as
the low-pass filter. Figure C.15 illustrates the design procedure. It starts again
by plotting the ideal frequency response which has to be approximated (Fig.
C.15a). Next, transition width and ripple amplitude are specified by the bound-
ary plot of Fig. C.156. The FIR filter is required to have constant ripple €, in
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Figure C.15 This figure illustrates the design procedure for the Parks-McClellan
algorithm. (a) The frequency response H(jw) of an ideal analog filter is specified.
(5) A boundary plot specifies the deviations of the actual filter from the ideal. In this
plot, transition width and maximum ripple in the passband and stopband are defined.
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(Continued) (c) Because different amounts of ripple are tolerated in

passband and stopband, a weighting function W(jw) is introduced. (d) The weighted
error curve F,(j®) is given by the product of absolute error (from Fig. C.15b) and
welghting function W(jw) (from Fig. C.15¢).

the passband and constant ripple €; in the stopband. The actual frequency
must lie entirely within the boundaries, as indicated in the drawing. The
(unweighted) error function of the FIR filter is defined to be the difference
between ideal and actual frequency response. Consequently, the (unweighted)
error function has maxima and minima of ¢, in the passband and of +¢, in the
stopband. Normally, it is desired that €, be much smaller than ;. If we wish the
FIR filter to have minimum damping of 60dB in the stopband, for example, €,
becomes 0.001. It would not be reasonable now to postulate that the ripple in
the passband should also be as small as 0.001; it would probably be sufficient
to have a passband ripple in the order of 0.1, which is 100 times the allowed
stopband ripple. We now introduce a weighting function W(jw) such that the
weighted ripples in passband and stopband have the same size. The weighting
function W(jw) is shown in Fig. C.15¢. In our example, the allowed ripple In
the stopband is half the ripple in the passband; hence the weighting function
is chosen 1 in the stopband and 0.5 in the passband. Finally, Fig. C.15d shows
the weighted error function F,(jo) of the FIR filter. The weighted error
function is obtained by multiplying the unweighted error function by W(j®)-
The famous Chebyshev polynomials are known to behave like the weighted error
curve shown in Fig. C.15d.

The Parks-McClellan algorithm is an iterative procedure that tailors a func-
tion in the frequency domain such that it comes closer and closer to the desired
weighted error function F,(jo). It can be shown that for a filter length N the
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number of extrema (i.e., minima plus maxima) of the weighted error function
in the frequency range 0 to f, (Nyquist frequency) is around N/2. (The exact
figure depends somewhat on the type of FIR filter to be realized; we will not go
into details here.’®) The Parks-McClellan algorithm starts with an initial guess
of the locations of the extrema of F,(jo); see the filled dots in Fig. C.15d.
Because it 1s very difficult to predict these locations accurately, the Parks-
McClellan algorithm determines in the first pass a polynomial that passes
through the filled dots; to simplify the mathematics, a Lagrange polynomial is
used.”® (When N points of a curve are specified, it is relatively simple to deter-
mine a polynomial of degree N — 1 that exactly goes through these points;
this kind of polynomial is called a Lagrange polynomial and is often used
for the interpolation of functions.) If the initial guess had be perfect, the
extrema of the fitted Lagrange polynomial would be exactly there, where they
were supposed to be. Probably the true extrema of the Lagrange polynomial
will be at different locations, however. A maxima/minima search is started
now to determine the locations where the extrema really are. This set of new
values is used now as an improved initial guess. In the next run, the Parks-
McClellan algorithm fits another Lagrange polynomial through the new points.
It performs so many passes, until the extrema found in the Kth pass do not
markedly deviate from the extrema found in the (K - 1)th pass. Having found
a sufficiently good fit to the weighted error function F,{(jw), the Parks-
McClellan algorithm now calculates the unweighted error function and finally
the actual frequency response H*(jw) of the FIR filter. Actually, a sampled
version of H*(jw) is known at this time. Using the IFFT (inverse FFT), the
actual impulse response h*(t) is calculated. This yields the required FIR filter
coefficients h(0), A(1), ..., h(N — 1), where N is the filter length. Figure C.16 is
an example of an FIR low-pass filter of length N = 180 that has been designed
by the signal processing toolbox of Matlab.*® This filter has the following
specifications:

M Sampling frequency f, = 1000Hz

B Passband 0 to 250Hz

B Stopband 260 to 500 Hz

B Maximum passband ripple &; = 0.1 (corresponding to approximately 0.8dB)

B Maximum stopband ripple g; = 0.001 (corresponding to —60dB)

Before computing the filter coefficients, function remezord is used to determine
the filter length required to meet the design specifications. remezord specifies
a filter length of N = 180. This may seem quite high, but we postulated a very
low stopband ripple and a rather narrow transition bandwidth (10Hz). Figure
C.16a shows the filter gain versus frequency on a semilogarithmic scale. We
clearly see that the stopband ripple is at a constant —60-dB level. To check the
passband ripple, it is more convenient to display the gain versus frequency curve
on a linear sclae (Fig. C.16b). Also, here we note that the passband ripple exactly
meets the design goal (£0.1).
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The Parks-McClellan algorithm is an extremely computation-intensive pro-
cedure. Only computer programs are capable of performing such an approach
in reasonable time. Fortunately many software tools are available that enable
the design of any kind of digital filter, e.g., IIR filters and FIR filters, with the
window method and with the Parks-McClellan algorithm.?* When using such
a software tool, the designer will enter first the error specifications of the FIR
filter. Knowing ripple amplitudes and transition width(s), most programs
estimate the filter length N required to meet the design goals. The filter length
depends to a large extent on the required transition width. The narrower the
transition, the longer the filter will be.
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Index

AC component, 1, 54 BPSK (see binary phase shift keying)
AC integrator, 279 Brickwall filter, 287, 297
ACCU (Accumulator, digital), 131
Acquisition process, 42 Capacitor (parasitic), 148, 205
ADC (Analog-digital converter), 208, 260, Capture range, 51
295 Carrier signal, 257, 279, 286
Added White Gaussian Noise (AWGN), Carry, 214, 218, 229
81 Cauchy, 391

Addition theorem: Causality, 402

of the Laplace transform, 363 CB (citizens band), 116
ADPLL (see Phase-locked loop, all-digital) CCO (see Current-controlled oscillator)
Algorithm: Center frequency, 3, 183

filter, 266 Channel capacity, 280, 283

SPLL, 258,* 263, 269 Chebyshev polynomial, 221, 410
Aliasing, 199, 394, 398 Check box, 199
AM (see Amplitude modulation) CMOS (Complementary MOS logic), 124, 219,
Amplitude modulation, 102, 277, 251 311
Amplitude noise, 81 Code:
Amplitude response, 288, 290 bi-phase, 103, 106
Amplitude shift keying, 279 delay modulation, 104
Analogy (mechanical), 45 RZ, 104, 105
Antibacklash circuit, 148 NRZ, 102, 105
ASK (see amplitude shift keying) Communication (coherent), 5, 291, 308
Autocorrelation, 295 Complex (numbers), 379
Averaging, 199 Complex signal, 281

Conjugate-complex (numbers), 379

Backlash (in phase comparators), 147 Convergence, 358
Bandpass modulation, 277, 279 Convolution:
Baseband (transmission), 277 complex, 363
Baud rate, 280 integral, 367
BCD: real, 367

counter, 128 Correlation, 295

counter, fractional, 131 ) Correlation filter, 294
Bellescize, Henri de, 5 Correlator, 295
Bessel function, 366 Costas loop, 292, 303
Binary phase shift keying, 280, 286 Counter:
Bipolar (integrated circuits), 311 BCD, 126, 128
Bit cell, 104 binary, 126
Bode: divide-by-N, 7, 29, 1186, 128

diagram, 34, 35, 84, 85, 113, 186 down, 212

plot, 186 ID (increment/decrement), 190
Borrow, 214, 218, 229 programmable divide-by-N, 118

*Boldface numbers indicate where topics are discussed in full.
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index

reversible (up/down), 211
up, 212
Cross correlation, 295
Current-controlled oscillator, 1

DAC (Digital-analog converter), 132, 303

Damping factor, 24, 32, 44, 74-78, 334

Damping function, 360

DC component, 3, 292

DCO (digital-controlled oscillator), 205, 216,
260

Delay, 147, 264, 287, 367

Delta function, 47, 289, 370, 387

Demodulator, 3, 291, 306

Detector gain, 3, 13, 329

Dialog box, 181, 184, 190

Differential equation, 42, 349-351

Differentiation, 368

Differentiator, 278, 374

Digital video broadcasting, 306

Distortion, 338

DPLL (see Phase-locked loop, digital)

Drift, 205

DSP (Digital Signal Processor), 257

Duty factor (duty cycle), 232, 234

DVB (see Digital video broadcasting)

Early-Late gate, 300
ECL (Emitter-coupled logic), 311
dge detector, 108, 268
Error band, 410
Error checking, 306
Error function:
mathematical, 366
of filters, 410
Error transfer function, 33, 144, 238
Fuler’s relations, 397
Excess bandwidth, 290, 306
“XOR gate, 11, 14, 53, 56, 63, 72, 225
Extrapolation, 261

‘ading, 90, 282

Filter:
active lead-lag, 24, 68, 157, 162, 168
active PI, 25, 68, 159, 165, 172
coefficient, 216, 291, 295, 392, 400,

411

digital, 215, 264, 266, 385
equiripple, 412
FIR, 287, 291, 295, 309, 388, 399
IIR, 388
linear-phase, 402
low-pass, 3, 24, 34
nonrecursive, 400
passive lead-lag, 24, 67, 155,

raised cosine, 290, 297

recursive, 392

root raised cosine, 297-298

zero-phase, 289, 401
Final value theorem, 39, 371
Flipflop:

D-, 19, 242

edge-triggered JK-, 17, 224

JK-, 17, 108

RS-, 206
Flicker noise, 140
Flowchart, 266
FM (see Frequency modulation)
Fourier:

integral, 358

spectrum, 358

transform, 355, 400

transform, inverse, 362
Frame synchronization, 286
Frequency:

complex, 355, 382

deviation (see frequency offset)

divider, 7, 29, 135

domain, 237

error, 23

modulation, 4, 54, 115, 102, 277, 334, 337.

342

natural, 32, 45, 334

offset, 46, 62, 341

ramp, 38

response, 290, 297, 392, 402, 404
Frequency hopping, 115
Frequency shift keying, 284, 307
Frequency step, 37, 252
Frequency synthesis, 115
Frequency synthesizer:

fractional-N, 116, 127

integer-N, 116
Friction, 44
FSK (see Frequency shift keying)
FSK demodulator (decoder), 241, 254, 307
FSK modulator (transmitter), 254--255

GaAs (semiconductor devices), 311
Generator (sweep), 338

Harvard architecture, 258

Help (on simulation), 182

High-gain loop, 33

Hilbert transformer, 208-210, 227, 408
Hold range, 47, 50, 51, 234, 331-334

Impedance, 373 ‘
Impulse response, 287, 290, 297, 376, 385-3¢
399, 401



Initial value theorem, 371

Initialization (of variables), 263, 265, 270, 274

In-lock detector (see Lock detector)
In-phase carrier, 281
In-phase signal, 281
Integrate and dump circuit, 298
Integration, 368
Integrator:

general, 91

ideal, 350
Interrupt, 264, 268
Inter-symbol interference, 290, 297
ISI (see inter-symbol interference)

ditter, 4, 81, 135, 200, 230, 239, 243, 251

Lagrange:
interpolation, 411
polynomial, 411
Laplace:
integral, 360
transform, 29, 36, 37, 52, 238, 355
transform, inverse, 37, 38, 362
Lobe:
main, 394
side, 394, 404
Lock detector, 91
Lock range, 49, 50, 53
Locked state, 29
Lock-in process, 42, 49, 53
Lock-in time, 51
Loop filter:
digital, 211
K-counter, 212, 225
N-before-M counter, 214
Low-gain loop, 33
LPLL (see Phase-locked loop, linear)
LS-TTL (low-power Schottky), 312

Magnitude (of frequency response), 33, 360
Matched filter, 296, 298
MATLAB (program), 114, 291
Maximum likelihood (detector), 296
Microcomputer, 227, 257
Microcontroller, 257, 275
Minimum shift keying, 285
Mixer, 122, 123, 132
Modulation:
AM, 4, 102, 277
FM, 34, 54, 102, 115, 277, 334, 337
PM, 4, 9, 102, 277, 278, 337
Motor, 109
MPEG-2 standard, 306
MSK (¢ee minimum shift keying)
Multiloop synthesizer, 132
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Multiplier:
analog (see Multiplier four-quadrant)
digital, 260
four-quadrant, 11
frequency (up converter), 123

Newton (laws of), 44
Noise:
bandwidth, 82, 85, 200
gaussian, 81
in signals, 4, 80, 134, 283, 295
power, 81, 83
spectrum, 82
suppression, 41, 87
Noise-to-Carrier Ratio (NCR), 138
Normalization, 271
NRZ code, 102
Nyquist:
frequency, 290, 392
theorem, 198, 394

Offset quadrature phase shift keying, 252

Optocoupler, 109

OQPSK (see offset quadrature phase shift
keying)

Oscilloscope, 327, 332

Parabola, 369
Parameters (of simulation), 192
Parks-McClellan algorithm, 402, 408
PASCAL, 258
PD (see Phase detector)
Pendulum (mathematical), 43
PFD (see Phase-frequency detector)
Phase (of signal), 8
Phase comparator, 3
{See also Phase detector)
Phase detector:
analog, 11, 52, 53, 60, 72
EXOR, 11, 14, 53, 56, 63, 72, 146, 225, 228,
237
Flipflop counter, 206
Hilbert-transform, 208
JK-Flipfiop, 11, 17, 53, 58, 66, 72, 14¢, 206,
232, 237
Nyquist-rate, 207
PFD (phase-frequency detector), 11, 19, 53,
59, 67, 73, 116, 147, 266
Zero crossing, 208
Phase error, 34, 13, 14, 17, 19-23, 31, 36, 38,
40, 45
Phase-frequency detector, 11, 19, 53, 59, 67,
73, 116, 147, 266
Phase jitter, 81, 83, 86, 87, 136, 144, 250,
251
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Index

Phase margin, 114, 153, 156, 158, 161, 164,
167, 171, 174

Phase modulation, 9, 102, 277, 278, 377
Phase noise, 81, 83, 135, 136, 144
Phase perturbation, 137, 139
Phase response, 114
Phase shift keying, 284
Phase step, 36, 192
Phase synchronization, 286
Phase tracking, 34
Phase transfer function, 31, 337
Phase-locked loop:

all-digital, 5, 205

digital, 5, 266

linear, 5, 260

software, 5, 257
Philips, 79, 127, 149
Pipeline architecture, 258
PM (see Phase modulation)
Polaroid film, 339
Pole (of transfer function), 24, 361, 389
Pole-zero plot, 361, 379
Power (density) spectrum, 83, 136, 144
Power supply:

asymmetrical, 70

symmetrical, 70
Prefilter, 83
Prescaler:

2-modulus, 118

4-modulus, 120

general, 117
Prewarping, 396
Propagation delay, 106
Pseudo corner frequency, 396
Pseudo frequency, 396
Pseudo-ternary code, 279
PSK (se¢ phase shift keying)
Pull-in process, 49, 341
Pull-in range, 49, 60, 331, 341
Full-in time, 49, 60, 348, 353
Full-out range, 48, 72
Pulse-removing circuit, 128
Pushbutton, 181, 247

QAM (see quadrature amplitude modulation)
QPSK (see quadrature phase shift keying)
Quadrature amplitude modulation, 282,

306
Quadrature carrier, 281
Quadrature FSK, 310
Quadrature phase shift keying, 281, 301
Quadrature signal, 208
Quartz crystal, 116
Quaternary phase shift keying, 281

Radiobutton, 182
Raised cosine filter, 290, 297
Ramp function, 9, 38
Receiver, 291, 303
Redundancy, 306
Reed-Solomon code, 306
Remez algorithm, 402, 408
Residue, 379, 391
Residue theorem, 391
Ripple (of signals), 145, 230, 234, 239, 405, ¢
Ripple:

frequency, 146

reduction, 239
Root-raised cosine filter, 297
RS latch, 26
RZ code, 104

Sampling:

frequency, 198, 268, 386, 398

function, 388, 392

interval, 216, 221

theorem, 198, 386
Saturation, 15, 18, 21, 184
Saturation level, 15, 18, 21, 184
Schmitt trigger, 91
Scrollbar, 199
s-domain (see s-plane)
Servo amplifier, 35, 109
Settling time, 56
Shannon theorem, 198, 394
Sideband suppression, 148, 151
Sidebands, spurious, 145
Signal:

binary, 20

power, 83

sawtooth, 18, 23, 58, 59, 67

sine, 11, 330

square wave, 14, 334

ternary, 20

triangular, 16, 56, 64
Signal-to-noise ratio, 85
Simulation:

of ADPLL, 247

of DPLL, 181

of LPLL, 181
sinc function, 287, 404
Single-loop synthesizer, 132
SNR (see Signal-to-noise ratio)
s-plane (s-domain), 361, 388
SPLL (see Phase-locked loop, software)
Spread-spectrum technique, 115
Spurious side bands, 136, 145
Spur (see spurious side bands)
Squaring loop, 292



Stability:
dynamic, 48
of feedback systems, 112, 151
static, 47
Staircase signal, 131, 299
State diagram (of logic devices), 20
State transition, 20
Steady-state-error, 39
Structogram, 263, 265, 270-274
Subharmonic (signals in phase comparators),
148
Sweep technique, 91
Switched-filter technique, 93
Symbol:
period, 287, 300
rate, 280, 298, 306
synchronization, 286, 299-301

Tachometer, 109
Tangent function:
hyperbolic, 396
trigonometric, 396
Tangent transform, 396
Tap, 400
Taylor series, 345
Temperature drift, 205
Thermal noise, 137-138, 141
Time domain, 355
Timer, 275
Timer/Counter, 269
Torque, 44
Tracking, 34
Transfer function, 8, 24, 29, 68, 238, 379, 385
Transform:
Fourier, 355
Laplace, 360
z- (bilinear), 295
z- (impulse invariant), 388
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Transient response, 36, 376
Transition frequency, 153
Transition, 405, 407
Transmission:

baseband, 102, 277

carrier-based, 102, 277, 279
Transmitter, 286, 301
TTL (Transistor-transistor logic), 311

Unit step function, 9, 362
Unlocked state, 42

VCO (see Voltage-controlled oscillator)
VCO gain, 3, 27, 328

Voltage-controlled oscillator, 1, 26-29, 30
Voltage-to-current converter, 26

Window:
Bartlett, 405
Blackman, 405
flat-top, 405
function, 402
Hamming, 405
Hanning, 405, 394
Kaiser, 405, 408
rectangular, 404
triangular, 405

z-domain (see z-plane)-
Zero (of transfer function), 24, 361
Zero-crossing technique, 208
Zooming (in PLL simulation), 192
z-operator, 215
z-plane, 387
z-transform:

bilinear, 264, 395

general, 387

impulse-invariant, 388
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